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PREFA CE 


(llassiralacTodynainics is based upon iwo fundanu iilal hypollieses: (a) Air 
is a perfect fluid, (b) Air is an incompressible fluid. These two hypotheses 
permit tin* univcTsal assumption of th(‘ existence of potential flow, thus 
permitlinf< (‘xtensive mathematical treatment of th(‘ phenomena. 

When th(‘ variations of pressure ^^uierated by aerodynamic phenomena are 
large (which occurs wlum th(‘ \(‘locity of flow increases), the hypothesis of 
incompressible flow is no longer corrcn t Ixranse the corresponding changt^s in 
density an^ important, producing large (hangi's in the flow v(‘l(H‘ity. It is 
possible to include tlH‘ (‘IVe(‘t of ^ariation of density in the general phenomena, 
and to extend with som(‘ modificalioiis th(‘ th(‘ori(\s of incompn^sible flow to 
those of conipn‘ssibl(‘ flow. HoweN(‘r, th(‘se (‘xteiKions are generally ap[)roxi- 
niations to tie* real flow if th(‘ spe<‘d of sound is not exce(‘ded in any part of 
the flow . This malluMuatical ln‘alm(‘nt usually changes when the liK^al speed 
of sound is n^aclnxl or (‘xc(M‘ded. In this (*ase wvw and complicated phenomena 
occur whi(‘h eompl(‘((‘l\ (*hang(‘ th(‘ physical characteristics of the flow and 
reipiire a diflerent matlu'inatical treatment. 

The (‘as(^ of tin' flow whi(‘h, initialK subsonic, become; supersonic only in 
some parts, is esjHxially diflicult, while' the' case' e)f the* flow which originally 
has a ve*l(K*ity gre*ate‘r than the spee'd ed* sound is, in semie cases, mathemati¬ 
cally sim[)ler. 

This part e)f ae'reKlynamu's that can be ealle'd acrodynarnics of supersonic 
Jlow is eonside'red in elementary form, from the aeronautical point of view, in 
this book. 

AXTOMO FERRI 

iMugley Field, Virginia 
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(iEISEKAL CONSIDER A Tl<}i\S 


GciuTal Kqiiatioii of Molioii. Irrotalioiial and Kotalioiial Flow. 

kuler\s hquitliotis, ('onsidcT a p(‘r(VH*( compressible How in steady motion, 
absolute or r(*laliv<\ with n‘spr(t to the ortho'^onal axis of reference xyz 
(figure 1). Becaus(‘ tlu* motion is steady, all eharacleristies of the flow, such 
as velocity, pressure, dt'nsily, etc., are functions only of tlie independent vari¬ 
ables ./', ,y, In ord(‘r to d(‘termine the fluid motion, it is necessary to deler- 
miiu* the laws that eomuMt tlu‘s(* (harac't eristics of the flow as functions of the 
position (,r, y, :) for known conditions of the boundaries of the flow. Assume 



that the characteristics of the How change gradually (discontinuities do not 
occur), so it is possibh' to assume iinite th(‘ derivative of the entity considered, 
and coiivsider an infinitesimal parallelepiped d,r dy d:. By the momentum 
theorem applied to the surfaces dydz, dxdz, and dxdy there are obtained 

1 
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dp _ __ dll 
d x ^ cU 


dy 

dz 


— P 


= - P 


dv 

~dt 

dw 


( 1 ) 


or in vectorial form, 


I , dV 

- p - -- 

p dt 


(la) 


where a, r, and iv are the coiiipoiieiils of I he velocity V aloii^ the axis xyz, 
I is the time, p the pressure, and p the density, and the forces are positive if 
they have the same direction as the axis. (Mass forces arti not considered.) 
By the hypothesis of a steady flow,* 

du 
~dt 

because 


dll dx ^ du dv ^ dll d: 
dx dt dv dt d: dt 


(Ih) 


^= 0 . 

dl 


Therefore (Killer’s equation) 
l^) 
p dx 
1 dp 
P dy 
1 dp 
p d: 


du 

— II — 

dx 

dr 

— a — 
dx 

du 


du 

dy 

dr 

dy 


r — 


du' 

u — — r — 
dx dy 


du 

d: 

dr 

dz 

du 


iV 


U) 


dz 


w 


(Ic) 


Continuity Equution and Energy Equation, d hi* eipiation of continuity 
applied to the parallelepiped of Figure 1 for continuous motion is 


d(pu ) d(pv) d (pw) 

dx dy dz 


= 0. 


( 2 ) 


The equation of energy for the mass of the fiarallelepiped states that the work 
produced by the pressure in the time dl must equal the variations of kinetic 
and internal energy. If U is the internal energy for unit mass, the resulting 
equation is 


— dx dy dz dl 


f— (p«) + ~ (/«0 + - 


dz 


(/>«’) 




Ldx ‘ dy 

pdxdydz (dU + VdV) (3) 

• The Kyinlx)! d/d indicates total derivative and d/d indicates partial derivative. 
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but from equation (2) we obtain 

^ . . , c> . . , a . . dp . dp . dp 

dx dy dz dx dy dz 

p ( , ^P 1 

-'~[U + V -h — 1 

p \ dx dy dz/ 

and 

dp p dp d (p\ 

dx p dx dx\p/ 

Tlierelbre froni an (‘(jualion similar lo (l/>) (in which p/p is derived instead 
of a), can b(* oblain(‘d 

~ (pii) + /"- (pr) + -- (pw) = p j (-) (0 

dx dy dz at \p/ 

and (‘quation (3) iMuomes 

i.'('' + ,') + !''I nuo (5) 

dl\p / 2 dl 

or 

+ I + - I “ = constant. (5a) 

P - 

If the motion is steady, th(* trai(‘etori(‘s of tlje particles of tlow coincide with 
the siream lines, but by (‘(piation (5) the total eneri^y of a given particle of 
flow is constant for tlu‘ entin^ motion; ther(‘fon‘ the total energy of the unit 
mass is (‘onslant along (‘vitn siream line. 


Therniodyunmir (Concepts. For perfect gases, the (Mjuation of state givt^s 

p == n (j p T ( 6 ) 

where // is tlu* acc(‘leration of gravity, T is the absolute temperatuns and /? 
is IIh‘ gas ('onslant, llu* dimcmsions of which ar(‘ lerigth ])er degree of tempera¬ 
ture. 

Using mechanical units for Cp and r,., the constant /? can be expressed in the 
form 

= Cp - c, (7) 

where Cp and e,. are the specific heats at constant pressure and at constant 
volume resp(‘ctively (work per degree per unit weight). 

The first law of thermodynamics yields the energy balance 

(iQ = Cv dT + pd (8) 

or 

dQ = dV + pd 



(8a) 
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where dQ is the quantity of heat added in work per unit mass of gas. If the 
total heat / (enthalpy) is introduced (work per unit mass), that is defined by 

I 


- - r„ T = + -f- . 

a 0 UP 

From equation (6) the following expression can be obtained: 

j = ^ ^ P 

R p 7 — 1 p 

where r,, and are assumed constant and 

7 = - * 

For 6dr, y in all numerical applications will be considered equal to 1.40. 
Using equations (9), equation (5) can be written in the form 

1 


or 


/ H— V~ = constant 
9 


P -j- - V- = consfant. 
9 


(9) 


(9u) 


( 10 ) 


( 11 ) 


(11«) 


7 - I p 

Equation (11) can be applied wheneviT an adiabatic transformation is con¬ 
sidered in the flow. From the ecpiation. it is shown that for flow at rest 
{V = 0) the temperature To of the flow is constant, independent of the trans¬ 
formations that the flow has undergone. 


Equations for Rotational Flow, From the first of equations (Ir), by add¬ 
ing and subtracting r~and is obhun(‘d 
djr d X 


and in a similar way 


1 dp ^ I dl2 
p dx 2 dx 

pdy 2 dy 

Idp ldU2 _ , _ 

p dz 2 dz 


*— 2v (J^z + 2/C 0 }y 


2w o)z + 2ii w. 


where 


1/ 

f dw 


2' 

Kdy 

dz) 

1| 

{ dll 

dwA 

2' 

Kdz 

d.x/ 

1| 


dw\ 

2 ' 

\dx ” 

' Ty) 


( 12 ) 


( 13 ) 
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cox, Wy, (Vg are the components of a vector w that represents the rotation of 
llie flow y and can be written in the form ^ curl F. 

K([nations (12) can be written in vectorial form and become* 

grad ^ = F X curl F (14) 

where 

/>= 

J p 

For the first theorem of thernuKlynamics, if S is the entropy (work per 

degree of temperature per unit mass) and T is the absolute temperature 

(equations 8 and 9), 

rds = di ( 15 ) 

P 

Considering a variation along a line /, from eciualions (14) and (15) is obtained 

- 7’ ^ ^ X f (16) 

al dl \ 2 / 

O + lv) is the energy for a unit mass and is constant along a stream line; 

therefore ^ ^ along the streamline 

- 7V5= (FXcurlF).f« (17) 

but the vector V X curl V is normal to I la* stream line; then^fore the term 
(F X curl F) • dl is zero, and the entropy is constant along every stream line. 

If no discontinuities occur in the flow in a pt^rfect compressible fluid, the 
entropy is constant along every stream line. 

Consider now equation (14) as applied along a line n normal to a stream line. 

If the flow around the body is steady and the IxKly does not move, the 
flow has constant energy, because the body cannot produce or absorb work, 
being fixed; therefore the How has constant energy along every stream line. 

* The symbol X indurates a vectorial product. If A and B are two vectors of com¬ 
ponents A(xiyiZ\) and B(x2y'i:'2) the vecto-ial pioduct A X B represents another vector C 
of comtx)nents defined liy the following eipiations: 

x-A = Cyi^2 - yiZ)) 
ys = ~ Z 2 X 1 ) 

2s = — x*yi) 

and directed in normal direction to the plane of the vectors A and B, 
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If the flow is uniform to infinity, the energy is constant everywhere, and 
therefore for every stream line the energy is the same, and 

Therefore 

_ T - = F X curl F. (19) 

dn 

If in the flow the entropy is not constant for all stream lines and llnTcfore 
a normal gradient of entropy exists, the flow is rotational. 

It will be demonstrated later that in supersonic flow some discontinuities of 
flow^ characteristics exist that are called shock waves. When shock waves 
exist in the flow, a variation of entropy across the shock is produced that 
depends on the intensity of the sho<^k. If the shock does not produce the same 
variation of entropy in the entire flow, the stream lines no longer havt' equal 
entropy, and an entropy gradient normal to the stream lin(\s e»xists; therefon; 
the flow behind the shock is rotational. 


Lagrange-Thompson Theorem, Consider a closed line / in the flow and 
made up of the same particles of flow. The line /, locus of the particles con¬ 
sidered, changes with the time. If dl is an element of tlie line / and V the 
velocity of a point, the value 

r=fldl ( 20 ) 

i 


is the circulation of the line /. Consider now the variation of circulation 
with time: 


but 



( 21 ) 


I I 

because the integral is extended along the closed line I, and K is a single value 
function; therefore 


and for equation (la) 


dt 

dr 

dt 


f 


f-' 

(21a) 

/?• 

(216) 


If the density is a function of the pressure only, the term in the integral of 
the second part of equation (21 h) is a total differential, the integral along I is 
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zero, and the variation of circulation is zero. But at infinity F = 0; there¬ 
fore r remains zero in the whole field, and the movement is irrotational. 
If density is a function also of other variables, the value of the integral is no 

longer zero, the value — is other than zero, and the flow can become rotational 
dl 

even if it is initially irrotational to infinity. 


The Speed of Sound and Mach Number. When the flow velocity in the 
aerodynamic phenomena analyzed is large, and it is necessary to consider air 
a compressible fluid, two quantities become important: 

(a) The speed of sound, 

(b) The Mach number. 


In general, the speed of sound in a fluid is the speed with which a small 
disturbance (infinitesimal) of the physical conditions of the fluid, generated 
at a point of the fluid, is transmitted to the whole flow surrounding the point. 
The Mach number of I lie flow at anv point is the ratio of the velocity of the 
fluid, absolute or relative, at this point to the velocity of sound at the same 
point. 1 he reason the speed of sound is important when compressibility 
effects are being considered can be clarified by the following considerations: 
In aerodynamic phenomena, the (‘Ifects of compressibility can be important 
if the variations of volume caused by the variations of pressure which occur 
in the flow are of the same order of magnitude as the variations of velocity 
which correspond to the variations of pressure. 

Now consider a stream tube of length dl (Figure 2). The mass contained 
in the space dl moves in the time dl from position 1-2 to position 3-4. The 
mass flow d(H;s not change. Therefore, if D is the volume of the flow, and p 
the density, 

pD = Mass flow = Constant 


or 

pdD + Ddp = 0. 


The work done by the pressures on 
the surfaces 1-2 in going from [xxsition 
1-2 to 3-4 must be eiiuivalent to the 
change of energy of the flow, ignor¬ 
ing mass forces; therefore if p is the 
pressure and V the velocity, from ecjua- 
tions (5)and (8) {dQ is zero) is obtained 

- rfp = pVdV. (23) 



( 22 ) 


V+dV 


From equation (22) can be obtained Fig. 2. Elementary stream tube. 
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dp = — p 


dj^dD 
dp D ‘ 


If it is assumed that 

dp 

from equatious (23) and (22a) it can be shown that 

d ! V c'^ ’ 


(22a) 

(24) 


(25) 


Therefore when the velocity V is of the same order of magnitude as c, the varia¬ 
tion of volume dD/D Ls of the same order of magnitude as the variation of the 
velocity dVjV, The quantity c must be a velocity because the left-hand side 
of equation (25) is nondimeiisional. It is possible to show that c is eciual to the 
velocity of sound of the flow. 

Consider a cylindrical tube of unit section with a piston traveling at a very 
low speed u (Figure 3). If the fluid is compressible, the motion does not start 

instantaneously in the entire fluid mass, but it 

- is passible at every instant to determine a sec- 

tion ,s* which divides the region in which motion 
—is propagated from the region in which motion 

_ is not propagated. The position of this section 

Fig. 3. Piston motnng in chang(is with time. Call a the velocity of dis- 
cylindrical tube. placement of the section .v. The velocity a is 

the velocity of sound because it is the velocity 
with which small variations produced by the piston are transmitted to the 
flow. If a system of c(K>rdinate axes whicli moves with s is taken, I he relative 
velocity ahead of the section s is Vi = —a, and the velocity of flow contained 
between the piston and s is {V 2 = u — «). If pi and p 2 are the densities of 
the two flows separated by the section ,v, then by the equation of continuity, 

— Piu = P 2 (u — a) = m. (26) 

Indeed, the mass flow which crosses every section of the tube must remain 
constant. 

Call Pi and pi the pressures corresponding to the flow before and after the 
section s, and consider the equation of the variation of momentum across tlie 
section s. Since the cliange of momentum of the flow which crosses the sec¬ 
tion s must be equal to the variation of pressure in the two zones before and 
after s, it is possible to write 

Pi — Pi = — rnu (27) 

but from equation (26) 

m 

— a = — 

Pi 




1 

P2 P2 

U 

.i 

u-a 


(28) 
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p^n -\— m — m 

(28a) 


Pi 



m m 

(286) 


u = • 


P2 pi 


Therefore 

P2 - Pi = md- - -) 

(29) 


\pi Pi/ 


and 

, , m* , a- p,'- , , 

P2 + — — Pi + — = P2 + = Pi + a^pi 

(29a) 


P 2 Pi P2 


By hypothesis, u is small; therefore the variations of pressure and density 
are small. Thus, if we let 

P2 = pi + rfp = Pi (1 + e) 
the quantity e is small and e- is nef?lif?il)le. 

P 2 — Pi H- - op — p\ + -- epi 

dp dp 

but by definition r- is equal to ; theriTore 

dp 


I O'-pi- (Ppi 

P2 + - — />! + €pir“ + -- 

1 + € 


(30) 


P2 


But 


1 

1+6 


= 1 - € + ~ 


= 1-6 


since in the series expansion the other terms are nef^li^ible. Therefore from 
equation (30), 

P2 H-— Pi + 6pir“ + (rp\ — o-p\€ 

P2 

and for equation (29tt), p 2 + = Pi + o^P\\ therefore er+i must be equal 

P2 

to 

(31) 

The velocity c = \/dp/dp is therefore the velocity of sound of the flow. 
Conclusion: The compressibility effect in the flow depends on the ratio of the 
flow velocity to the velocity of sound. The ratio is called the Mach number and 
is usually indicated by the symbol M, 


Compressibility Effects in Isentropic Transformations. If an isentropic 
transformation occurs in the flow, 

P = constant. (32) 

p" 

Therefore the velocity of sound, because 
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dp p 

becomes _ 

« = |/^ = l/^ = ]/gFiyr. (33) 

Equation (33) shows that the velocity of sound changes with change of 
temperature, and decreases if temperature decreases. Therefore the com¬ 
pressibility effects become more important for high-altitude flight, because 
the temperature and the speed of sound decrease, and for the same speed of 
flight, the Mach number increases. If and pu are the pressun* and density 
corresponding to zero velocity, from the energy equation (lla) it may be shown 
that: 


y 

_ /i!' _ y P 

1 Po 7 — 1 p 2 

(34) 

7 - 

Po ^ 

Po 


(34rt) 


But from equation (32) 


El = iL, 

y y 

Po P 


Therefore 


se a = 1^/^ 


and the corresponding pressure becomes 


(;)■"-'•‘fi©' 

tie as the velocity of sound, I 

= i±jr. 

\pj 2 

Hiding to the speed equal to 

iressure becomes 


and because 


If the velocity is the same as the velocity of sound, V = a, and 

The density corresponding to the speed equal to the speed of sound is 


if 7 = 1.40, />^ = 0.528/>o, and = 0.634po. (39) 

From equation (35) the following expression can be obtained (Reference 1)*: 
* See list of numbered Specific References in the \ppendix. 
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7 + iLV 

j)' ‘j 




In Table 1 of the appendix some values of p/po, TjTo, and p/po as functions of 
M are ^^iven. 

One-Dimensional Phenomena, if a stream tube with uniform velocity 
distributioii across all the sections is considered (one-dimensional theory) 
for the continuity eipiation, 

psV = constant (42) 

where s is the cross section of the stream tube, or 

+ + f-0 (43) 

P s V 


^ ^ dp 1 c/p 

p dp p a- p 


and from the enerf^y ecpiation 


= - VdV 


Therefore 


= ^ - I rfv = _ xr- IT 


p a- p 

and from equation (43) 


= ( V/-.-- 1 ) 

s V 


d\I ^ <IV _ da 

\i I « 

iitid for isi'iitropk) transforiniilions, 


da _ I / rf/> </p\ I 

a ~ 2\ i> ~ 7/ 2 


(7 - I) 


'l'lieref(»re 


M ^d_V y- I dp 

MV 2 p 


I). 

2 /> V y/ 


iM. ^41 

M V 


(i + -y- «’)• 
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Substituting equation (49a) in equation (47) (I^eference 2 ), 


or in finile form 


1 + ^ 

2 


A/r + 


Equations (46), (47), and (50) permit some intere^sting considerations: 

If the velocity in the stream tube is subsonic, the term (44- — 1 ) in equa¬ 
tions (47) or (50) is negative; therefore rf,v, d\ \ and dM are of opjx)site sign 
(7 > 1 ), while if the veknity is supersonic (4/- — 1) > 0 , d\\ and dM 

are of the same sign. This means that in subsonic (low, in order to increase 
the velocity in a stream tube, it is necessary to decrease the section, or to have 
converging stream lines, but in supc'rsonic flow, in order to increase the ve¬ 
locity, it is necessary to liave diverging stream lines (Figure 4). It is also 



V2<v, 

P2>Pi P2>Pl 


(a)M,>l (b)M,<] 

Fig. 4. Variation of cross section of the stream tube corresponding to rar- 
iation of velocity of given sign in (a) supersonic, and (h) subsonic flow, 

shown (ectuation 46) that for (M > i) the spec^d increases l(‘ss rapidly than 
the corresponding decrease in density. Therefori% in order to obtain expansion 
in a flow in supeisonic velocity, it is necessary to produce a divergence of the 
stream lines, and vice vensa. if an expansion is prcxhiced, the stn^arn lines tend 
to diverge (increase the secUon of the stream lube). For isiMitropic compres¬ 
sion the phenomenon is inverse. 
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The minimum cross section of tiie stream tube corresponds to (M = 1) 
(equation 50). 

If .s>. is the section of stream tube in which Macii number one is rea(^ied. 






M 


1 -i M-’ + 1 

_2 _ 

y + 1 

2 


y + > 

2 ( 7 - 1 ) 


(51a) 


Tn Table I of llu^ appendix some values of Av as a function of Mach number 
are shown. 

The hypothesis of isenlropic flow^ is, in f^eneral, valid for flow velocities 
below the velocity of sound except for ref^ions within the boundary layer 
where the viscosity, neglected in this analysis, is of paramount importance. 
For supersonic flow , the isentropic hyf)othesis is not equally valid even if the 
viscosity is neglected. In this case, the hypothesis of isentropic flow is valid, 
neglecting viscous effects when expansion <K‘curs, but, in general, it is not valid 
if the vel<K*ity of flow decreases and the pressure increases, because new physi¬ 
cal phenouKUia, characteristic of supersonic flow , can occur, that are governed 
by laws otIuT than the isenlropic. In this case equation (51) cannot be 
applied. 


Diversity of the Phenomena in Subsonic and Supersonic Flow. In 
the preceding considerations it is shown that small disturbances in a flow 
are transmitted with the veloc ity of sound. As a consecpience of this law% the 
aenxlynamic phenonuMia in I he case in which a body moves in a flow with 
velocity less than tin* speed of sound are different from those in the case in 
which the sjxM'd is greater than lh(‘ speed of sound. 

Consider a uniform perft‘ct flow and assume that a continuous small (infin¬ 
itesimal) change in pressure* is prcxiuced at a point P that moves in the flow 
with the velocnty 1 (Figure 5). The disturbance is transmitted to the flow^ 
with the velocity of sound; llierefore, if the positions 1, 2, 3, and 4 of the point 
P are considered after 1, 2, 3, and 1 seconds from Uie time at which P was 
in t he position 0, it is possible to construct for I he time at which the point P 
is at 4, the limit of the zone influenced by the variation of pressure pnxiuced 
by the point P in the four positions considered. 

If the velocity of the point P is less than the velocity of sound, the phenom¬ 
enon is as shown in Figure 5«. The point is at 4. The variations in pressure 
produced by P are extended in spherical waves of radius r = a X time (a, 
speed of sound). The variation of pressure is very small, and it is possible 
to assume that the speed of sound d(x^s not change in the flow\ Because the 
speed of the point P is less than the speed of sound, every wave overtakes the 
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point P and also influences a zone in front of the point P. Therefore, in mov¬ 
ing, the point P finds a How that known of the presence of the point P, and 



Fig. 5. Propaijalion of an infinitesimal disiurfh 
anre in (a) subsonic, and (h) supersonic stream. 


because of its presence has undergone soini* variations. The waves are 
separated from each other and therefore the change is gradual. In the case 
where the velocity of the p<jint P is greater than the velocity of sound, the 
phenomenon is different (Figure 56). The disturbances generated by P in 
the preceding positions 3, 2, 1, and 0 cannot overtake the point P, which is in 
position 4, therefore P finds in moving, a flow that do(*s not know of the 
presence of the point P, and wliich therefore has the characteristics of an 
undisturbed flow. All the disturbances are extended only to the flow con¬ 
tained in a cone with vf^rlex at P and having an angle g that is defined by 

(52) 

The angle g is called the Mach angle and the cone is called the Mach cone. 
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All the disturbance waves are tangent to the line PA (Mach line), and 
across the line PA a variation of flow characteristics (x;curs. In regions out¬ 
side the cone of which PA is the generator, the fluid is unaffected by the motion 
of the point P. 

The Mach angle and the Mach cone are relative to the small disturbances 
that are transmitted with sound waves, but it is clear that similar phenomena 
must occur for finite variations of flow characteristics. In this case, the 
phenomena are more complicated, and mathematical treatments are possible 
only in some cases that will be discussed later, but qualitatively the phenomena 
can be considered now. 

Consider, for example, a plane AB wetted by a flow with relative or absolute 
supersonic velocity (Figure 6 a), and assume that at a point P a finite varia¬ 
tion of pressure is produced (at C the pressure is dilferent than along AB). 
Assume that the finite variation of pressure is produced gradually, and con¬ 
sider first the case', in which the variation of pressure is negative. At P an 
expansion occurs. When a variation of pressure dp is produced at P this 
variation of pressun* pertains to a zone of the flow that, for considerations 
analogous to those used for Figure 5/>, is limited by a line PLi that starts from 
P and is inclined at a Mach angle. In the field CPLi, the flow has a lower 
pressure than in the zone APL\. The transformation that occurs across the 
line P/vi for the small variation of p can considered isentropic; therefore 
(ecpiations 18 and 16) across PL\ the spei^d of sound decreases (7 > 1 ), and 
the velocity and the Mach number increase. 

As shown previously for supersonic flow, expansion occurs with increase 
of section of stream tulxs therefore the direction of velocity across the line 
PL\ tends to turn from the direction AB with direction of rotation PD —> PC. 

When a second expansion dp is produced, this expansion, because it takes 
place in the region CPLu <K'curs at a Mach number higher than the undis- 
lurbed Mach number; therefore the zone pertaining to the second expansion 
must be limited by a line PL 2 more inclined than PLi, because M 2 is smaller 
than Ml (sin m = l/M) and the velocity 1 2 behind PLi is rotated with respect 
to V\. For all successive expansions the same phenomenon occurs; therefore 
the expansion occurs in the zone PLiLn gradually. The line PL\ corresponds 
to the Mach line for the Mach number in ABL\, and PL„ is the corresponding 
Mach line in CPLn, but considered with respec't to the velocity Vr^ in CPL^^ 
which is in a different direction, and with respect to the local Mach number 
which is higher. 

Consider now a positive variation of pressure. The phenomenon in this 
case is different. The first variation of pressure dp (Figure 66 ) is transmitted 
to a zone of flow limited by a line PL\ inclined at the Mach angle with respect 
to the direction AB. But in the zone CPLi the Mach number decreases and 
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tlie velocity lends to turn in the direction from PD to PLu Therefore the 
successive compression dp must be limited by a line PL 2 less inclined than the 
preceding. But in this case, the Mach number decreases and the velocity 
turns also in the zone L^PLu therefore the line PL\ clianges position and 



C 


(b) 

Fig. 6. Kjcpatmion (a), and conipreftsion (h), of a 
supersonic two-dimensional stream. 

reaches the line PL?. If the pressure at P continuers to increase, all the 
limiting lines PL of the compressions Ap tend to attain the same position PLn 
which is less inclined (e > p) than the Mach line with respect to V. Across 
the line PLn, a finite variation of pressure occurs, and the law of compression 
is not isentropic. The finite compression occurs, in this case, not gradually, 
but with a discontinuity. The surface of the discontinuity is called a shock 
wave. Across the shock wave a decrease of velocity and Mach number and 
increase of pressure, density, temperature, and entropy occur; it is possible 
to demonstrate that the process is not reversible. 

All variations of the physical quantities of the flow are governed by a law 
that will be developed later. The intensity of the shock is defined if the Mach 
number and the inclination of the shock with respect to the velcx^ity are known. 

The formation of shock is explained in the case of finite variation of pressure 
in a point, but, in general, shock can occur also if a gradual compression is 
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produced. Consider for example a flow at supersonic speed along a curved 
wall (Figure 7). At A a small variation of stream tube cross section occurs; 
therefore a small variation of pressure 
is generated which is transmitted in the 
flow behind a Mach line AAu Behind 
the line AA\ the Mach number is 
smaller than in front; therefore if 
another small variation in section 
occurs, the relative Mach line is less in¬ 
clined than i4i4i and meets the WneAAi 
at A\. Across the line A\B\ a variation 
in pressure and direction occurs corre¬ 
sponding to that from A to B. At C and 
D the vsarne is true; therefore the con¬ 
clusion is that an envelope is formed 
across which the variation is finite and 
a shock wave is generated. It is pos- surface, 
sible in some particular cases to avoid 

this envelope, and in this case tin* recompression can be considered gradual, 
but formation of slun k waves in transformations of compression in super¬ 
sonic flow is the more general case. 

In the preceding considerations, steady phenomena were analyzed, but 
transmission of a (mite variatior^ of pressure in the flow also occurs with ex¬ 
pansion waves and shock waves in an analogous manner for unsteady phe¬ 
nomena. Consider a cylinder in which a piston moves with velocity F, the 
velocity Fincreasing from zero to a final value V i (Figure 8). At the time zero, 
the piston moves w ith velocity dV and a compresvsion wave is generated that 
moves with the speed of sound . In front of the compression wave, the flow 


Oy 



Fig. 7. Compression of a supersonic 
two-dimensional stream along a curved 


Expansion Wave Compression Wave 
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Fig. 8. Transmission of compression or expansion u’oj’es, produced in 
a cylinder by the movement of a piston initially at rest. 


is undisturbed; and behind the first compression wave in zone I, the flow 
moves with velocity dV and undergoes an infinitesimal increase of pressure. 
If the speed of the piston increases, other compression waves are generated. 
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but the speed of sound a\ in zone 1 is greater than the speed of sound Uo, in the 
undisturbed flow (because in I, the temperature or the value p/p is larger), and 
the flow in I moves in the tube with the velocity dV; therefore the succeeding 
compression waves travel faster than the first (speed ai + dV), and after some 
time overtake the first. The same phenomenon occurs for succeeding com¬ 
pression waves generated by successive increases of the spiked of the piston. 
Therefore when the piston has attained the vekx'ily ki, all variation of pres¬ 
sure occurs in the flow across a sluK^k wave that is generated by superimposition 
of the compression waves that unite, and that travel at a speed greater than 
the speed of sound. For the other side of the piston the phenomenon is dif¬ 
ferent, and the variation of pressure (expansion) (X'curs gradually, because I he 
first expansion wave decreases the speed of sound in zone HI. The subsi'quent 
expansion waves travel more slowly than the preceding because the speed of 
sound 02 in Hf is less than in the undisturbed flow On, and the flow in 111 has 
a velocity dV of opposite sign than the veUx'ity with which the disturbance 
travels in the tube. No meeting of two expansion waves therefore occurs in 
the tube. 



(a) Subsonic (b) Supersonic 

Fig. 9. Differences of aerodynamic phenomena in (a) subsonic, and (h) supersonic flow. 

From all these considerations, it appears that large differences exist between 
supersonic and subsonic flow. If the binly moves in a flow at subsonic speed, 
some variations in the flow are produced by the presence of the body; but these 
variations are important for the zone near the body and decrease with the de¬ 
crease of distance of the point considered from the body (Figure 9a). The 
v 6 U*iations are gradual, all transformations for perfect flow aie isentropic, 
euid all losses (drag) are generated by viscous friction. In supersonic flow, the 
phenomena are different; in the flow in front of the body no variations occur 
(Figure 96). The variations are extended to infinity (for perfect flow) if 
other variations of opposite sign are not generated in the flow. Losses (drag) 
occur also for perfect flow, because the transformations are not always isen- 
tropic. Consequently, a new form of drag must be considered, called shock 
drag. 



CHAPTER 



THEORY OF TWO-DIMENSIONAL FLOW 
POTENTIAL Fi on CHARACTERISTIC 
SYSTEM — SMALL DISTURBANCES 


Differential EqiiatioiiH for Potential Flow. Consider a phenomenon in 
wlpeli all physical (jiiantilies pertaining to the Ilou are ecpial for all particles 
of the flow that are situated at the same time along (‘very straight line perpen¬ 
dicular to a plane. In this case, it is suflicient to consider the variations of 
the physical quantities which ocnir in this plane to determine the value of 
the physical (luanlity in the (‘iilire space; thendore the phenomenon can be 
defined as two-<limensionab because it depi^nds only on two spacial coordinates 
X and y. 

Assume that the flow is a st(‘ady perfect is(Mitropic flow, therefore a flow 
the charact(*ristics of which are independent of time, and which is irrotational. 
With lh(*se hypotlu^ses ihe contiiuiit> (‘quation, and Euler's equation, can be 
written in the following form: 


but 


and 


d(pu) ^ 
d.r dy 


dn 

. da 
+ r - = 

1 dp 

dx 

dy 

p dx 

dr 

+ r = 

1 dp 

dx 

dy 

p 


dp 

dp _ dp dp _ \ dp 
dx dp d,r U" dx 


(53) 


(5d) 


Therefore, from equatiuus (53) and (51), 
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^ (l _ + 

dx \ a‘v dy \ a“/ a- \dy 

and because the flow is irrotational, 

curl V = 0 



or (equation 13) 


du 

dy 


dr 

dx 


= 0 . 


( 55 ) 


(56) 


Therefore tlicre exists a function <t> (polential of velocily) defined by the fol¬ 
lowing condition: 


u = and r = — • 
dx dy 

Equation (55), using equations (56) and (57), becomes 


(57) 


u‘A / 2ur 

aV dx‘ \ a*/ dy- a- dxy 


(58) 


All physical quantities of the flow are determined if a function (l>{xy), which 
respects the boundary conditions, is deterrniiu'd in th(‘ (Uitire field. Indeed, 
from the value of the velocity, it is possible to d(*termine the value of pressure 
with the energy equation (11a), and the tern pi Tat ure and density from the 
equation of isentropic transformation and the general e(|uation of a piTfect 
gas. The boundary conditions usually give the value of all flow (piantities 
in a zone of the fluid (for example, at infinity), and givi* (he (ondition that 
the flow must be lang(Mil to a b<Kly of given form, and tIuTefore give tlu^ 
value of d<P/ dx, d<P/dy in a zone of the (ield; if (he str(‘am is parall(‘l to the x 
axis at infinity, this iKmndarv condition is express(‘d in the form 

( 



and gives the condition that thc^ normal gradiiml of 0, dn, must lx* zero 
along a line that defim?s the seition of the ImkI> in the plain* considered. 
Because the phenomenon considered is two-dimensional, (hi* body consider(*d 
must be two-dimensional; tluTcfore it must In* a (*ylind(T. 

Equation (58) permits some interesting considerations: if the value of the 
velocity is small in comparison with tin* velocity of sound, it is possible to 
assume the terms u^/a^, uv/(i\ ecpial to zero. In this case, the equation 
h^^omes 

dx^ dy^ 

whi^h is the equation of motion for incompressible flow. h)((uation (58) is a 
fiariial differential eifuatioii of the second onh*r, linear in terms of (he se(‘ond 
derivative, and is of the type of Ihe IVloiige-Ainpen* i*(piation (Heference 3). 
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Tliree types of Monfj:e Ampere equations exist: the elliptical, parabolic, and 
hyperbolic types. The dilference between these three types depends on the 
value of equation (59): 


(I _ — 1 ~ 1 

a‘v \ a v 


(59) 


If e(piation (59) is f^reater than, (^qual to, or less than zero, the e(fuation is, 
respectively, of elliptical, parabolic, or hyperbolic type. Now, if the phe¬ 
nomenon is all subsonic (T < a), ecpiation (59) is greater than zero, and equa¬ 
tion (58) is of elliptical type; if the phenomenon is all supersonic (V > a) and 
ecpiation (59) is less than zero, ecpialion (58) is of hyperbolic type. If in the 
phenomenon the flow is in part supersonic and in part subsonic, the equation 
is partly of the ('lliptical type, fiarlly of the parabolic type, and partly of the 
hyperbolic type. The dillenmce in tlie type of the ecpiation is connected with 
(lillererices ifi tlu' g(‘neral integral of (Hpiation (58), and therefore with sub¬ 
stantial diHenmces in th(‘ resultant configuration of the flow , that corresponds 
to the fact that substantial physical dith'rences exist for the phenomena in the 
two fields of v(‘lo(*it\. 

The us(' of equation (58) is possible when in the entire flow, the e(iuation is 
of one typ(‘ aloiu*, but heconu's more difficult when, in the field, the type of the 
e(}ualion changes, as happens in the case of transonic phenomena. 


Case of Flow Siipersoiii<* thmiighoiil ihe Kntire Field—Charaeler- 
islie Lines. It was shown in C.hapter I that in supersonic How the small 
disturbances pr(Kluc(‘d in a [)oint of 
the field influ(*nc(‘ a zoiu' conlaiiu'd ^ 
in a com* that has a vertex at tfur 
point afid an angh* (‘(jual to the 
Mach angle, (’onsider now a two- 
dimensional flow that w(*ls a plain*, 
and assume that at the point A 
(Figure 10) a small d(*viation occui*s 
tliat produces expansion. The devi¬ 
ation is in accord with the hypothesis ’-X 

that the phenomenon is isentropic, Deviation of expansion in a 

because the expansion occurs gradu- two-dimensional flow. 
ally, and ther(*fore if tin* flow is 

isentropic in tin* part in front of AB^ it remains isentropic after the deviation 
in .1. Because the disturbance starts from a line perpendK‘ular to the plain* 
in A, the disturbance must be transmitted to a zone contained in the dihedral 
BAC\ where HAH' is t!ie Mach angle. If the velocity of the undisturbed flow 
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is Vi, tlie value of the velocity in the zone AB must change, because in the 
zone BAD, as a consequence of the small deviation, the flow is expanded and 
changes direction. INow consider this phenomenon in terms of the differential 
equation (58) of potential flow. In the zone CAB the potential is 

^1 = Vix, 

In the zone BAD the polential must he different: 

= <l>2. 

Along the line AB, because the movement is continuous, the functions 
and 4>2 must have the same value, and the first derivatives of the functions 
(the velocity components), must also have the same value. As a conse((uence 
of this consideration, two possible solutions must exist for eciualion (58), 
solutions that are coincident for all points of lh(‘ line AB, and which also have 
the first derivative, that corresponds to the velocity, coincidtuit. The C'auchy 
theorem (lieference 3) shows that the integral of a partial differential e(|uation 
of the second order, such as equation (58), is, in gtMu^ral, univ(‘rsally defined 
if its value and the value of its first derivative's are know n for all points on a 
line. This does not occur only if the line is a characterislic variety of the 
equation. In this case, because there are two solutions for equation (58), 
and <l> 2 , having the same value and the same derivative along AB, it can be 
concluded that the Mach lines in the flow are the characteristic liiu's of the 
differential equation that define th(^ potential function. TIu'refore it is pos¬ 
sible to determine the position of the charact(*ristie lines of the eciualion on 
the basis of the physical meaning of these lines. 



Fig. 11. The characteristic lines of the 
two different families. 


Kqua lions the C'haraeleristie 

lanes.* From tin* pn‘(*(‘(ling considera¬ 
tions it is shown that the charact(Tisti(* 
lines of ('(juation (58) an; coincident 
with the Mach limrs; th(;refore, if the 
flow is not at a constant Mach number 
in the entire field, the characteristic 
lines are curved at all the points on the 
line. INow if a point P in the flow is 
considered (Figure ll) and V is the 
velocity of the point, the tangent / to 
the characteristic line must be inclined 
at the angle g (Mach angle at the point 
P) with respect to the direction of the 


* For the method of characteristics for two-dimeiisional flow see lieference I. For tfie 
analytical treatment used see Reference 5. 





THEORY OF TWO-DIMENSIONAL FLOW 


23 


velocity. Because two lines k and k exist at P the tangents of which are in¬ 
clined at the angle fx with respect to K, it can be concluded that for every 
point P of the flow, two characteristic lines exist that are defined by the con¬ 
dition that the tangents are inclined at an angle fi to the direction of velocity, 
where g is defined by 

t 


If dl is an el(‘mentary arc of components dx and dy of the line I, and 6 is the 
inclination of the velocity with resp(‘ct to the x axis, 



tan {6 + g); 



tan {6 — g). 


(60) 


Equations (60) can be expressed in ("artesian coordinates, if /i 2 are the tan¬ 
gents to the eharacteristic lines and ui > are the normal to the lines /t 2 at P 
(Figure 11), 


u V 

cos {x \ ) = ; cos (yV) = 

cos (l\x) — + ~ ; cos {/iV) = 

dl dl 


(61) 


but 


Tli<*refore 


or 


but 

and 


cos — sin g 


u ^ 1 

I ~ M 


cos (niol ) 


ii dy V dx 
V\ll ~ T dl^ 


V ~ F 7/ V dl 

1 as ^ 

a dl a dl 


(dxy + (dyy = (dO* 



(62) 


(63) 


(64) 


Therefore substituting the square of equation (63) in equation (64) instead 
of one, the result is 


\dl) \dl/ a^\dl/ a* dl dl a\dl/ 


(65) 
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Cl + +(l - I’). 0. 

\ aV \dxJ o* dx \ aV 


Aseuming 


//=1 --:L = 1- -;A = -- 

(!).-■ 

w here Xi and X 2 are the solutions of quadratic equation ( 66 ) and are 


H H 


/v ’ - IIL 


^ A , 1 /- 

>^2 = - + - VA' - HL. (69) 

From equation (69) it is evident that if in th(‘ How (A- — IIL) is less than 
zero, as it is for the case of equations of the elliptical type, the angular coefh- 
cients of the characteristics have imaginary values, and therefore* character¬ 
istic lines do not exist. 

Equations (60), ( 68 ), and (69) give the ecfuations of the characteristic 
lines. 


Law of Variation of the Mach Number, of the Pressure, and of the 
Velocity along a Characteristic Line. Hepiation (58) can he writt(*n using 
equations (67) in the form 

// + 2K - + L = 0 . (70) 

dx dx dy 

If du and dv are the variations of tlie velocity components along a character¬ 
istic line. 


j du j , du , (du . . du\ 

du = ~ dx - dy = [ - f-X— 1 

dx dy \dx dy) 


dx dy ' \dx dy) J 

Where X is defined by the equations ( 68 ) and (69), hut 

—- = ~ (irrotational flow). 
dy dx 

Therefore from equation (71) is obtained 

du _ ^ ^ ^ dv _ du _ dv ^ dv 

dx dx dy ’ dx dy dx dy 

and substituting the second part of equation (72) in the first produces 
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^ ^ ^ ^ ^ 
dx dx dx dy 

Substituting equation (73) in (70), 

II -- + {2K - //X) — + — (//V - 2K\ 4 - A) = 0 
dx dx dy 

but X is (lelined b> equation (69) and is the solution of tiie equation 

y/X“ - 2AX + /. = () 

wliieh gives 

2K - y/Xi = X2/y 

2A - yyx2 = Xi/y. 

Tlierefore equation (71) for lli(‘ first ehararteristie defined by 

dy 


dx 


= Xi 


becomes 

da + Xorfr = 0 

and for (Im‘ s(*cond (^haracieristic defiiK'd by 


beconu's 


i - ^ 


dll + Xirfr = 0. 


(73) 


(74) 


(75a) 


(756) 


lAjualioits (73) an' iiil(‘grable because Xi and X 2 are funclions of u and i\ 
(Considering polar coordinates, the values of Xi and X 2 are given by eipialion 
(60) 

Xi = tan {B -|~ m) 

X 2 = fan {B — m) 

and dll and dr corn'spond to the following expressions: 

dll — dV cos ^ — V sin BdB 

dr — dV sin B + V' cos BdB (76) 


where \ is the velocity having the components u and r. Substituting tlie 
values of dii and dr given by ecpiation (76), the value of X given by ecjuation 
(60) and tlie value 1/4/ for the value sin g, from equation (75a) the following 
expression is obtained: 


and from (756) 


dV 

/ 1 ^ 

, V 


de 

• w ~ 

M 

(77a) 

dV 

\f^L. 

V 

(77b) 

de 

AP 

M 


but from the hypothesis of isentropic How, the velocity of sound a is 
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2 P dp 
= y- = — 


P dp 


Therefore 


— VdV = — (energy equation). 
P 

M V \ 2 / 


I I ^ 7^.^ \ M- 


- 1 . 


Equation (79) can be intofirated 

±de = dM — 


M- - 1 


mVm- -m ^ 9 ' 

and substituting for M- llie e(|uivalenl ^ ^ 


± de = dM 


y + L _ }J^ _ 

^ Vm- - 1 (i + 


_ dM_ 

mVm^^ 


Performing the integration, the following (expression is ()htain(‘(l: 


1 , 1 i/t + 1 1 \ 

= COS ^ - -h “ 1/ - cos ' / 1 “ \ 

M 2 ^ 7-1 I 


+ constant (80) 



Equations (80) or (81) give the value of the Mach number as a function of 
the direction of ilie velocity along a characteristic line. From the value of the 
Mach number, it is possible, with the energy equation, to determine the value 
of the pressure, and subsequently to determine all other How quantities. 
Equations (80) and (81) have important application in calculations for 
isentropic two-dimensional supersonic flow. 

The following considerations explain the use of equations (80) or (81). 
Consider a uniform supersonic flov/ that runs paiallel to the wall AB (Figure 
12 ), having a Mach number Mi and pressure pi. Assume that in the zone BC 
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a uniform pressure J 02 smaller than p\ exists.* The flow is expanded at the 
corner B. Tlie expansion begins along the line BD inclined at an angle fxi 
with respect to the line AB. The line BD is a straight line because the flow in 
front has constant direction and Madi number. 



Fig. 12. .1 nalysis of the flow around a corner unth the characteristic system. 


Across every Mach line tl»e flow undergoes an infinilesimal variation of 
pressure. When the flow (Toss(‘s the Mach line BD the pressure of the flow 
does not beconn* e([ual to p 2 , but attains a value (pi + dp) where dp is the 
infinitesimal varialion of pressure that is propagated in the flow along BD. 
Therefore the flow musl continue to (*xpand, and the next expansion dp will 
oc(*ur across another Mach line BN that must pass through B because the 
variation of pri'ssure is transmitted in the flow from the point B: the line NB 
must be less iiiclined than/?73, and musl be a straight line because the Mach 
number in front is constant. In a similar way, all variations of pressure 
(p 2 — Pi) will be transmitted in the flow across a series of Mach lines from 
BD io BF, each of which transmits in the flow a variation of pressure dp. The 
Ma(!h lines BD and BF correspond to the characteristic lines of tlie first 
family, and because* no variation of pressure occurs along each characteristic 
line, the variation of velocity is also zero along each of these lines. The lines 
are all straight lines. At every point P of the first Mach line BD there passes 
also a characteristic line of the second family PQ inclined at an angle pi with 
the direction of the velocity. Because along BD the velocity has constant 

* Supersonic flow around a corner was treated originally in Reference 6. 
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intensity and direction, the characteristic lines of the second family for every 
point on BD are parallel to each other. The same consideration can be applied 
to all points of every characteristic line BN of the lirst family. Therefore in 
order to consider the variation of velocity alon*? all characteristic lines of the 
second family, it is sufficient to coiusider I he variation alon^ only one character¬ 
istic line PQT of the second family. The variation alon^ PQT in this case 
corresponds also to the variation along the stream lines because the velocity 
at P is the same as at L, the velocity at T is tlu^ sarne as at S, and the variation 
of velocity along the stream line LQS is tlui same as along the characttTistic 
liru; PQT. The variation of velocity along a characIcTistic line of tin; second 
family can be analyzed with equations (80) or (81). The values (d* the con¬ 
stants of equation (80) or (81) can be calculated from the Mach number 
and from the value 6 , in the zone ABD (assuming the value of 6 to be measured 
from the a:-axis, 6 is equal to zero in the zone ABD), and then for (ivery value 
of d the corresponding value of M can be obtained. Be('ause the second char¬ 
acteristic fannly is considered, the plus sign must be assumed in equations (80) 
and (81) {d is negative). When a value of M is determined for a fixi'd value 
of 6 , the corresponding line BN can be determined, because from the valui* of 
M the value of g can be detennined, and the liiu* BN corresponding to the 
given value of 6 must be inclined at (m + 0 ) with th(‘ r-axis {d is negative). 
From the energy equation it is possible to detcTmine the value of the Mach 
number M 2 of the flow when the pressure ih is attained: 


and because 


Yl _Pi ^ _7_ />> 

2 7 “ I Pi 2 7 — I p 2 


pF“ == 7p/lf“ and 


P2 


P2 


Pi 


Pi 



(82) 


From the value of M 2 with equation (80) or (81) the corresponding value of 62 . 
can be calculated, and the line BF, along which the expansion is accomplished, 
can be determined. The line BF is inclined at an angle {62 + M 2 ) with respect 
to the x-axis. 

The problem can be inverted if the variation of direction is known; from 
the value of the final angle 62 , the value of M 2 can be determined, and from 
this, the value of the pressure. Also, the streamlines can be designed. From 
the case of expansion around a sharp edge, it is easy to extend to the case of 
continued expansion along a curved surface (Figure 13). Indeed, for every 
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point N on the surface, tiie value of is known, and from the value of Mi, 
for which di is zero, it is possible to deLerrnine the value of the constant in 
equation (81); therefore, from 6^ it is possible lo determine My and /zat. Along 



\ 


Figt. 13. Analysis of Ihe flow aloiKj a curved surface 
with flic characleristic system (case of expansion). 

NN\ the direction of velocity is constant; tluTcfore My is constant and the 
characteristic lin(' is straight. At IS the value of pn\ssure is determined by 
tlie value of j1 /\ from e(|uation (82). 

liquation (81) can b(‘ used also in some cases of conq3ression, but we must 
remember that this ecjuation is obtained from the hypothesis of isentropic 
flow without discontinuily, and tlierefore it is not valid in the zone in whicli 
shock waves occur. In a curved wall in which compression occurs (Figure 14), 



Fig. 11. Analysis of Ihe flow alomj a curved 
su''face (case of compression). 


the characleristic lines tend lo increase Ihe angle with respect lo the liorizontal, 
b(H‘ause g increases (M dt‘creases) and 6 increases; therefore the characteristic 
lines make an envelope, and the variations across the envelope are no longer 
infinitesimal, but finite. The phenomenon is no longer continuous, and equa¬ 
tion (81) is no longer valid. 

The values of 0 as a fund ion of M can \ni di^cTinined and tabulated in order 
lo avoid making long cal(‘ulalions. Assunu^ that tlu^ initial Mach number is 
equal to one, and for this value tlu^ deviation is zero. The values of the devia¬ 
tion d corresponding lo all other Mach numbers, and lh(‘ corres^Kuiding varia¬ 
tions of pressure can b(‘ calculated. Because the expansion begins from a 
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fixed Mach number (M = 1), the deviation will be designated by another 
symbol {v). Some values of Mach number, corresponding to the variations 
of directions p, from M equal to one, are given in Table 2 of the appendix. 
The corresponding values of Mach angle and pressure ratio with respect to the 
pressure corresponding to {M = 1) are also given. 'I'his table can be used 
veiy easily. Indeed, if a case is considered in whicli the undisturbed Mach 
number is Mi, and the flow undergoes a deviation of expansion 0, in order to 
determine the corresponding Mach number it is sutricient to determine the 
value of v\ corresponding to Mi in the table, and the corresponding value of 
pi/p*. Then, from the value of (i/o = 1^1 + 0) it is possible to determine the 
value of M 2 , corresponding to the deviation of 0, and the value of [h/p^. The 
variation of pressure is given by 

£1 ^ Pi£* 

P2 p* P2 

The Critical Velocity and the Limiting Velocity. Consider a tank with 
air at a pressure and density p,;, and assume that the gas is expanded isen- 
tropically in a nozzle. In the subsonic part, I he nozzle is converging, and in 
the minimum section, the speed of sound is obtair!ed. Using equations (31), 
(38), and (39) it is possible to determine th(^ velocity in the minimum section. 
This velocity is called the critical velocity lo indicate that it is the velocity of 
sound in the flow for (M = 1), and its value is indicated as the symbol T,.. 
The value of Vc is given by 

K/ = • (83) 

7 + 1 po 


The velocity in every point is given by the expn'ssion ((‘f|uation 31) 

(81) 

7 — I Pn L \p(i/ J 

The maximum velocity that it is possible; to obtain for the air in the tank is 
that which corresponds to discharge of the air frorii the tank in a place at static 
pressure equal to zero. If in equation (81) the t(*rm p becomes zero, the 
speed becomes 

y i = _?1_ = 1±J y2^ (85) 

7 - 1 7 - 1 


Because in adiabatic transformations po/po is constant, the value of K is con¬ 
stant also. Equation (84), in terms of ecpiation (85) b(;comes 



(85a) 


Because from equation (41) 
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(85b) 


The value of Vi is the maximum possible value of velocity that the air can 
attain, and is called limilirKj velocity. It is interesting to determine from equa¬ 
tion (80), the niaximuni tlieoretical value of I lie deviation that it is necessary 
to obtain from a given Mach number the limiting velocity. Suppose that the 
deviation begins from (M = 1 ). For M = I, v and Q are zero, and the value 
of the constant of equation (80) for y = l.tO is 


C = - 220.455^ 


If, in ecpialion (80), for the value of M the expression given by eijuation (41) 
is substituted 


then 



(41) 


±d = cos~^ — 


I 


+ 


_ n-lfc)' -'] 

"CM- 


( 86 ) 


220.45r 




If, in equation (86), p becomes zero, the first term becomes cos“^ 0, which 
corresponds to 7r/2. 

The second term becomes cos~^ 1 = 0; therefore. 


= 180.455^ (87) 

A perfect supersonic flow cannot turn through 360°; therefore a part of the 
space theoretically cannot be filled by the flow. For the velocity V^, M is 



Fig. 15. The maximum value of the deviation 
of expansion. 


infinity; therefore p is zero, and the Mach line is in the same direction as the 
direction of velocity; the velocity is radial (Figure 15). If the initial Mach 
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number is other than zero, in order to obtain llie it is sufficient to deter¬ 
mine the V corresponding to the value of the initial Mach number, because 

It is evident that existence of a maximum value of v depends on the hypothesis 
of perfect flow, but air at very low pressures cannot be considered similar to a 
perfect homogeneous flow; therefore these considerations are tfieoretical. 


Geometrical Interpretation of the Characteristic Equation. Equation 
(80) can be transformed into an expression which is a function of arc sines in 
place of a function of arc cosines. Indeed, for every angle a 


and 


sin-^ a = — — cos“^ a 
2 


cos 2a = 2 cos- a — 1. 

Therefore, in place of cos~^ , it is possible to write i('()s~^ 

M 2 

changing the vsflue of the constant, equation (80) becomes 



; then, 


+ 26 



T + 1 

7-1 


- 7 


sin“ 


1 — l \;.2 


+ sitr 


+ I 



( 88 ) 




Fig. 16. Physical and hodo- 
graph plane. 


and, using ecjualions (88) and (85/>), equation 
(88) becomes 


20 = l/^-sill"' 

f 7 — 1 L 1 


+ sill-* (7 + - 7 


+ c. (89) 


Equation (89) permits a graphical represen¬ 
tation of the expansion phenomena (Refer¬ 
ence 7). Consider a system including an axis 
parallel to the coordinate system (Figure 16) 
and take along the axis, parallel to x, a seg¬ 
ment corresponding to the component ii of 
the velocity at a point P, and in a perpendic¬ 
ular direction, a segment corresponding to 
the component v of the velocity at P. For 
every point P of the physical plane, a cor¬ 
responding vector V exists in the new plane 
considered, the coordinates of which are the 
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components ii and v of the velocity in tlie direction of the axis x and y in the 
plane of movement. The vector F determines a point Pi in the plane deter¬ 
mined by a and r, and called the hodograpli plane. 

Now, if in the hodograph plane eifuation (89) is plotted, a curve is obtained 
that fi^ives the variation of the velocity as a function uf the angle 6 along a 
characteristic line. Because the value of the sines must be between —1 and 
+ 1, it must be true that 

- 1 < (7 - I) - 7 < 1 

v;- 

V - 

- 1 (^ + 1) _ ^ < I 

and therefore V cannot be l(‘ss than V,. nor grealer (han Vi (equation 85). 
Therefore (he curve which represcuits equation (89) must b(^ contained in the 
space between two circle's of radius and Vi (Figure 17). From equation 
(89), it appe^ars that to ('very value' of c tlu're corre^spoiKls a giveni curve, and 
the value of c deteneiiru^s the* posilion of the' point of the curve in the circle 
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(V = K). Every curve tlial can be obtained by changing the value of c can 
be also obtained from tlie preceding curve with the expression 

= 6 / + 

in which 0* is a constant and where 9^ and arc values correspondent to the 
same value of Vi, Therefore every curve for a fixi^d sign, of ecpiation (89), is 
identical to all other ciu-ves corresponding to other values of the constants and 
is obtained by rotation of one of the curves around the point 0, corresponding 
to (V - 0). 

Equation (89) corresponds to the equation of an epicycloid in polar coor¬ 
dinates, and therefore the curve which gives 1 as a function of 6 can b(' obtained 
in the following manner: Plot in the hodograph plant' I he circles (V = V /) and 
(F = K) (Figure 17) and fix the value of the constant c, that is, the value 
of for (V = \\). Plot the circle of diameter (1/ — 1 .) tangent at {9 = 9^) 
to the circles {V = Vi) and (1 = 1,.). Poll the circle (V^ — IV) around the 
circle (I = W). From the point P two curvt's are obtained corresponding 
to the two possible directions of rolling of the circle, that corn'spond to the 
two signs of equation (89), and thendon' to the two families of characteristic 
lines. Changing gradually the value of the (whi(‘h corresponds to th(' change 
of the value of c) two families of curves, corresponding to the two families of 
characteristic lines, are obtained. 


V 



Fig. 18. The two families of epicycloid curves that pass through a 
point of the hodograph plane. 


For every point P of the hodograph plane contained in the space of real 
values of F, two epicycloids pass, one for every family. These epicycloids 
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are symmetrical with respect to the line (6 = constant) tliat passes througli 
Pi (Figure 18). Indeed, for the characteristic line I, calculating the value of 
the constant in terms of the value 0 * of the point P 3 on the circle (F = V^), 
equation (89) becomes 

['■>' “ j/. “ t] + [<■>■ + t] 

For characleristic liiK' II, if 0^,:" is the value of 6 for llie point P 2 of the line 11 
in tlie circle (V = V',.) 

+ “ “ [<’' - -"] + + ’> t’ -"] 


- 26^" -\fl± i _ 5 . 

17-12 2 


(90a) 


I'lnireforo, at the point P\, 2(0 — 0 #') = — 2(0 — and the curves I 
and II are sytnrnelrical willi r(‘sp(‘ct to the line (0 = constant). 

From I he pn'(‘(‘(lin^^ considerations it is shown that through every point P 
of the plaiu' of nu)veinent, pass two characteristic lines, 1 and II, inclined at 
angle g with respe(*t, to the direction of the velocity. For every point P of 
the plaiu* of flow, there is a corn^sponding point /^ in the hodograpli plane that 
gives th(^ dimension of lh(‘ velocity. Through every point P\ of the hodograpli 
two epicycloids pass that giv(‘ the law of valuation of the velocity along the 
correspofuling characteristic lines at P, in order to determine tfie epicycloid 
corresponding to a given family of characteristics, equations (75) that are the 
differential e(|uations of (81) must be considtTed. 

From equations (75) for the first characteristic line. 


Therefore 



(91) 


and in a similar way for the second characteristic line, 



(91a) 


Equations (91) impose the condition that the tangent to the characteristic 
line I (dy/dx) must be perpendicular to the epicycloid II {dr/da), and that the 
tangent to the characteristic line II must be perpendicular to the epicycloid I; 
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therefore it is possible from this condition to determine in the diagrams the 
correspondence between the characleristic and epicycloid. The tangent h 
to the characteristic 11 in the xy plane (Figure 19) must ba parallel to the nor¬ 
mal rii to the epicycloid of the first family in the hodograph plane and the 
tangent /i in the plane xy must be parallel to rii in the plane u, i). 



Fig. 19. Correspondence between characteristic tines in the physical plane and 
epicycloid curves in the hodo(jraph plane. 


For practicaUise, it is bet ter to consider 6 always positive, and, because the 
maximum possible deviation is FIO. 15® it is f)ra(‘tical to lak(‘ th(‘ value of d 
for the undisturb(‘d flow ecpial to 200. 

Every characteristic can be distiiiguished by the vahu' of tht‘ (‘oustant c 
of eciuation (88). In this case, for the lirst chara(‘t(‘ristic, tli(‘ ecjuation is 

- 0 = + fiv) - r, (92) 

where 2ci is the absolute value of the constant that in e((uation (88) is negativ(\ 
and for the second, 

+ e = +/(/’) - r2. (92u) 

From equations (92) and (92u), 

e = - (93) 

/(,,) = (9.|) 

Therefore, if every epicycloid is indicated with a number C in such a manner 
that the direction of the velocity for every point is givim by the difference 
of the two numbers of the two epicycloids that in tfu^ hodograph planer pass 
through the point, then the intensity of the velocity is a function of the sum 
of the two numbers. Every pair of epicycloids, and C2, for which the 
difference of the numbers is equal to a constant must cross each other along 
the radius {d = constant), and because/(F) is constant, the epicycloids of 
every pair having the same value of (Cz + 6\) cnjss each other along^ a circle 
(V = constant). Figure 20 gives a practical diagram that uses the system 
of numbers explained before. In Table 2 of the appendix, the number in tlie 
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first column corresponds to the value (Ci + C2), and therefore to the value of 
the velocity in the hodograph plane. From Figure 20 it is possible, in terms of 


O 



Fig. 20. The epicycloid diagram and the correspondiruj characteristic numhers, 

the value (Ci + C2), to dett‘rmine the value of the corresponding V/Vy. The 
diagram is plotted to a large scale in Chart 1 of the appendix. 

The epicycloid diagram can be used to determine graphically the character¬ 
istic lines for two-dimensional phenomena, and the values of the physical 
quantities of the flow if the phenomenon is continuous. 

A practical example of calculations is given in Figure 21 where the flow along 
a curved wall is analyzed. The flow properties are known at the point P{,. 
In terms of the value of the Mach number and of the velocity direction at Po, 
the corresponding point PJ in the epicycloid diagram can be determined, 
because the value of M gives the value of (G2 + Ci) (Table 2), and the direction 
gives the value of (Ci — C2). Therefore the numbers Ci and C2 of the epicy¬ 
cloids that pass through Po can be calculated. The value of V/Vi, and there- 
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fore the value of the radius OPd can also be evaluated from the value of M at 
Po, using equation (85/?). If an expansion occurs along the surface PoQr (Figure 
21a), from the points of the line PoQn, Mach waves Po Pi, QuQi are produced 



Fig. 21. The practical use of the epicycloid diagram in order to 
analyze the flow around a curved surface. 


that are characteristic lines of the first family. Along the characteristic lines 
Po Pi andQoQi the velocity is constant. Therefore along every characteristic 
line of the second family the same variation of velocit y occurs. Also along the 
stream line Po Qo the same variation of velocity occurs as along every charac¬ 
teristic line PQi). Therefore, because at Qo tlie direction of the velocity Sq^ is 
known in the hodograph plane, the radius OQf'' of coordinate Sq^ can be drawn. 
The normal at Pf to the epicycloid of the second family must be parallel to 
the characteristic line Po Pi; therefore, the epicycloid of the second family 
and the point Qf along OQo'" can be determined. The expansion along P^ Qo is 
represented by the epicycloid Pf Q')\ and the normals at Pf Qf to the epicy- 
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cloid give the Mach lines PnPi and QnQi. If the case of Figure 216 is analyzed, 
the Mach line PuPi corresponds to a characteristic line of the second family 
and is parallel to the normal at Pg lo the epicyejoid PJ Qg". Therefore the 
variation of velocity is given in the hodograph plane by the epicycloid Pg Qg", 
atid along PgQg the velocity decreases (a (X)mpression ■ccurs). 


V 



Fig. 22. Numerical example of analysis of the flow around a 
corner by use of (he epicycloid diaijram. 


All example of expansion around a corner is represented in Figure 22. Tlie 
lines mi and nu in llie plane of I he hodograph correspond to the lines Mi and 
Mn in the physical plane. The values of p/po are determined in terms of the 
value of the velocity at nix and of the value of p/po at mi. The flow along the 
characteristic lines is uniform. In Figure 23 is shown an expansion along a 
curved surface. The entire phenomenon can be determined in the same way, 
analytically by equation (81), or by using the values calculated in Table 2 
of the appendix. 
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Small Disturbances Theory. In many aerodynamic problems the devia¬ 
tion of the stream lines from the free stream direction is very small, and 
therefore small variations of pressure and velocity occur in the flow. In these 
cases in which the disturbances produced in the flow are small, a simplified 




Fig. 23. The flow aloruf a curved wall analyzed 
by use of I he epicycloid diagram. 


hypolhesis can be introduced that perinils an easier solution of the flow 
motion without reducing appreciably the precision of the results (lleference 8). 

If the undisturbed velocity of the flow V\ is assumed in the direction of the 
x-axis, the velocity components can be expressed in the form: 


dx 

dt 


Vi + u 


The components u and v can be called disturbance comporienbi. If the compo¬ 
nents u and V are small quantities in comparison with the undisturbed velocity 
Vi and if the variation of the velocity components occurs gradually in such a 
manner that the derivatives of the veUx^ity components are also small quan¬ 
tities, the hypothesis can be accepted that the second and higher powers of 
the quantities u and v and, accordingly, of the velocity component derivatives, 
may be neglected. The variations of the velocity components are gradual 
when the derivatives du/dx, dv/dy, and du/dy of the velocity components 
are of the same order of magnitude as the ratios u/l and v/L where I is a length 
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of reference connected with the phenomenon; for example, the thickness of 
the body, or 

dll du u dv V 
dy dx I ' dy I 

Therefore, if the variations of the velocity component are gradual, the terms 

a and ii ~ , etc., are of the same order as u^/l and i^/L etc. Now if the terms 
dx dy 

of the order of magnitude of and v^/Vr can be neglected, the equation 

of motion (equation 58) 

+ 2aVi\da , / \ dv 2(ViV + ui^) da 

dy 


/ _ Tr -f ii^ - 


becomes 


du , / \ di) : 

^ \V? ~ V{^)Vy~' 

(Yl _ A d^ = 

\ ) dx' 


dy 


= 0 


dy^ 


(96) 


The velocity of sound can be expressed using tlie energy equation (11a) in 
the form: 

7 


a2 = _ 


- (K, + (t)2 + - F,-’ 

^ — 


or in tlic approximation acceptod 

a- «! 


_ 1) 

tv t',= F, 


(97) 


(97a) 


Substituting erpiation (97a) in ccpiation (96) and neglecting the terms of 
superior order, (^(luation (97) becomes 


(,w - 

\ / dx^ ay- 


In this approximation, equation (69) becomes 

1 


Xi — 

X 2 = 


because 


In this approximation 


Vm{‘ - 1 
1 

Vm,-’ - i 

tan 6 — ■ 


= tan gi 

= tan gi 


(98) 


(99) 


Fi + a 


e = 


Vi 

Therefore, from equations (75) and (76), 


(100) 
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dV -r 

— = -i- ad tan iJLi. 
Vi 


The pressure coefficient is given by 

Ap pVdV . 2tanAiiA0 

c = - = — -— = + -p y 

hiVi^ piVi 

but 


PiVi 

rv 

F, 


and 




1=1 + ^. 

F, Fi 


Therefore in the approximation accepted. 


Cp = ± 2A6 tan = ± 


2Ai9 


- \ 


(101) 


( 102 ) 


(103) 



CHAPTER 



THEORY OF SHOCK WAVES 


ll was shown from llio piccodin^ consideralions (Chapters 1 and 2) that 
when a recompression occurs in a flow with supersonic velocity, the Mach 
lines tend to converge and to form an envelope. If the envelope occurs, the 
corresponding disturbance passes frorti infinitesimal to finite, producing a 
discontinuity in the flow which is called shock wave. The flow across the 
shock wave undergoes a change of all its physical (luantities, and the varia¬ 
tions are no long(T govern(‘d by isentropic law. In order to determine the 
variation of the quantities across a shock wave, an adiabatic stationary 
phenomenori will b(* considered (independent of time and without exchange 
of heat bet ween [he flow and the external). The flow will be assumed to be a 
perfect flow. 

Shock Wave Equations in Stationary Phenomena.* Consider a super¬ 
sonic flow at Mach luimber Mi, pressure* />i, density pu temperature Ti, and 
entropy Nr, assunu* that at a point 

A of the flow a shock wave (‘xists w 

(Figun*2I). All flow (piantitu's b(*hi!id V 

the shock will change*. hieiicating V 

the*se ep]antitie\s with subseript 2, x. € / 

ce)nside*r the inte*rse'e tie)n e)f the* shenk 

with the plane that ce)ntains the ve^- X 

locity 1 1 in front of the shock, and the t 

veleK’ity V 2 behind the shock at A. 24. Velocity components before and 

In this plane at the point A, consider behind a shock ivave. 
the tangent / to the curve inter¬ 
section of the front of the* she)ck (Figure 24). If € is the angle between 
Vi and /, and (3 is the angle between V 2 and /, in the general case (3 will 
be different from €, and the*refe)re a deviation (6 = e - /3) of flow direction will 

* The first correct treatment of shocks was given t)y Hugoniot (Reference 9). Ilngoniot. 
considered only normal shocks. The general treatment of shock waves was given by Meyer, 
Th (Reference 10). For the following analytical treatment see Reference 11. 

^t3 
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exist. Projecting the velocities V\ and V 2 in tlie direction n normal to the shock 
and t tangent to the shock, and indicating with the subscripts n and t the cor¬ 
responding components, 

) (104) 

^ 2 ^ = y ^ \ 

P2 ) 

Vni = Vi sin € 

Vn 2 = V 2 sin 13 
V ti = Vi cos € 

Vto = V 2 cos 13 

For the continuity law, the mass of flow across the siirfa(‘e of the shock (^an be 
written in the following form: 

PlV'nl = P 2 Fn 2 . ( 106 ) 

The momentum theorem applied to the direction normal to I he surfaci; and to 
the direction taRgent to the surface, gives 

Pi + PlFnl*^ = P2 + p2Vn2“ (107) 

PlVniVn = P2K2l"/2- (108) 

The law of conservation of energy stales that the total energy of the flow 
in front of the shock and tx;hind the shock must be the same; therefore 


(105) 


t /'I , I •.) 

- 7 +'lr = 

7 - 1 Pi 2 


and therefore eipjation (109) becomt^s 
_ 27 _ Ih , y 
7 — i Pi 
but 

Pi'^^Fni^ = prKrsili- 
Therefore equation (106) becomes 

P\p\M\^ sin- € = 
equation (107) becomes 

Pi (1 -f- yMc sin- e) ^ 
and equation (112) becomes 


-’■-E'+V.. 

7 — 1 P2 2 

(109) 

obtained 


1^.2 

(IIO) 

COS c 

(III) 


cos (3 

= 

y — 1 Pi 

(112) 

( = piMi^ypi sill" e. 

(ii:i) 

PilhM^ sin“ /3, 

(114) 

p 2 (1 + yMr sin'"' /3), 

(llfi) 
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^ f—^ sin^ ^=-( —^ sin^ . 

Pi \7 “ 1 / P2 \7 — 1 / 
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(116) 


It is possible to eliminate the values of pi/p 2 and pi/p 2 in the three equations 
(114), (115), (116), and to obtain one equation in Mi sin e and M 2 sin 0 which, 
if Ml sin € is dilTerent from M 2 sin (case of flow with shock), is 


or 


^Mi‘^ si 

(-L 

VMi^si 


sin^ e 


2y 

7 - 


sim € 




(117) 

(118) 


liquation (117) combined with e((uation (115), (transformed in terms of 
and pi^), gives the following: 

pi^ sin'« - = P 2 - sin' 13 - 


and in a similar way 
\_ 
pr 

Combining equations (119) and (120) with equations (117) and (IIB) the fol¬ 
lowing expressions are obtained: 


■- ^ = -L (—(120) 

ii' V/V/,'sin' « 2 / Pi' V/Vfo'sin'/3 2 / 


Ih ^ 2y _ 
Pi 7 + 1 


--it) 


From e((uati()ns (108) and (110) is obtained 


and therefore 


and 


Pi _ 


b«2 _ 

P2 

I').. 

1 /2 1 nl 

tand _ 

2 / 

' 1 

tan € 

7-t- 1 V 

kM{' sin- e 

tan 6 _ 

2 / 

' 1 

tan ^ 

7 + 1' 

sin' 13 

can be transformed, 

l)ecause ^ 

1 

7+1 

M,' 

tan 5 

_ 2 

Mi^ sin^ e - 


tan 13 


+ 


+ 


7 — 


7 ~ 


') 


( 121 ) 

( 122 ) 

(I2:i) 

( 121 ) 

(125) 

(126) 


Equations (121), (122), (125), and (126) permit calculation of all physical 
characteristics of the flow behind the shock as functions of similar character- 
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istics in front of the shock if one condition of shock is known. Usually, either 
the value of 5 (deviation of the flow) or the value of is known, from which 
it is possible to determine the inclination of the shock and all other variations 
that occur across the shock. 

Equations (121) to (126) permit some considerations. If M\ is substituted 
with 1/sin /i in equation (121), it is found that e is larger than g, because />2 

is larger than pi (necessary condition 
for shock); tluTcfore the shock wave 
is always in front of the Mach line. 
In terms of the scheme of Cliapter 1 
it can be concluded that (Figure 25) 
the speed of transmission of a finite 
disturbance is greater than the speed 
of sound and depends on tlu‘ ampli¬ 
tude of the perturbation. If e is 
e(|ual to M (Mach angle), M{~ sin -1 is 
e(iual to on(‘, and from eciuations 
(121) or (126), b - 0 , and the 

shock is a simple Macli wave. If e 
increases and M\ is constant, NU de¬ 
creases (equation 125). For a given value of (e = e«). Mo corresponds to one. 

If the value of € continues to increase, M 2 decreases and becomes less than 
one, and the speed after the shock becomes subsonic. For e ecpial to t/2 
(equation 126) 8 becomes zero, the flow does not change direction, and the 
shock is normal to the direction of the velocity. This particular case of shock 
is called normal shock and is the shock that gives the maximum prt'ssure 
ratios across the shock for a given Mach number in front of the shock. In 
this case, equations (121), (122), and (117) become 



Fig. 25. The mlocily of propagation 
of a shock wave in comparison with 
the velocity of the sound. 


Pi 7+1 7+1 

EL = ^ JL 4. y - ^ 

P2n 7+1 7+1 



(127) 

(128) 
(129) 


Some data for normal shock are given in Table 3 of the appendix as functions 
of the stream Mach number. The value of 5 passes from a value zero for 
(M 2 = Ml) (no shock) to a positive value for (M 2 9 ^ Mi), and becomes zero 
again for a normal shock; therefore there must be a maximum value for every 
given value of Mi. The values of 8 that correspond to (M 2 = 1.0), and to the 
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maximum value of d, can be determined as a function of Mi. For M 2 equal to 
one, by eliminating 13 from equation (125) and from equation (124) is obtained: 

2 sin- 6a cos“ 6a — fsin- 6*-~— (^sin^ 6a-"^1 

V MiV L 7 + 1 \ MiV J 


= ^cos^*. (130) 

Mi^ 


where 6 a is the value of 6 for wliich M 2 is equal to one. From equation (130) 
the following expression is obtained: 


sin- 6 a 



(131) 


For M\ (‘qual one, 6 is 7 r/ 2 , and M 2 is e(pial to one. For Mi equal to infinily, 
sin“ 6 a is (MfLial to (7 + l)/ 27 . The value 6 ^ of e corresponding to the maximum 
value of 5 can be obfained by diffenmtiating e([uation ( 121 ). The dilTerentia- 
tion gives 


1 dl3 

cos- (3 (U 


Ian/? i\ 1 o 

-(tan 6- — 1) + 2 

tan 6 



and because 
then 

dd 

de 


^ ^ I _ 00 

de de 


cos- 0 —-— 
L7-f 1 


(1 + tan 6 (an 0 ) 



tan 0 \ 
tan 6 / _ 


(132) 


The maximum value of 8 corresponds to a value of e, 6 „t, given by the equation 



or (equation 132) 

4 — (7 + 1) (1 + tan 6 ,„ tan (3„,) 



tan 0 rn 
tan 6 ,„. 


= 0. 


033) 


Eliminating 0 from equation (133) with equation (124), and resolving, the 
following is obtaiiK'd: 

- I 

yM^ L 1 

+ |/(7 + 1) (l + ■ (134) 

For (M = 1), e„, is equal to 7r/2, and for Mi equal to infinity, sin- 6,„ is equal to 
(7 + 1)/27 and coincides with 6 «; for M equal to infinity l/tan is equal to 
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\/(7 — 1) (7 + 1), and 6m = 45°22', which is the maximum deviation possible. 
For intermediate values c« is smaller than Calculating the value of 8 corre¬ 
sponding to €m and then the value of the resulting value of M 2 m corre¬ 
sponding to the maximum deviation is less than one for every value of M; 
therefore the maximum deviation corresponds to a subsonic flow behind the 
shock. The differences between and and between Mim and Mu for the 



5 

Fig. 26. DUJerence helween M\m and Mi*, €m and €* corresponding to the same devia¬ 
tion across the shock as a function of the deviation 8 across the shock (from Reference li). 


same 8 are very small and are plotted in Figure 26. Some values of 6^, 5*, 

€*, M 2 „ are given as functions of the stream Mach number Mi in Table 4 of the 
appendix. Because the value of 8 for every value of Mi goes from the value 
zero for (e — p) to a, maximum for (e = €m) and to zero again for (€ = t/2\ 
for every value of 6, two possible values of e exist, one obtained in the zone 
between p and €m, and the second in the zone between €m and 7r/2. The first 
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value of € is smaller and therefore gives a pressure ratio P 2 /P 1 smaller (equation 
121) than the second value of €. 

For the second value of e there is a corresponding value of Mo below one, 
and a high pressure ratio, therefore a correspondingly “strong” shock, while 
the first value of the e corresponds, in general, to a supersonic flow behind the 
shock. Only in a small zone near (e = €„i) is there also a corresponding sub¬ 
sonic flow behind the shock for the first value of e (lower pressure ratio). 

Table 5 of the appendix gives some values of 5, p^/pu and M 2 as functions 
of € and Ml. 

Graphical Solution of Equations of Shock Waves — Shock Polar 
Curves. From equation (110) it is apparent that the variation across the 
shock occurs only for the component nomial to the shock in the plane Ti, V 2 ; 
therefore, if in Figure 27 a segment OA equal to Vi is taken, while OB is the 
direction of the front of shock from 0, and BA is normal to OB, the velocity 
1 2 must be given by a vector OC that ends along the line BA, because Vi^ = 
Now if 112 and V 2 are the components in the direction of the x and v axes, 

OA=Vi=ui 
OC=V2 
BA=V„, 

BC = V,, 

CD = V 2 
0D = U2 


X 

Fig. 27. The varialion of the velocity components across the shock, 

respectively, of the velocity Vz behind the shock, it is possible to obtain from 
this consideration an equation that connects the component Uz, t'z with the 
velocity Vi. Indeed, from equations (107) and (106), 

P 2 “• Pi = Pi Vnl (Tnl — Vnz) (135) 

or from the similar triangles DBA and CD A of Figure 27, 

P2 = Pi + Pi Vi (Vi — 112 ), (136) 

The conservation of energy law requires that 

7 Pi , 1 T/9 7 Po . . 

-= constant. 

7~lpi 2 7 — 1 Po 
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If we substitute for the value of pn/po, the corresponding value of K given by 
equation (83), 



(137) 


From the similar triangles CDA and OBA and from equation (106) (Figure 27) 
the following expression is obtained: 


— Fi (Ft — 112 ) 

Pi H 2 (Fi — ih) — r2- 


(138) 


Substituting equations (137) and (138) in (136), and resolving tlie equation in 
terms Vt, results in the expression 


Vi- 


(Fi — uiY 


VV 


V 


Yi 

Fi 


+ —----^ 1-^2 

7 + 1 


(139) 


Equation (139) gives a relation which conneols llu; componenis 112 and Vi of 
velocity behind the shock with the value of the velocity in front of the shock. 



Fig. 28. Geometrical determination of the velocity behind the 
shock as function of the velocity in front of the shock and of the 
inclination of the shock wave. 
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For every value of V\ and Vc it is possible to delennine many values of vt, and U 2 
that satisfy equation (139). In the hodograph plane (plane u and v) ecjuation 
(139) can be represented by a curve that is the locus for given values of V\ and 
Vc of all the points that define tlie values of V^. which conform to the laws of 
shock (Reference 12). The curve which is the locus of the end of the vector 
F 2 for given values of V\ and K is easily constructed, and is called a ntrOphoid 
or cartesian leaf. The construction can be obtained in the following way: 

For a given condition of the How in front of I he shock, the values — , 


_|-known, and (Figure 28) therefore along the ii axis 

Vi 7 + 1 

Vc- 

the segments OD, OA, Kl) can be ^aken, respectively, equal to —, Vi and 


- Fi. The circles that have for diameters DA and DE must be con- 

7+1 

siructed. For (wery point E of the larger (‘ircle, a segment DE can be drawn 
which irUerseets the smaller circle at II. The segment AH h normal to DE 
because DffA is a semicinde. If from E the normal to the axis EC is drawn, 
a point H can be determin(‘d from the interseefion of the segments HA and 
EC. Bec aust^ (]EE is a semicircle, the angle DEE is a right angle, and there¬ 
fore the segment CE is given by: 

CF^ = DC X CE 


But the triangles DEC and CHA are right triangles and are similar; therefore, 

^ ^ ^ DC 

CF'^ CE 

and from the delinition of 0.1, 01), and ED, 

0C~ V>7F, 


CB - (Fi - OCE 


V - 2 

+- \\~oc 

Fi 7+1 


Tlierefore OC and CB are the components of the vector F 2 which conform to 
the law^ given by eciuation (139). Because F 2 is given by the segment OB, 
and Fi by the segment OA, OC perpenditailar to BA gives the value of the 
tangential velocity V ecjual to Ff,. Therefore DE, which is parallel to OG, 
gives the direction of the front of the shock, and the angle FDA is equal to €. 
By changing the position of the point F along the circle DEE, the values at Vo 
and c change, and tiie position of B moves along a curve wliich is a strophoid. 
The form of the curve appears in Figure 29. The curve is symmetrical with 
respect to the u-axis, which corresponds to the two signs of 8 and e, and there¬ 
fore to the two possibilities of the inclination of the shock for the same intensity 
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of velocity behind the shock. The curve intersects the u-axis at two points, 
the point D and tlie point A, The point A corresponds to (Vz = Vi) (Figures 
28 and 29), and therefore to absence of shock. The point D corresponds to 



zero deviation and tlierefore to normal shock, for whicli tlii^ value of 1 2 is a 
minimum, and is given by 




( 110 ) 


At A the curve has a double point, and the tangent lo IIk^ curve at A is iiicliiK^d 
at the complement of the Mach angle m corresponding to IV Tliis is in 
accord with the fact that for the point /I, is (Mpial lo t i, and the shock 
coincides with a Mach wave (e coincides with g). At A the strophoid has the 
same tangent as the epicycloid designed for the same velocity OA (inclitied 
at g with respect to the u axis), and therefore in the neighborhood of the 
point A the variation in intensity of the velocity, for the same variation of 
direction, is equal for gradual compression or for compression with shock. 
For larger variations of direction, the epicycloid which corresponds to isen- 
tropic transformation gives different values than the strophoid. 

From A the curve continues with two branches that are asymptotically 
tangent to the line 


ii 
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These parts of the curve that give values of V 2 larger than Vi are not useful, 
because they do not correspond to the physical phenomena. 

It is possible to design the shock polar curves for some value of Vi and to 
obtain a graph which can be very useful for practical calculation of the 
variation of physical quantities across the shock, becaust; it eliminates use of 
equations (121) to (126). Because, in supersonic phenomena, the Mach num¬ 
ber is usually more interesting than {\n) velocity, it is useful to plot equation 
(139) in the following form by dividing all terms by a{^: 


Zh! 



(141) 


In this cas(‘ the segment () \ rei)res(‘iUs 3/i, and the s(‘.gment OB (Figure 28) 

r(‘presenls, on the same scal(‘, I/ 2 --, \\lK*re a-j and (ii r(‘present the speed of 

(h 

sound behind and in front of the shock, respedively. The segments GA and 
GB represent, respec‘tiv(‘ly, .\/i„ and M^n from whic^h the value of — 

(ii 

can be obtained. Indeed, from (‘(pjation (112), 


-h Min' 

7 - I 


and tlH’teforc 




ar’ 2 LVo i/ W l/. 


\/r 4“ !• 


(142) 

(118) 


riie ratio of the density Ix'fon' afid Ix'hind the shock is given by e(|uation (H)6) 


Pi _ 1;, _ GB 
P2 1.1 G A ‘ 


(Ml) 


riie ratio of pressure before' and behind the shock is given by (xpiations (I ll) 
and (113) 


Pi 


^ar__ j y — I 
Pi «i- I 2 


l\OA/ \()A/ J } Gl 


A 

GB 


(1«',) 


A diagram of the slimk polars is given in the atipiaidix, (diarl 2. Tn the dia¬ 
gram llie segment OhJ is maintained eonslant for all MaiJi niindiers. Now the 


segment 



I 

I , 


T f- I 


corresponds (eipialion Ha/i) to the 


condition I i etpial to I /, and therefore to VAi eiiual to inhnity. If the value of 
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Vu and therefore the value of the segment OE, is assumed constant, for every 
Mach number the length OA which gives the corresponding value of can 
be determined using equation (856). In this case po/po is constant for every 
value of Ml, and for (Mi = 1), Vi is equal to K. The diagram of Chart 2 
of the appendix is drawn with this criterion, and the value of Mi obtained 
from equation (856) is written in place of the value of Ki. 

Physical Considerations for Interpretation of the Shock Polar (Curves. 
With the help of shock polars, it is possible to determine all physical conditions 
of the shock if the conditions in front of the shock and one condition tliat 
defines the shock are known. When the known quantity behind the sliock is 
the pressure p 2 , it is possible, from equation (121), to determine the value of 
the inclination of the front of the shock, and from the shock polar with equa¬ 
tions (142), (113), and (144) to detennine the other ([uantilies. The value of 
P 2 can vary from the value of pi to a maximum equal to p 2 n. If P 2 = Pn and 
M 2 = Ml, € is equal to ^t, the point C is at A, and no deviation occurs (Figure 
30), The value of p 2 for a fixed Mach number in front of tlu^ shock is maximum 
if € is equal to t/2 (equation 121); in this case the shock is a normal shock, 
and the point C coincides in Figure 30 with D. No deviation occurs across the 
shock. 

If the value of p 2 is greater than p 2 mHx, a stationary eciuilibrium in the How 
cannot exist. The shock changes position with time and moves toward the 
How, stopping only if it can find in the How a Mach number that permits a 
stationary equilibrium with the condition behind the shock. 



Fig. 30. The two possible equilibrium conditions 
rorrespondinq lo u given deviation across the shock. 


In aerodynamic phenomena, the iHunidary conditions (t in* shape of a body, 
or what is equivalent, the form of a streamline) are given more often than t he 
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(detached shock). In this case, the shock in D is a shock produced by back 
pressure, because at D no deviation occurs; therefore at D the shock becomes 
a normal shock. Behind the shock the flow is subsonic; therefore the stream¬ 
lines can turn without limitation and it is possible to obtain a flow that wets 
tlie surface DAC, Because the flow is subsonic, the streamlines are no longer 



D A 

Fig. 32. Detached shock. 


parallel but have different curvatun'. The pressure is also no longer constant 
and since the back pressure is not constant (the perturbation in subsonic flow 
is propagated with an intensity which decreases with dislaiK^e), the shock is 
curved (e is not constant). At some distance from D along the shock (point E 
of Figure 32) the speed behind the shock becomes agaii\ supersonic. Along 
the shock from D to E all the conditions from the normal shock (point D) to 
supersonic flow behind the shock exist, and therefore also the condition C 3 of 
Figure 30 considered before. In order to determine the condition across the 
shock, it is necessary to determine the conditions of the flow in the field DEA, 
but this flow is subsonic flow and depends on the initial conditions that C(jrn‘- 
spond to the variation across the shock. The problem therefore is compli¬ 
cated because it is necessary to determine the subsonic flow that is physically 
possible with the body BAC and with a shock from Mach number M\, the 
shape of which is not known. 

The Nature of the Transformation That the Flow Undergoes across 
the Shock. In order to determine the type of transformation that occurs in 
the flow across a shock wave, it is possible to determine from equations ( 121 ) 
and ( 122 ) a relation between the pressure ratio and the density ratio. Elimi¬ 
nating Ml sin e from the two equations, the following expression which is called 
the Hugoniot equation is obtained: 

X — y ^ ^ 

El = 7 — 1 Pi 

Pi Pl___ 7+1 

Pi 7-1 


(146) 
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It is evident that the transformation that occurs across the shock is not an 
isentropic, because the form is different from the equation 

P2 


Pi 




(147) 


and therefore an increase of entropy must occur across the shock. For small 
variations of density, the two laws, as was sliown on pa^e 52, give equiv¬ 
alent results, and therefore tlui inen^ase of entropy is not important. Indeed, if 

P2 = pi + Ap 

developing equation (116) in scries, 

7 + 1 Ap 

7 1 Ap^ 


1 


P2 

Pi 


1 - 


_^ Pi 

7 — 1 Ap 




1 + 


1 Ap 
Pi 


Pi 




\ 2 

/ pr J 


or 




Pi Pi 

while (l(‘V(‘loping in s(‘ries eciualion (1 IT), 


Pi" 


=1+^--^ + 

Pi \pi 


Ap , 7(7 1) Ap“ 


(118) 


(149) 


Pi - pr 

Therefore for a shock of very small intensit y, the law of isentropic transforma¬ 
tions can be used, but the use is no longer correct if the variation of density 
or pressure is large. In this (*as(% it is nec(‘ssary to consider the law^ given by 
equation (116) that is exact for the shock, in connection with stationary 
ph(‘non)(*na in perfect tlow. 

The variation of entropy across the shock is given in mechanical units by 
e(ination (8) 

dT r. dp 


I p 


or 


^S = 


JJl. (e + ^ i.«. »■) = _»« a (-»y (,5„) 

' - 1 \ Pi P2/ 7-1 Pi \P 2 / 


in which P 2 /P 1 and pi/p 2 are given by equations (121) and (122), and are 
constant if Mi sin e is constant. Therefore if the value of Mi sin e is constant, 
the variation of entropy A*S across the shock is constant. Because 

log« “ + 7 log« - 
Pi P2 
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is Other than zero, the transformation occurs with variation of entropy. It is 
evident that finite negative variation of pressure (expansion shocks) cannot 
occur because in this case the entropy must decrease and that is thermody¬ 
namically impossible. Shock occurs with increase of entropy, and therefore 
is an irreversible process. 

If in place of P 2 /P 1 and pi/p 2 equations (121) and (122) are used, the value of 
AS increases if the value of e increases, and is zero for € = /x (Mach wave), 
while it becomes maximum if e is equal to 7r/2. Therefore the variation of 
entropy increases if the intensity of the shock or the variation of pressure 
across the shook increases. From e([uation (150) and (‘(fuations (121) and 
(122), it also appears that if the flow is isentropic in front of the shock and Mi 
sin € is constant, the variation AS across the shock is constant, and the flow 
behind the shock is also isentropic. If Mi is constant in front of the shock, the 
condition of Mi sin c corresponds to the condition of straight shock. If the 
shock is not straight but curved and e changes from point to point, or more 
generally if Mi sin € is not constant, the value of A.S is different from point to 
point of the shock, and therefore the flow beliind the sliock is no longer isen¬ 
tropic, and froni the consideration of Chapter 1 th(‘ flow is rotational. The 
rotation is dependent on the variation of AS from point to point, a variation 
that depends on the intensity and on the curvature of the shock. If, tluTcfore, 
the shock is strong and is curved, it is no longer corn^'l to consider the flow 
behind the shock a potential flow. When the shock is detached and the flow 
behind the shock is subsonic, the shock is curved and tlierefore the subsonic 
flow behind the shock is alw ays rotational. 


Consequence of the Variation of Entropy across the Shock. Shock 
Drag. Independent of the kind of transformation that the flow undergoes, if 
energy is not carried away or injected into the flow from the outside, the first 
term 

y Pq ^ Vr 

7 — 1 Po 2 


of the energy equation remains constant. Therefore if behind the shock the 
flow undergoes an isentropic transfonnation from the velocity that it has 
behind the shock to zero velocity, two new values of pressure and density 
Po' and Po' are obtained that must conform to the relation 


or 


7 Po ^ 7 Po^ 

7 — 1 Po 7 — 1 Po' 


Vi^ = constant, and Tq = constant. 


(151) 


Now assume that the flow behind the shock undergoes isentropic expansion 
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from the pressure behind the shock to tlie pressure pi of the flow in front of 
tile shock. Tlie velocity K/ of the flow behind the shock at the pressure pi 
is given by the energy ecpiation (eijuation 85a) 



(152a) 


where the velocity Vi in front of the slun k is given by 



For equation (85/>), 


(152) 


Vr 


= I + 


2 1 
y - 1 M ,2 


1.2 . 2 
1 +-siru jj, 

7-1 


(153) 


Then^fore, from equations (152) the following expression can be obtained: 


but 




sin^ IJL 



(151) 


El 

y y y fy 

Pi Pu p2 P<» 


by dt‘linition of p„, po, p,,', p,/. |y{ualion (150) can therefore be written with 
e(|uation (151) in the following form: 


A.S’ = 


Therefore 



(155) 

(156) 


Using eijuation (156), equation (151) becomes 


1 1^^ - 

2 Ur 



sin- M 


- 


] •r — 

=-sin- u e — 

7-1 L 



AS{y - 1) 

Developing in series the term e , 


1 VV -.Ui'2 1 . , r A5 , 1 / A^V 

-=-sm-M-1-I-1 

2 Vr 7 — 1 LyCvO 2 \ycv(j/ 


(157) 


(158) 


Equation (158) shows that when the flow^ again attains behind the shock the 
pressure pi that it has in front of the shock, the corresponding velocity U/ 
is less than the velocity that the flow has in front of the shock, and the differ¬ 
ence between the two velocities increases if the variation of entropy across 
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the shock increases. Therefore, for the same value of the pressure, the kinetic 
energy of the mass unit of the flow is less behind the sliock than in front of the 
shock (Reference 1.*^). 

Now consider a flow that moves with a velocity V i and a pressure pi and wets 
a body at supersonic velocity. When shock waves are produced by the pres¬ 
ence of the body, a variation of entropy occurs in the flow. When the flow at 
some distance from the body again attains the pressure pi it has a velocity W 
which is less than the initial velocity I'l. If a closed surface that contains the 
entire zone disturbed by the flow is considered, the pressure at this surfaci^ 
is equal to pi, and the resultant of the pressure' is the'refon^ zero. A variation 
of momentum exists, however, because the velocity IV lj<‘hind the shock is 
different from the velocity \\ in front, and then'fore a resultant force (*xists 
that is in the direction opposite to the velocity 1V By the principle of action 
and reaction, the body that produces the shock must undergo an ecjual force 
in the opposite direction; this force, bi'cause it is in the velocity direction, 
corresponds to a drag. Therefon^ in supersonic perfect flow, a form of drag 
independent of the friction drag can ot'cur, a drag which is generat(‘d by the 
formation of shock waves, and which is calli'd shock drufj. Th(‘ shock drag 
depends on the mass of flow influenced by the variation of entropy and on the 
variation of velocity (V i — I V). The variation of velocit y 
increases as AN increases ((Hjuation J58), and therefore 
increases if tlu' angle e of the sho(*k iiUTcases. Therefore, 
for e(fual extension of the shock, the maximum drag 
occurs for a normal shock, for which tlu' maximum 
variation of entropy occurs. Jhicause the intc'iisity of the 
shock increases if the angle of deviation of the flow in¬ 
crease's, it is evident that for supersonic flow, a body of 
good ae'rodynarnic shape must have; a sharp nose', and not 
a blunt nejse. A sharp nose produce's light shock, and a 
blunt nose produce's a strong shex'k, because* the deviation 
is larger than the maximum pe)ssible and the shejck must 
be dedaclu'd (Figure 38). In order to reduce the inten¬ 
sity of the shock, the thickness of the body must be 
reduced. The shejck drag that is characteristic of super¬ 
sonic flow is an important part of the total drag, and 
therefore it is natural that in supersonic flow even with 
appropriate form of the body, drag coeflicients higher 
than in subsonic flow must be expected. 

If, in equation (158), only the first term of the series 
is considered, it is possible to substitute for sin- g the expression yRgT/V^y 
and the following expression can be obtained; 



Subsonic Flow 



Fig. 33. Sharp lead¬ 
ing edge and blunt 
leading edge in su¬ 
personic /low. 
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1 

~—AS = TiAS 

(159) 

2 ^ 

\ / 

7 — 1 7Ct. 



because 

R — Cp — Cv, and 7 = —? (mechanical units). 

Cto 

Therefore the loss of kinetic energy per unit mass across the sliock is propor¬ 
tional to the absolute temperature in front of tiic shock and to the variation 
of entropy. Substituting for the entropy its expression as a function of the 
heat, 

I (Vr’ - = £TdS=j'dQ = - T,) (160) 

where Cp has the diniension of work per unit weight per degree. The variation 
of kinetic energy is oquaX to the heat necessary to heat the unit mass of flow 
at a constant pressiin* p\ from llie temperature (absolute) 7\ in front of the 
shock to tile temperature 7\' behind the shock. The losses are therefore 
transformed into heat, and at the sarm^ pressure the flow behind the shock has 
a higher temperature and therefore a lower density. 


The ElTecl of the Viscosity and of the Conductivity in the Shock 
Wave Formation. In the preceding considerations in which the hypothesis 
of perfect How was accepted, a discontinuity in the flow was found, wliich 
has been called a shock ivave, across w hich an increase^ of pressure and temper¬ 
ature occurs. The variations occur when the flow crosses the surface that 
constitutes the front of the shock, which (wilJi the hypothesis accepted) has 
z(U’o thic’kiu^ss. The (existence of two zones of How near each other with a 
finite diHVrenc(‘ of* ti'inperature scimiis to be a matliematical fiction very far 
from th(^ n^ality of tin* plKMionu^na. It is necessary, therefore, to investigate 
the (dfect of viscosity and conductivity in the (extension of the zone in which 
t he compression occurs and to determine the true thickness of the shock w ave. 

The (alculations of motion with viscosity and conductivity are complex 
because they reciiiire a relation between conductivity coefTicient and viscosity 
coefTicic'iit, and tlu'refore the kinetic theory of gases must be used. The 
results, even if not absolutely exact, show that the thickness of the shock is of 
the order of a few mean free paths of the molecules of the gas and therefore 
because the variations occur in a very small thickness, the shock can be 
considered a physical discontinuity (References 14 and 15). 

Consider for simplicity of treatment a normal shock. In this case, if the 
motion occurs along the .r-axis for the conlinuity equation. 


a 


du: 



- 0 . 


(IM) 
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The momentum equation in the presence of viscosity can be written with 
good approximation in the form: 


du , 
pii — + 
dx 


dx 


4 d^u .. 
- m — = () 
3 


(162) 


where m is the viscosity coefficient, while the energy equation in presence of 
viscosity and conduction becomes 


dT 
ugpc, — 
dx 




4 rfn\ da . . d’T 
- ni — I — + A — 
3 dx/ dx dx- 


(163) 


where A is the conductivity coefficient in mechanical units. If the following 
relation for A and m is accepted 



Fig. 34. Thickness of the 
shock. 


4 

A = - rncj, (164) 

it is possible to obtain a solution of the three 
equations and to calculate the thickness of the 
shock waves. For atmospheric conditions and for 
the following pressure ratios, tt, across the shock, 
the following thicknesses of the shock are found 
(see Figure 31): 

TT = 2 5 10 100 1000 

d = 447 117 66 16.5 5.2 X 10 ^ rn 


The calculations are not exact because e(|iiations (162), (163), and (161) are 
approximate. More exact calculations give greater thicknesses but of the same 
order, and of the order of the length of the nu^an fn'c path of the gas molecule 
(about 4 mean free-paths for pressure ratio 5, and 3 for pressur(‘ ratio 10). 
For weaker shocks the thickness increases, but is of the same ordiu*. Tluu'e- 
fore shfx:k can be considered, with very good approximation, as a physical 
discontinuity and the laws of shock obtained with the hypoth(‘sis of perf(‘ct 
flow are practically correct. 

The phenomena of shock can be diflerent for very low densit y, where the 
hypothesis of homogeneous flow is no longer correct. In this case the study 
of the phenomena must be made with the kinetic theory of gases. 
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THEORY OF TWO-DIMENSIONAL FLOW' — 
INTERACTION AND REFLECTION OF SHOCK 
WAVES AND EXPANSION WAVES 


Possibility of Interaction or Reflection of Shock Waves and Expansion 
Waves. Isolat'd expansion waves and shock waves in a perfect flow are 
(‘Xlend(‘d to Iniinity with the same intensity, and if dissipation is not con¬ 
sidered, th(‘ streamliiK's corresponding^ to every isolated expansion or shock 
wav(^ are all parallel, iiowever, in aerodynamic phenoi»iena, if expansions 
and compressions occur in the same flow, it is possible that expansion waves 
and shock wav(‘S may cross; therefore it is necessary to consider what happens 
when interaction of shock waves and expansion waves occurs. In some 
cases it is also possibk' that expansion waves or shock waves an^ extended 
to a rigid wall, (^r to a zofie of flow w ith diflerent velocity or without velocity, 



Fig. 35. Example of interference between shf^rk wave and 
expansion waves. 

which produces phenomena of reflection of the waves. This case must also 
be considered. The interaction of shock waves and expansion waves occurs, 
for example, whenever the streamlines undergo a deviation of direction and 
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later return to the same direction as before the deviation. Tn tliis case expan¬ 
sion and compression occur and the waves must interfere. Indeed, if a 
deviation of compression occurs and a shock is generated at a point A (Figure 
35), the Mach number behind the shock, A/ 2 , is smaller than the Mach number 
in front, A/i, and if the flow behind the shock is supersonic, the corresponding 
Mach angle is larger than the angle of tlic shock with respect to the velocity 
behind the shock, indeed, if in equation (125) sin ijl 2 is substituted for Mz, 
sin /3 is smaller than sin ^ 2 , because if slux^k occurs, e must be larger than 
therefore, if a successive expansion is produced at B expansion wav(‘s cross 


M, 


Fig. 36. Example of interference helween expansion 
wares and a shock wave. 

the shock wave. If expansion waves precede a shock wave, the inclination 
of the last expansion wave is smaller than the inclination 62 of th(' shock wave 
(Figure 36); therefore the shock wave crosses tlu* expansion waves and 

interferes with it. If two shock waves 
occur subsecpiently in the same flow 
(Figure 37), the second lias an angle 
f 2 . larger than the Mach angle corre¬ 
sponding to 4 / 2 ; theriiforc for the same 
considerations developed for the ex¬ 
pansion waves generated after shock 
waves, the second wave meets the first 
and interferes. 

An interaction between a rigid wall 
and expansion or compression waves 
can occur, for example, when a super¬ 
sonic flow into a channel is considered 
(Figure 38). At A, the shock produced at An meets a rigid wall, and at B, 
expansion waves generated at Bo meet a rigid wall. The velocity behind the 



Fig. 37. Example of interference between 
shock waves. 
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waves AAo and BBo is not parallel to the wall; therefore the wall must interfere 
with the flow, changing its characteristics and producing reflected waves. 


A B 



Fig. 38. Example oj interference between shock leaves or 
expansion waves and a rujid wall. 

If a flow with supersonic velocity is not (‘xtended to infinity but is contained 
in a finite region where the shock or tlie expansion waves attain the boundary 
of the flow, the ecpiilibriurn in ihe boundary must be considered. For example, 
in a supersonic jet (hat overflows into the air, if the internal pressure is different 
from the external pressure of tlu* flow around the jet, shock waves {p\ < pa) 
(Figure 39) or expansion waves (/n > pa) (Figure 40) are generated at the end 
of the wall of the jet. These ^^aves cross in the center of tlie jet (point A) 



Pl<Pa 

Fig. 39. Example of interference of shock waves 
with a boundary constituted by flow havinij different 
speed {zero speed). 


similar waves that start from the opposite part of the jet; therefore an 
interaction between the two waves must be considered. The waves then con¬ 
tinue to the boundary of the jet (boundary that is made up of a flow of different 
physical property), and because the flow with supersonic velocity has, corre¬ 
sponding to compression or expansion waves, zones with different pressure 
(zones b and c), while the flow at the boundary (zone a) must have a constant 
pressure, equilibrium is not possible, and the boundary interferes with the 
flow, producing reflected waves in the flow. 
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Fig. 40. Example of interference belweefi expansion 
waves with boundary constituted by flow haviiuj 
different speed (zero speed). 


A particular case of this interaction w Inch is very important for aerodynamic 
phenomena is when compression waves or shock waves meet a body in wliich 
a boundary layer is generated. If, for example, in a channel with supersonic 
flow a shock wave is generated at 0 (Figure 11), the shock at A and B nwols 

a wall, but along the' wall a be)nndary 
layer exists in which the velocity is 
diflerenl and parlly subsonic; there¬ 
fore the (‘(piilibriurn e)f ihe [)e>int A or 
B must bei determine'd by conside'ring 
the shock boundary-laye'r inleraclion 
(which has a different velocily) and 
not by conside'ring only the interactie)n 
between shock waves and wall. This 
occurs because^ the laws of transforma¬ 
tion of the flow in the boundary layer are different from the flow outside' the 
boundary layer. 

Interactions or reflections for two-dimensional phemomena can be considered 
with the theory of characteristics for potential flow and with the theory of 
shock waves, but it is necessary to remember that when inteiractie)n between 
shock and expansion is considered, the shock beconu^s curved, and the flow 
behind the shock usually becomes rotational; therefore if th(^ curvature of 
the shock is large, for the flow behind the shock the theory for rotational flow 
must be used (Chapter 5). In order to analyze the interaction between adja¬ 
cent flows at different velocity, if one part of the flow is subsonic, as happens 
when supersonic flow in presence of boundary layer is considered, it is necessary 
to consider both supersonic and subsonic theories, and if for subsonic flow the 
viscosity is important, as when the subsonic flow is the flow in the boundary 
layer, the problem becomes very difficult and a quantitative analysis is not 
yet possible. 


A 



Fig. 41. Example of interference between 
shock waves with boundary layer. 
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Interaction of Expansion Waves. Interaction of expansion waves can 
occur only between waves of opposite families (inclined at an angle of opposite 
sign with respe^ct to the direction of velocity) (Figure 40). The interaction of 
expansion waves occurs, for example, in supersonic effusers where the expan¬ 
sion waves are generated from the two walls. Determination of the physical 
propc^rties of the flow^ can b(‘. made by using the characteristic system. The 
expansion in the flow is contiimous, but for simplicity of calculation it is pos¬ 
sible to substitute for an infinite number of expansion waves of infinitesimal 
strength a finite number of waves of finite strength and to assume that the 
exiiansion occurs only along tfiese waves. Every wave usually represents a 
constant value of deviathuj, and the flow between two expansion waves has in 
this approximation a constant intetisily and direction. For example, in order 
to determine the flow in zones Jf, III, and IV (Figure 42), if the flow in I is 
known, and the value of the devi¬ 
ation represented by the waves (i\, 

h\, r/n, h 2 is known, because the wave \ / 

a 2 repr(‘sents a d(*viat ion of expansion +A^ 
of value A6 from th(‘ Mach number 
at 1, the Mach numbi^r at 1 can be 

determined with (Hjuation (80) or lh(‘ 0 n. y/ 

ecjuivalent Table 2 of the appcmdix. yX. XT 

The characteristic between the 

zoires I and II must be inclined with yX I XX ly 

respect to the direction of the velocity / -Ad\ 

at 1 at the angle ( —m + A0 /2), where 

g is the Mach angke (jui + m 2)/2 cor- -AO ^ ^ 

responding to (A/j + Mn)/2. The 

direction of the velocity at II is Fig. 42. Analysis of interference between 

. , ... . . .1 I •. expansion waves of opposite families. 

rotated with respect to the velocity j t't' . 

at I at an angle Ad, and the sign of AO 

is defined by the fact that an expansion occurs; therefore 0 at II must be larger 
than at I. For determination of the flow in III the same consideration can 
be applied. TIk^ wave h\ transmits a deviation of opposite sign from a^; there¬ 
fore the direction is rotated by —AO with respect to the direction in I. The 
Mach number is the same as in 11; tluTcfore the wave hi is inclined in the zone 
betwi^en 1 and 111 at (g - Ad/2), where p is the Mach angle corresponding 
to (Mi + Mni)/2. The flow in IV can be determined either from III or frorp 
II. From III the deviation is given by the wave and is equal to +A^; 
going from II to IV the wave Ih is crossed and the variation is — Ad. When 
the line bi crossing 02 changes direction, the direction is determined as 
explained previously. A rapid system for determining the Mach numbers 
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and the direction of the waves is that which uses the values of column 1 in 
Table 2 of the appendix, which correspond to the sum of the values of the 
constants in the epicycloid diagram. This can also be determined by either 
the analytical or graphical methods explained in Chapter 2. For every 
Mach number there is a corresponding number in column 1. For example, 
if a direction of reference which corresponds to the number 200 of the char¬ 
acteristic system is fixed, and it is assumed that every characteristic lino 
represents a degree of deviation, the direction and the velocity are rapidly 
determinable- Assuming the Mach number at 1 is 1.77S, the number corre¬ 
sponding in the table is 980 (Figure 48). The number must be divided in two 



Fig. 43. Analysis of interference between expansion waves of opposite families by use of 
the characteristic numbers. 


parts and the dilTerence of the two parts must be equal to the number that 
gives the value of the direction. If at \ the velocity is parallel to the axis of 
reference, the difference must be 200; theiefore the two numbers are 590 and 
390. At II an expansion of 1° occurs because a characteristic line is crossed; 
therefore the sum of the two numbers in II must be 979, but On is larger than 
dj because the wave 02 is an expansion; therefore the difl'erence must be 201 
and the numbers become 590 and 389; at III they become for the same reason, 
590 and 388. In order to go from zone I to zone IV a characteristic of the other 
family is crossed; but the wave ai is an expansion of opposite sign to a 2 ; 
therefore the upper number decreases because the variation of direction indi¬ 
cates that the difference of the two numbers must decrease to 199. With this 
system, it is easy to assign the values of the two numbers in the relative spaces. 
The sum of the two values gives the Mach number using Table 2 of the appen¬ 
dix (columns 1 and 3) and the difference gives the direction in degrees with 
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respect to the undisturbed velocity which has a direction of 200®. The inclina¬ 
tion of the characteristic is also easy to determine, because it is given by the 
value of the Mach angle in Table 2, column 5, corresponding to the number 
in column 1 equal to the average of the sum of the numbers of the two zones, 
divided by the characteristic line considered; for example, in the line between 
1 and II the Mach angle corresponding to the number 979.5 must be taken. 
The direction 6 is given by the average of the difference of the two numbers 
of the two zones divided by the characteristic considered. The inclination 
of the characteristic line with respect to the axis of reference is {6 — /x) for 
the second family, and {d + fj) for the first. For example, the line between 
1 and 11 must be inclined with respect to the reference axis at + — 33®54', 

and the line between 1 and IV at — + 33®54'. 

The construction of the characteristic lines can also be obtained rapidly 
using the (‘picycloid diagram. If the direction and the intensity of velocity in 
I are known, the corresponding point I' in the epicycloid diagram can be 
determined. 



Fig, 44. Analysis of interference between expansion waves of opposite families by use of 
the epicycloid diagram. 


Through the point F (Figure 44) two epicycloids pass which give the law of 
variation of the velocity and the direction of the lines AB and EB, In II a 
positive deviation of M occurs; therefore, placing the value of A0 in the hodo- 
graph plane, the line OIF is determined, and the point IF is determined along 
the epicycloid 590. Indeed, the velocity at II must be greater and along the 
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epicycloid 380, for the M considered, the velocity decreases. AB must be 
normal to the line V IT at the point of polar coordinate A0/2. In Ill the 
deviation is of opposite sign; therefore the point III" and the line EB can be 
determined in a similar way by plotting in the opposite direction. From 
III to IV the variation corresponds to the epicycloid III' IV', andBC is normal 
to III' IV'. BD curresponds to the normal to IT IV'. If the numbers system 
is used in I, two numbers must be written which correspond to the numbers of 
epicycloids 1 and 2, and therefore the two numbers immediately define the 
point I'. In III the number of epicycloid 1 decreases by Ad\ therefore epicy¬ 
cloid 1' is detennined by the new number. In II, the number of epicycloid 2 
decreases by A6; therefore epicycloid 2' is determined. The construction in 
this way becomes mechanical. Along every line ABC the number of epicy¬ 
cloid 2 remains constant, and along every line EBD the number of epicycloid I 
remains constant. Every two numbers determine a point on the epicycloid 
diagram, and the characteristic line is given by the normal to the part of the 
epicycloid that connects the two points in the epicycloid diagram corre¬ 
sponding to th^' numbers of the zones that an* divided by tlu* characUTistic 
line considered. 

Interaction between Shock and Expansion Waves. ('onsidt*r, for 
example, a body which moves in supersonic flow (Figure 15), and exarnini^ the 


F 



Fig. 45. Analysis of interference between a shock wave and 
expansion waves of the same family. 


flow at a point in which the shock that occurs in front is intersected by expan¬ 
sion waves. The shock is produced at A, behind the shock at B an expansion 
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occurs, and the Mach line that starts from B crosses the shock wave at D. In 
the zone ABD the flow is uniform and the velocity is parallel to AB. At B the 
flow turns, and an expansion Q (Xicurs. The Mach number M 3 is determined by 
the theory of characteristics in terms of values of M 2 and 6. The expansion is 
completed along a line EB, inclined at m 3 , (sin ^3 = I/M 3 ) with respect to the 
direction of final velocity B(j. For every value of M' between M 2 and M 3 it 
is possible to determine the corresponding characteristic line Bll. If M' is 
fixed, the corresponding /x is known, and the expansion 6' necessary to go from 
M 2 to M' is also known, either from equation (80), from Table 2 of the appen¬ 
dix, or from tlui epicycloid diagram; therefore the corresponding direction of 
velocity 0' with respect to AB is known, and the line IIB inclined with respect 
to AB at the angle (g' — O') can be drawn. 

In order to determine what happens when a generical expansion wave BH 
meets the shock wave, the equilibrium condition of the flow at H must be 
determined. This can be obtained from the following considerations: At H 
(Figure 46) the eciuations of the shock give, for a given Mi, a value of pressure 



Fig. 46. Determination of the rejiected waves. 


P 2 behind the shock as a function of the value of the deviation of the velocity 
across the shock (e((uations 121 through 126). In order to have equilibrium 
of the flow at 7/, it is necessary that along HV, if HV is the streamline that 
starts from 77, in the zone EHV and in the zone BHV, the direction of the 
velocity be the same and the pressure be the same. Because the line BH is 
an expansion wave the deviation across the shock at HE must be less than at 
DH: therefore the shock HE must be weaker than the shock DH, 

If 8 is the deviation across the shock DH, Aid is the expansion across the 
expansion waves BH, and no reflection of the wave BH occurs at H, the devia¬ 
tion of F at 7/ must be (6 — Ai^); therefore the deviation across the shock 
HE must also be (5 — Aid), However, to have equilibrium it is necessary to 
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consider the pressure along HV, If the pressure in DlIB is p 2 , in HBL is ps, 
and in EHV is pu 

Pa = P2 ~ Api; = - Ap2 

where Api is the variation of pressure connected with a variation of direction 
Ai0, considered in terms of the isentropic law along HB, while Ap 2 is the varia¬ 
tion of pressure connected with the same variation of direction Ai^, but 
calculated by the law of shock along HE, Api is, in general, different from 
Ap 2 , and therefore a reflected wave of small intensity IIL must exist. The 
difference between Api and Ap 2 is very small and in general can be neglected; 
in this case, the value of deviation across HE is known Ix'cause it is (Hfual to 
(8 — Aid); therefore the direction of HE can be deteriniiu'd from e({uation 
(126). Because HE is a shock weaker than BH, in EHV the speed is greater 
than in BHV, and the entropy is less; therefore a vortex limi starts from //, 
and the flow in the zone of interaction of shock waves and expansion waves is 
rotational. 

If the reflected wave HL is considered, and A 29 is the variation of direction 
across HL, the,pressure in VHL and the direction in \ HL can be dt^lc^rmined 
in this way: For every value of A 2 O, the direction of velocity and the pressun^ 
in the zone VHL can be determined from the conditions iwBHL wilh e(iuation 
(81) or from the corresponding Table 2. From the pressun' along HV the 
direction of the velocity in EHV (3 — Aid — A^d) can be determined by elim¬ 
inating c from equations (121) and (126). 

(7 + 1 ) -- + 7 - i 

----(I 6 r>:, 

27/w — (7 + I)— — 7 + 1 

Pi 

where pz is the pressure in LHV corresponding to a given value of A 29 . Wlnm 
A^d is equal to Azd which corresponds to the value of p./ in e([uation (165), 
the direction in VHE is equal to the direction in VHL, and the corresponding 
A^d in the A 2 d for which equilibrium exists; then the deviation across the 
shock HE is known and the inclination of HE can be determined from equa¬ 
tion (126). 

The practical calculation of the zone BDE and of the shock EF can be made 
by designing the lines BD and BE (Figure 45) and some line BH in which a 
finite expansion is supposed to concentrate. Therefore the flow is assumed to 
be at a constant velocity and diriiction in the zone contained between the two 
lines BD andBD, and a finite expansion is assumed to be concentrated on the 
line BH. For the actual gradual expansion, an expansion of finite increments 
is substituted. In practical calculations the reflected waves HL are usually 
neglected, or considered only in few points of the zone DE. 


1 


tan (5 — Aid — AVd) 


yMi^ 

_ 

LPi 
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Interaction of Shock Waves. Two kinds of interaction between shock 
waves can occur: interaction of two shocks produced by deviations of dif¬ 
ferent sign, and interaction of two shocks produced by deviations of the same 
sign. The first kind of interaction occurs, for example, when the shocks are 
produced by the opposite walls of a channel (Figure 47 ). The shock AB is 

B 


Vi 


C ^d2 

Fig, 47. A nalysis of (he interference between shock waves 

of opposite famiIies. 

produced by a deviation 8 \ of ojiposite sign to the deviation 82 that produces 
the sliock A('. The intiTaction of the other kind occurs when two shocks of 
the same sign subseMpiently are produc('d, for example, by a surface of the 
type shown in Figure 18. The shock at C has different inclination from the 
sliock at B and, as shown on page 64, meets the first. The flow conditions at 

II and 111 for llu; first kind of interaction can be determined from the values 
of 81 and 82 as functions of tlie flow conditions in I, wliile the flow conditions 
in zoiui IV can be determined by considering the condition of equilibrium at 
the point A (Figure 47). The direction in II is different from the direction of 

III by the angle (5i + 82 ). The deviation of the stream lines across the shock 
AD from IT to IV must be related to the deviation across the shock AE from 
III to IV in such a manner that the direction of the velocity AV in IV must 
coincide afti^r the two deviations. Also the pressure along AV in the zone 
DAV and the zone EA V must be the same; therefore from the two conditions 
the transformation along AD and AE can be determined. 

If 63 is the deviation in IV with respect to the direction in I, while — 5i is 
in II, and +62 is in III, a deviation (63 + 81) must occur across the shock AD 
and a deviation (62 — Sn) must occur across AE, From equations (121) 
through (126) or from equivalent equation (165) for every deviation of com¬ 
pression, the corresponding value of pressure in IV can be determined from 
II and III. Therefore if psn is the pressure corresponding to a value of 63 
calculated from the conditions in II, and pam the value of pa calculated for 
the same value of 83 from the condition in III, equilibrium exists when pan 
is equal to psin* Eot every value of 83 it is possible to plot a diagram of pan 
and pajn as a function of 83 , and when pajjj is equal to pan, the equilibrium 
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conditions at A are determined. From the corresponding values of (82 — S 3 ) 
and (Ss + 5i), the inclination of AE and AD can be determined from equation 
121 or equation 126. 

In some cases, the line BE or CD !nay be an expansion line; in this case the 
deviation (62 — 63 ) or (63 + 5i) is negative and therefore represents an expan¬ 
sion, and the value of or psm must be calculated with the expansion 
equation (81) or in terms of Table 2 . 

If the intensity of the shocks is very different, the variation of entropy in 
the zone EAV can be different from the variation in VAD, and different 
velocity and density may coriespond to the condition of (Hpial pressure in 
the two zones. In this case, along the line AK a discontinuity occurs which 
produces a vortex of infinite intensity. 

In order to determine the effect of interaction of two shocks corn^sponding 
to deviations of the same sign, the ecpiilibriuin of the flow along the streamline 
which starts from A must be considered (Figure 48). Across the streamline 

D 



Fig. 48. Analysis of interference between shock waves of the 
same family. 


AF no discontinuity of pressure must occur. Now, if behind the shock AD 
the direction of the stream is assumed the same as the direction in III when 
the deviation across AD is equal to (61 + 62 ), it is found that the pressure in 
IV is different from that in III, because in III the compression is obtained 
across two shocks and in IV only across one shock, with larger losses, because 
the compression across AD is further from isentropic compression than is the 
compression across DA and CA. If the compression occurs with infinite num¬ 
ber-of shocks of infinitesimal entity, the compression is isentropic. In order 
to obtain along AV the same pressure and the same direction, it is necessary 
to change slightly the direction and the pressure of the flow in III; thenffore 


THEOaV OF TWO-DIMENSIONAL FLOW 


75 


a reflected wave AE must start from the point A, Determination of the 
refl(icted wave can be made by using the same system used in paragraph 3. 
The reflected wave AE is usually very small and in many cases can be neg¬ 
lected, and the shock AD can be determined in terms of the direction of the 
How in IV, assumed equal to the direction of the flow in III, therefore assuming 
across AD a deviation (6i + ^ 2 )- Along the stream line AV a. discontinuity of 
velocity occurs wliich produces vorticity at A. 

A case I hat can be included in this paragraph is that of the formation of 
a shock wav(‘ from an envelope of some compression wav(‘s of infinitesimal 
intensity. Across the compression waves the transformation is isentropic, 
but wh(‘n the envelope occurs, a finite variation of pressure and direction 
occurs; tluTcfon^ the law of sho(*k must be considered. For every compression 
wave that meets the shock wave the system of (‘alculation is the same as for 
tlie case of interference of expansion waves and shock waves. 

For th(‘ cas(‘ of shock generated by an env(‘lope of compression waves the 
followii^g consideration is int('resting. Assume that a (curved surface AC 
produces a gradual compression (Figure 19); tlie compression waves form an 



Fig. t9. Shock wave produced by an envelope of 
compression waves. 

envelope, and therefore form a shock wave, and the deviation that occurs 
gradually along AB occurs at E across a shock wave. At E the variation of 
pressure is obtaiiK^d witli the law of shock, while along AB the variation occurs 
isentropically ; therefore the direction at E and B cannot be the same, but 
some reflected waves must start from the points at which the compression 
waves attain the shock wave. The type of reflected waves can bt‘ different 
and change with tlie Mach number. \lthough the velocity behind the shock 
is always less than bt‘hind an isenlropii^ compression corresponding to the same 
deviation of the stream, the istnUropic compression can give for the same devia¬ 
tion of t he stream, for some Mach numbers, a variation of pressure less than 
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the variation that can be obtained with shock waves. The differences of the 
two pressures can be determined in this way: The variation of pressure con¬ 
nected with the variation of direction of velocity can be obtained, in the case 
of isentropic variation and in the case of shock, by a power series, as will be 
indicated in Chapter 7; for the isentropic variation the eciuation has the form 

— = ±cie + C 26 »- + CaS''' + ... ( 166 ) 

PiVr 


where the sign (+) indicates a compression and the sign ( —) indicates an 
expansion. If the variation of direction 6 occurs across a shock, an equation 
for Ap can be obtained that has the form 

~ = +0x6 + + (c.i - D) ff' + .. . (167) 

PiFr 


Therefore tlie difference of the two pressures corresponding to the same devia¬ 
tion 6 is given by 


PiVr 


(168) 


The coefficient D is a function of the Mach number and is given by the 
expression 


7 + 1 




(M2 - ly 


5 - :$7 j 


_ r-1' 

4 

1 5 - :\y) 

5 — 87 . 


(169) 


Now for Mach numbers between 1.24 and 2.54 (for air) D is negalive; tliere- 
fore in this field Ap 2 is larger than Api, and the pressure beliind the shock is 
greater than behind the isentropic compression of the same deviation. In 
this field of Mach numbers, along BC, the pressure is less than at hJ; lh(‘refore 
the reflected waves are compression waves, while for Mach nunibers outside 
of this field the reflected waves are expansion waves. 


Reflection of Expansion Waves and Shock Waves on a Rigid Wall. 
Consider a body that moves with supersonic velocity near a wall in a direction 
parallel to the wall (Figure 50). From the body, shock waves and (expansion 
waves start that can reach the wall; it is interesting to study the interaction 
between the waves and the walk Suppose that BA and B'A' represent two 
expansion waves. If Vi is the velocity in front of the expansion waves, the 
velocity behind the expansion waves is V 2 , in(4ined with n^spect to Vi. Along 
the wall the flow cannot have diflerent direction from AA'; tln^refore at the 
wall the flow must undergo a transfonnation which changes the velocity from 
the direction that it has, Fa, to the direction AA'. The transformation must 
be produced in the zone AA' and therefore must be transmitted by waves 
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inclined at the Macli angle with respect to the wall in direction opposite to 
the direction of the waves BA and B^A' (waves of different family from the 
incoming waves). Since the deviation across the reflected waves must be of 
opposite sign from the deviation across the incoming waves, the reflected 



Fig. 50. Analysis of the reflection of expansion waves from 
a ri(}id wall. 


wav(is must also be expaiision \\av(‘s; lIuTc^fort^ expansion waves are reflected 
by a rigid plane wall as exjiansion waves of the same intensity of d(‘viation 
and of opposite' family. In order to avoid reflection of the waves from the 
wall in a chaiuK'l, it is nec(*ssary to turn the wall in the san)e direction as the 
streamline which passe's through the point .4, when crossing the incoming ex¬ 
pansion wave's. In this ease, the flow wets the wall and no reflection occurs. 

The refle'e'tion e)f expansie)n wave's can be ce)tJsidere'd with the same system 
as the interaction e)f expansion waves. The direction of tlie wall can also be 


A 203 A’ 
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Fig. 51. Analysis of the reflection of e.rpansion waives 
from a flat rigid wall by use of the characteristic numbers. 


expressed by the same system. For example, if the wall is inclined at 3° to 
the reference direction, at the wall the difference of the two characteristic 
numbers must be 203 (Figure 51); therefore the number in AC A' is easily 
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determined from the number in BB'AC, In order to avoid reflection of the 


expansion waves, if the expansion wave BA' (Figure 52) represents 1° of 

deviation with respect to the direc¬ 



tion of AA\ it is enough to turn the 
wall in the zone A'A" at —1°. In 
this case the direction of A'A" cor¬ 
responds to the number 202, which 
is the direction of the velocity in 
the zone BB'A'A". In order to avoid 
reflection of the expansion waves 


Fig. 52. Analysis of the reflection of ex¬ 
pansion waves from a curved wall by use of 
the characteristic numbers. 


B'A'\ it is necessary to turn the 
wall at A"A'" at —2° with respect 
to the direction of A A' to obtain 


the direction 201. 


An analogous phenomenon occurs when a shock wave meets a plane rigid 


wall (Figure 53). At A a shock wave i 
flow has the direction AC, However, 
at B the flow cannot change direction; 
therefore at B another shock wave is 
generated having the same deviation 5, 
but in opposite direction. Since the 
value of d is known, the value of IVh is 
determinable, from which the value of 
Ms and the direction of BC are deter¬ 
minable in terms of the deviation 5, 


s generated, and in the zone ABC the 


B 


M, 




Streamline^/ 

5 Mj 


/v\3 

---- C 


A 


Fig. 53. Analysis of the reflection of a 
shock wave from a rujid wall. 


If the deviation 5 is large the value of b 

may be larger than the maximum deviation possible for Mi, In this case the 
reflection BC is no longer possible and the phenomenon must chang(‘. At the 

wall no deviation must occur; therefore 



Fig. 54. Interference between a rigid wall 
and a shock wavCy when reflection at the 
wall is not possible. 


if the reflection is not possible, the 
only shock possible at the wall is a 
normal shock for which tlie deviation 
is zero. In this case the phenomenon 
appears as in Figure 54. The flow be¬ 
hind the shock A'B is subsonic; there¬ 
fore it is possible to have equilibrium 
along A'C andBB', because the stream 
lines in the zone ABB' are not par¬ 
allel. At A' the flow is not parallel to 
the wall BBu therefore the deviation 
across A'C is less than across A'A, 
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Reflection of Expansion Waves and Shock Waves in a Fluid Zone with 
Different Velocity. Consider a flow which has a pressure p\ and a supersonic 
velocity V\, and which overflows from a tube into a chamber at constant 
pressure p 2 (Figure 55) ; the external air has no velocity. If the pressure 
is less than pu the flow tends to expand, because along the streamlines AC 



Fig. 55. Refleciioti of expansion waves from a boundary const Haled by air at rest. 


and Afy the pressure must be eipial to p^. From A and A\ expansion waves 
are generated wliich cross in the middle of the jet. In the jet four zones can 
be considen^d: zon(‘ I in >\hicli tlie pressure pi exists, zones II and III in which 
after expansions from p\ the pn^ssun* p^ exists, and zone IV between II and III. 
When the flow goes in the zone IV in terms of the considerations of page 69 
it undergo(^s another expansion; therefore in IV the pressure is less than in 
III. However in the boundary of the jet, tlu^ pressure cannot be different 
from p 2 \ therefore the expansion waves must be reflected by the boundary 
layer as compression waves, Ix^.cause at every point C the pressure must be 
e([ual to p 2 , while the pressure at D is less than p^. Therefore t he expansion 
waves are reflected as compression waves, and the compression waves must 
produce the samt^ variation of pressure as the expansion waves and can thus 
be determined with these criteria. 



Fig. 56. Reflection of a shock wave from a boundary con¬ 
stituted by air at rest. 


If p 2 is larger than pi (Figure 56), a shock wave starts from A whidi increases 
the pressure from pi to p 2 ; in II and III the pressure is equal to p 2 ; in IV the 
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pressure increases because the two shock waves cross in the middle of the jet. 
Since at C, and in zone V, the pressure must be equal to p 2 , expansion waves 
must be generated which decrease the pressure to the value p 2 . Therefore 
shock waves are reflected as expansion waves of the same variation of pressure 
at the boundary. 

The problem becomes more complicated wlien tlu^ pressure [h is a fuiu^tion 
of the pressure pi and the conditions in the boundary are not known. This 
case, which is very important for aerodynaiiiic plienomena, occurs when 
expansion or shock waves inlerfcTe with the boundary layc^r, bc^cause the 
pressure in the boundary layer is a function of the pressure outside the bound¬ 
ary layer as well as of the velocity and viscosity in IIh^ boundary layer. 
The phenomenon in this case is very complicated and has not yet been 
solved analytically, but it can be examined qualitatively. The boundary 
layer is a zone of flow of variable and lower velocity, and near the surface the 
flow is subsonic; therefore in part of the boundary layer, subsonic tlow must 
be considered in which the variation of pressure must p^T'mit an ecjuilibrium 
with the external flow. If an (expansion wave meets the boundary laycT, and 
since a diminution of pressure occurs across llu' ('xpaf)sion wave, at the 
boundary layer an expansion must also occur. Tlu^ ecpillibrium in the bound¬ 
ary layer is connected willi llu* (‘quilibriurn outside, but tin* plKMiomenon in 
presence of boundary layiT cannot be very dilVerent from the pluMiomenon of 
reflection at a solid wall, because* the boundary la>er can changes the* direction 
of the stream very slightly at the point at which the expansion wave meets 
the boundary layer. Since an expansion occurs, there cannot b(^ separation, 
and the variation of thickness of tlie boundary layer cannot \h) so large as to 
have the possibility of changing the shape of tht* streamlines. Because at the 
point of me(?ting of the expansion waves and the boundary layer the direction 
of the streamlines must be about ecjual to the direction of the wall and cannot 
undergo a large variation, the eflect of the pn^sence of the boundary layer on 
the zone of the expansion (!an change the phenomenon only a very small 
amount quantitatively, and the differences can hv. evaluated considering the 
thickness of the boundai’y lay(‘r at the wall. It is, on the contrary, very 
important in the case of shock waves. When a shock wave occurs in the flow 
and the flow wets a surface with a developt^d boundary layer, the presence of 
the boundary layer changes the aerodynamic phenomenon. In order to under¬ 
stand the physical scheme of what happens, suppose at first that the boundary 
layer can be represented by a flow having constant subsonic velocity in equi¬ 
librium with the flow with constant supersonic velocity in front of the shock. 
IfE^l (Figure 57) is the surface of the wall and BC is the streamline that divides 
the supersonic flow from the subsonic flow, for equilibrium in the zonj BCEA^ 
it is necessary that along BC the pressure in the supersonic and in the subsonic 
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part be the same. If at CF a shock w ave occurs, 
in the supersonic flow, across the shock wave, 
a discontinuity of the pressure occurs, and at 
Fi beliind tlie shock a {j;reater pr(‘ssure tlian at 
F exists. If the shock is extended near the 
boundary layer at 6’, in order to have equilib¬ 
rium also in the boundary layer there must be 
the same change in pressure. However, in sub¬ 
sonic flow, discontinuity of pressure is not 
possible, and the higher pressure of C\ is trans¬ 
mitted upstn^am in tlu; subsonic flow in the 
zone CBEA. For ecjuilibriurn in the zone CB, 
also in tlu' supersonic part, the pressure must 
increase, and in order to have equilibrium 
it is necessary that the variation of jiressure 
in the supersonic zone near the boundary layer 
be gradual, which is possibl(‘ only in the sub¬ 
sonic part. 'rh(‘refore from the Vioundary lay(‘r 
many compression waves start (Figure' ^Ih) that form an envelope in the shock. 
When the variation of pre'ssure across the shock waves is large, a large pres¬ 
sure gradient occurs in the* boundary layer: if the boundary layer is extended, 
separation can o(*cur in the zone of the shock and tluTcfore the phenome¬ 
non changes notably from the case without boundary layer. The presence of the 
boundary layer changes the pri'ssure in the zone AE (Figure 576), and if the 
boundary layer exists, a gradual compression along AE occurs, and at the wall 
the pressure cannot have discontinuity. In the actual phenomena the variation 
of the velocity in the thickiu'ss of the boundary layer is gradual and does not 
occur abruptly as it was assumed, but th(‘ necc'ssity for gradual compression 
iK^ar the wall and the possibility of separation remain, and the actual shock 
is similar to the scheme considered. 

T\m) possibility of large variations of the thickness of the boundary layer and 
the possibility of separation make the phenomenon of shock waves in the pres¬ 
ence of boundary layer diflicult to analyze, because many ditferent parameters 
must be considered as to the typeof motion in the boundary layer (laminar or tur¬ 
bulent), the thickness and corresponding Reynolds number, and the kind of suc¬ 
cessive transformations that the boundary layer must undergo. The phenome¬ 
non of reflection of shock waves on boundary layer can be, in some cases, similar 
to reflection from a rigid wall where the shock wave is reflected as a shock w ave, 
while in some other cases the reflection can be similar to reflection from constant- 
pressure boundary where the shock wave is reflected as an expansion wave. 
All the intermediate cases are possible in particular boundary conditions. 




(b) 


Fig. 57. Interaction between 
shock and boundary layer. 
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THEORY OF TWO DIMEIKSIOIWAL FLOW- 
CHARACTERISTIC THEORY 
FOR ROTATIONAL FLOW 


When the flow behind a curved shock wave is considered, the flow is no 
longer a potential flow because the variation of entropy which exists from one 
streamline to tHe other produces vorticity in the flow. Usually the presence 
of vorticity does not change the phenomena very much quantitatively, and 
therefore usually the potential flow theory can still be used as a good approxi¬ 
mation. However, when the variation of entropy is important it can be taken 
into account in the analysis because it is possible to dett^rrnine a differential 
equation that gives the law of the transformatiori of the flow in this cas(\ 'riie 
equation of motion for rotational flow in the supersonic part permits determi¬ 
nation of characteristic lines similar to those obtained for potent ial flow, and by 
application of the characterislic theory it is possibh; to proceed to determina¬ 
tion of the flow at particular points or in the entire field, with a step-by-step 
calculation. The calculation is more complicated than in the case of potential 
flow, and therefore is often used only locally in the zone in which the variation 
of entropy is very large. 

The Special Stream Function for Rotational Flow and the Differential 
Equation for Rotational Flow. (Reference 16.) From the equations of 
rotational flow (Chapter 1) it was shown that along every streamline, if no 
shock occurs, the transformation is isentropic (equation 17), and the entropy 
is constant. 

(FX curlF)-F= 0. (17) 

Equation (18) can be written using equation (33) in the form 

+ grad S = - — ^ yRg (18) 
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because (/ + - is constant in the entire flow. Projecting equation (18) 
along the x-axis and along the y-axis*, 


and because 


then 


+ 


dx 


V(Vj, - lly) 


(jih 


ds 

dy 


n{v^ - u,) 


gRy 


dhS d\S 


_d 

dx 


dxdy dydx 

r u(,v, - Vy) l ^ jd r r(rx - Vy) l ^ ^ 

:• L a' J L a2 J 


(170) 


Tlie ecjuation of (H)ntinuity (2) for the two-dimensional stationary case is 

d(pu) d(pr) 


dx 


dy 


= 0 . 


The continuity ecjuation can be transfonn(*d to the form 
dx dy \p dx p dy/ 


(171) 


Multiplying e(iuation (171) by (n - ' and using e([uation (18) along the stream 
line equation (171) becomes 


d 

dx 


+ ^ ^ ^ = 0. 


(172) 


In order to us(^ nondirn(‘nsional coellicients, it is possible to divide e(|uations 
(170) and (172) by the scpiare of the limiting velocity defined by equation 
(85). If, as unit velocity, the limiting velocnty 1 / is assumed, and IV^ is the vel¬ 
ocity in the new units (H = l /V/), by (eijuation 856), 


or 


Yl 

V2 


= 1 + 


_2_ 

y - IV^ 


Vi^ - = (1 - VP) (P2). 

7 - I 


(173) 


If a' and v' aro I, he ceinponenls of (lie veloeily VV’ alon^ j and y, substit.uling 
('(jnation (173) in (170) and in (172), Ix^eanse 1, is eonslant, gives 

* Tile symbols with tlie siibstripls .r, v, j\r, jy, ami yy ilelim* the (irst. ami tin* se<‘oml 
tlerivaiives with resfieel, to the x ami y axis, of the ((iiantities represented by the symbols 
without subscripts. 
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d_ 

dx 


— r u' (1 - M 

dxl 

and from (171) and (174a) 


dyi 


dx 


V \ — II 


(1 - 




dy 


-iil] = 0 

J 

( 174 ) 

j = 0 

( 174 a) 

- “';-l = 0 . 

( 175 ) 


(1 - 


E(iualion (175) shows that the term in brackets is constant along th(^ stream¬ 
lines. Since (v'jc — u'y) represents the rotation in the flow, the rotation along 

_ 

every streamline must be proportional to (1 — U Because along the 

streamline an isentropic transformation oei'urs, the pressure is proportional 
to this factor [equation (85a)]. The rotation along the streamlines in two- 
dimensional flow is therefore proportional to the valium of the pressure. 
Assuming a new function xp defined by the expressions 

' JL 

xPy = u' (I - U'-)>-i; 4'^= - v' {[ - (176) 

equation (174a) is automatically satisfied. From (176), 


tv 2 (1 ^ = (grad xpy 

h' _ \px 
v' xPy 


(177) 

(178) 


The values of a' and F obtained from (176) and (178) can b(‘ substituted in 
equation (175), and an e([uation of the third ord(‘r in xp is obtained. But from 
(176) it is possible to obtain immediately tlu‘ first integral of the e(iuation, 
because by definition it is 

+ r'xPi, = 0. (176) 


Therefore etjuation (175) is satisfied only vvlien 

"-V (!«<') 

(I - 


From equation (19) using mechanical units for the entropy, if n is the normal 
direction to the streamline and 


a “ = 


gyRT 
^ Ir 


then 

a'- gyli dti 


( 181 ) 
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From equation (179) it is found that grad ^ is at a right angle to the stream¬ 
lines; therefore equation (177) gives 

(1 - ^ (182) 
dn 


or remembering equation (173) 
v'x — ii'„ 


= /(^) 


(1 - U''2)^-‘ 


y -1 1 dS 
2yg R 


(183) 


Differenlialing the expressions of and ipy from (176) produces 


or 


(1 - W^)y-Ul'y = Wy + ^yy 


a 


and from the second part of (176) 


(1 - r', = — 

From (185) and (186) 

- (I - U'^)v-^-i (r', - ll'y) = + iyy - 

From equation (177) is oblained also 


'1F(1 - lV^)^-‘ 


« - 


W, - iy. 


(181) 


(185) 


(186) 


ir(l_ll-.)>-i 


(u'Wy-V'Wy). (187) 


11YI _ IF-)^"M1 — —----) srad IF 

\ 7 — 1 1 - U -/ ^ 


or 

M (I — M-)t^-‘^I — —grad U = — r'grad + «'grad (189) 

Tli(!i'eforc llu^ last l(u‘ui of oipialion (187) becomes 

IF(1 - 11-)’^“'^! - ("'*! » - = t''"'Ax;c - 2u’v’\Pyy + ii"-\lyyy (190) 

and then (187) becomes 

(i — 11/2)7-1 (j,'^ — u'^) 



Substiluling in eipiation (183) gives 


( 191 ) 
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= a- (192) 

In the coeflicients of (192) the expressions u'-/a'‘\ H'Vn'- are non- 

dimensional; therefore equation (192) can be written in tlie form 


Equation (19^3) is similar to equation (58) and differs only in the last term. 


The Characteristic System for Rotational Flow. For equation (193) 
the considerations made in Chapter 2 can be repeatt‘d. E([uation (193) is a 
Monge-Ampere e([uation and in supersonic flow it is a hyperbolic ecpiation 
(see Reference*3); and some lines which are characteristic varieties of the e(iua- 
tion exist (Reference 17). 

Using the symbols //, L, K, as for the case of potential flow and d(‘fin(^d by 
equation (67), and the symbol G defined by 

«--(i(m, 

//, L, A, G are functions only of and Procx‘eding in a similar form 

as for potential flow, the following eipialions for the two characteristic families 
can be obtained 

-y = Xr, + 11'^2'^xn + G = 0 (195) 

ax 

-J- = X 2 ; //^xx + H\l4^xy + G = 0 (196) 

dx 

where the quantities Xi and X 2 are defined by equation (69). Using the same 
transformations that are used for potential flow, equations (195) and (196) 
become 


-j — tan (ju + d) 
dx 

(197) 

^xx + liin (6 — y) ypjy ^ ~ ^ 

(197rt) 

= tan {6 ~ y) 
dx 

(198) 
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ypix + tan (6 + fj) ^xy ^ ~ (198a) 

The first terms of equations (197) and (198) are the same as for potential flow, 
and the characteristic line can be obtained in the same form. However, the 
law that gives the variation of velocity along the characteristic line Ls dilTerent 
because it contains another term G/11 which does not appear in the equation 
for potential flow and which contains the variation of entropy. Equations 
(197a) and (198a) can be transformed into more practical form. Substituting 
equations (185) and (186) in (197a) and (198a) (and a similar one obtained 
from (176) by differentiating xJ/j: with respect to y), 

- r', + Xu', + iv' - Xu') U , +- - -^ = 0. (200) 

“■ //(I -U-’)>-! 


If d is tlie angle betwecMi vt^locity arid the .r-axis, the term is given 
by the expression 

/// 

11X = —■ ii'x + — v'x = u'x cos 6 + r'x sin 6. (201) 

11 11 

The term — (r' — \u') can b(‘ written in th(‘ form 
a'“ 

— (v — \u ) = — (sin 8 — XroaS) = -;- (202) 

a'“ a- sin- g 


Substituting (201) and (202) in (200), and expressing u'r and v'x in the form 


, rfir ... . do 

ds dx 

V X = — sin ^ + 11 cos 6 — 
dx dx 


the following expression results: 


(203) 


(sin 8 — X cos 8) — - -IE ~ (X sin 8 + cos 6) 

dx tan2g dx 

+- - —^ = 0. (204) 

H (1 - 1 


Dividing by W and substituting the corresponding values for Xi and Xj, equa¬ 
tion (204) becomes 


W 


-(- d6 tan ix -f 


G 

HW 


dx- 


tan^ n 


(sin 6 — \ cos 6) (1 — li'-)i' - * 


= 0 . 


(205) 


The third term of equation (205) can be expressed as a function of dS/dn in 
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terms of equations (194), (181), (182), and (183), and the following equations 
can be obtained for the two characteristics: 


(m 

11^ 


-y = tan (d + m) 

d,T 


dd tan fx 


sin^ fx dS dx 
cos {B + ju) dn yH(f 


-f = tan (m - e) 
dx 


W 


+ dd tan fx — 


siir'^ fx dS dx 
cos (6 — fx) dn yRg 


(206) 

(206a) 

(207) 


(207a) 


Equations (206) and (207) are very similar to eijuations (75) but an analytical 
solution has not been found; therefore in order to determine the (quantities in 
the flow, a step-by-step calculation is necessary. Thm step-by-stt^p calcula¬ 
tion, similar to the calculations for axial symmetrical flow (Chapter 13), is 
long, but permits taking into account the elTect of variation of entropy. 
The step-by-st^p calculation can be developed in this way: Assume that the 
conditions at two points Pi and P 2 near each otlu^r are known (Figure 58). 
From Pi it is possible to design the tangent to the first characteristic line 
inclined at (g + 6 ) with respect to the x-axis, and from P 2 the tangimt to the 
second characteristic line. If the points P 2 and Pi are near each other it is 
possible to substitute for the characteristic line its 
tangents, and then a pcjint P 3 can be determined 
along the two characteristic lint^s. The values of 0 
and W (which can be obtained from the correspond¬ 
ing value of M) for the point P^ can be determined 
from equations (206) and (207). For practical use, 
equations (206) and (207) can be transformed into 
an expression containing only the value of the vari¬ 
ation of 6 and W with respect to the value that exists 
in Pi as functions of the quantities in Pi and P 2 . If 
the subscript 1 indicates the quantities at the point 
Pi, and the subscript 2 indicates the quantities at the point P 2 , equations 
(206) and (207) can be written in the following form: 



Fig. 58. Construction of 
the characteristic net. 


y = tan (01 + fxi) 
dx\ 

A/i . I sinVi 

- Adi tan Ml H-I — 1 - 

Wi cos {di + Ml) \An /1 yBg 

^ = tan {dt — ij^) 
dX2 


(208) 

(208a) 

( 209 ) 
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AWo 

-f ^ ^^2 tan fjLo — 

W 2 


_si rr^ JU2 

cos (62 — M2) 



(209a) 


where infinitesimals of second and higher order are neglected. But if the varia¬ 
tion of entropy between Pi and P 2 is small and occurs gradually, the gradient 
of entropy can be considered constant between the two points. In this case 


dS _ & ~ cos (^1 + Ml) 
dn Xz — Xi sin mi 


S 2 — Si 


Assuming 


/ X sin Ml , (-^^3 — ^2) sin M2 

(^3 — J*l) ---- 4“- 

cos (mi + ^1) cos {62 — M2) 


Xi — X2 — fi; 

xz - xi = 

1 + ^‘ = rf 

r.. 


sill Ml 


cos (mi + ft) 
sin M2 

cos (ft — M2) 


= e 


= f 


(‘(piations ( 206 ) and ( 207 ) can be transformed into the following: 

^ tan M2 j.' tan mi ) d0\ — 1 — — - — (ft — ft) tan M2 
\ H2 / 112 


+ 


Wi 

fd sill- M2 + 7" ^ sin 2 mi 

aSo — aSi 1 T 2 

gyR e+fd 

S-i — »Si e sin- m 


= tan giddi — - - 

H'l jRg e+fd 

S, - S, 1 


Ss = .S\ + eylig 

ylig e + fd 
ft = + do (radians). 


( 210 ) 


( 211 ) 

( 212 ) 

(2i:i) 

(214) 


With eipiations (211) to (214) it is possible to determine the flow properties 
for every point Pz obtained from the intersection of two characteristic lines 
of different families from two points, Pi and P2, in which tlie flow properties 
are known. 

If a large variation of flow quantities occurs between Pi and P2, another 
approximation can be obtained by designing the lines P1P3 and P2P3 as 
average inclinations of the characteristic lines at Pi and P3, P2 and P3, and 
using an average value for the coefficients, assuming at P3 the values obtained 
by the first approximation. A better approximation can also be obtained for 
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dS/dn by determining the streamline that passes through P 3 and therefore the 
corresponding value of entropy. Usually this approximation is not necessary. 

Equations (211) to (214) permit determination of the flow properties and the 
form of the shock waves wlien rotation is important. For example, if ABCDQ 
(Figure 59) is the body considered and at ^ a shock wave AO occurs, the flow 
behind OA is rotational because OA is not straight. In order to determine the 



Fig. 59. Practical application of the characteristic system 
for rotational ftow. 


flow behind the shock AO and the shape of the shock, taking into account the 
variation of entropy, calculatu)ns can be conducted in the following manner. 
At A a shock wave is produced with inclination AK determined by the inclina¬ 
tion 5 with respect to the undisturbed velocity of th(‘ tangent to the body at 
A (equation 126). The Mach number M \ at A behind the shock can be 
determined by using equation (125) and the variation of entropy A-S across 
the shock by using equation (150). The (uitropy along every streamline is 
constant; therefore along the body (points ABCDQ) the entropy is constant 
and equal to the entropy at ^4. if 6 is a point near A and at B the tangent to 
the Ixxly is inclined at AOb with respect to the tangent at A {Bn = 5 + Ada with 
respect to the undisturbed velocity), because an isentropic compression occurs 
along AB, the Mach number and the Mach angle at B can be determined using 
either equation (81) or the values of Table 2, remembering that ABb is a devia¬ 
tion of compression and therefore Mb is smaller than Ma- At B the characteris¬ 
tic line BE, inclined at the Mach angle with respect to the tangent to the body 
at B, is drawn, and the point E on the tangent to the shock at A can be de¬ 
termined. At E the equations of the shock must be satisfied, and along BE 
equation (208) must be satisfied; therefore the value of W and 0 at E can be 
calculated. For practical calculations it is useful to determine for the given 
Mach number Mi in front of the shock, the value of M% and the corresponding 
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W (equation 856), the value of 5, and the value of AS for different values of 6, 
using equations (121), (125), (126), and (150), or the corresponding Table 5. 
In this case the values of c and b must increase from the values they have at 
A. The values of VT, AS, and e can be plotted as functions of the corresponding 
deviation across the shock 5. The diagrams that give W and AS as functions 
of b can be differentiated and two other diagrams that give dW/db and dAS/db 
as functions of b can be obtained. Now, if at B the direction of the stream is 
(On = bA + Adn), and at E the direction is (Ok = On + AO^i), equation (208) 
can be transformed as follows: If AOk is zero, the deviation across the shock 
at E is known and is eipial lo On; tln^refon^ the corresponding values of W, AS, 

dW/db, and dAS/db, which can be called ASenA^— ) , and ^ -j , re- 

\ db /f^i} \ db /on 

spectively, can be obtained from t he diagrams. If Aq^ is »^ot zero, the value of 
the velocity and the entropy at E can be expressed in this form: 



where only the value of AOk is unknown; tluTcfore ecpiation (208) can be 
transformed to the form 


VT,;, - IV/. 


11 a 


+ 


(d\\\ AOk . 

(- I -— tan ^nAOh: 

\db)oB\\n 

sin’ M/. r A 


A.S'„ + (~) AOe = 

\ d8 /r J 


(215) 


In equation (215), all (luantities are known exct^pt the value of A^^., which can 
be determined. When the value of A^,^, has been deUTinined, the deviation 
across the shock at (/?, 0 ^/) can be determined, and all other quantities (*an be 
obtained from the diagrams. If it is necessary, the value? of Ok in a second 
approximation can be calculated by assuming for the inclination of the lines 
AE and BE the average value between the direction of the shock at A and S' 
and the direction of the characteristic lines at E and B, and using in place of 
the quantities at B the averages between the corresponding quantities at E 
and B in eeiuation (215). Freirn E the tangent can be draw n to the second 
characteristic line EH, and from C (determined in the same way as B was 
determined), the tangent to the first characteristic line CH, Tlien with 
equations (211), (212), (213), and (214) the point H can be determined. From 
H the points I and Q can be determined. For the point / the calculations are 
the same as the calculation for H, and for Q equations (209) and (209a) must 
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be used. Indeed, at Q tlie direction of the flow is given by the shape of the 
body, and therefore Oq is known and the value of AS is known {ASq - AS a). 
Therefore in equation (209a), (A6 = dq — 0i), and {dAS = AiSi - A^S'^) are 
known, dn can be calculated, and with equation (209o) All can be determined. 
Proceeding in the same way, the entire flow and the shock can be determined. 



CHAPTER 



MEASUREMENT OF THE PHYSICAL 
QUANTITIES OF A SUPERSONIC FLOW 


Measurement of the Physical Quantities of the Flow in Aerodynamic 
Phenomena. Wlieii niovenienls of a gas are analyzed, the physical proper¬ 
ties of the gas which arc most important for the knowledge of aerodynamic 
phenomena produced by the movements, are static pressure, density, tem¬ 
perature, and vectorial velcK'ity of tlie flow. From these properties it is pos¬ 
sible to learn all other characteristics of the flow such as the mass flow, energy 
of the flow, th(^ law of Iransforriiation along the streamlines and the like, 
without making other measurements in the particular flow analyzed, but using 
the gen(‘ral knowledge available for the gas considered in the flow. Therefore, 
in aerodynamic phenomena it is important to study the possibility of deter¬ 
mining these properties at given points of the flow or in the entire flow. While 
measurement of tlu^ value of static pressure and of vectorial velocity is possible 
in steady phenonuMia by use of suitable instruments, direct determination of 
the demsily is more complicated and is possible only in some particular cases, 
but no practical instrument or system is yet known for direct measurement of 
t(nnperature in points of a flow at high speed. 

If the values of pressun* and density are known at every point, the tempera- 
tun' can be oblaiiu'd by using the equation of the state of the gas; while if t he 
law of transformation that oc'c.urs along the streamlines is known, it is possible 
to obtain density and temperature along all the streamlines by determining 
only the pressure along the streamlines and measuring temperature or density 
only at a single point, as for example, a point at which the velocity is zero, 
and calculating from tiie value of pressure the corresponding values of tem¬ 
perature and density in terms of the law of transformation. In many aerody¬ 
namic problems the law of transformation along the streamlines is known; 
therefore measurement of pressure is the only measurement necessary if the 
initial conditions are known. If the law of transformation is not known, the 
densit y must also be determined. Tlie measurement of densit y can be obtained 
in some cases with optical systems. 
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Determination of the Value of the Static Pressure and of the Mach 
Number with Pressure Measurements. Determiimtioii of the value of the 
static pressure at a point P of the flow at supersonic speed, if the direction of 
the velocity is known, can be effected in different ways. A sharp wed^e with 
an orifice in one side very near the edge can be used (Figure 60). The orifice 
rhust be perpendicular to the surface of the wedge, which must be placed paral¬ 
lel to streamlines of the flow. If the wedge is sharp enough, an attached shock 
occurs at the opposite side of the orifice, but I he flow is not disturbed by the 

presence of the instrument along ihe sur¬ 
face that has the orifice; tlierefon^ by 
connecting the orifice' to a manometer I he 
value of the static pressure at P can be 
determined. For this determination it is 
necessary to know the direction of the 
velocity liecause if the surface of the in¬ 
strument in which the orifice is located is 
not parallel to the streamliiu^s, expansion 
or compression occurs in the flow and the; 
value of the pressun* at P changes. It is 
Fig. 60. Instrument for the measure- also necessary that tlu' inslrument have 
merit of static pressure. a thin and sharp leading edge to avoid a 

detached shock occurring in front (Figure 
606) which would change the valuer of the pressure at P. The wedge can 
have very small transversal dimensions (Figure 60a), and tlu^ pressure orifice 
can be very near the leading edge of tlie wedge. The orificii must be in front 
of the two Mach waves from the ends of the leading (*dge. 

The instrument does not disturb a large extent of flow in front of tht^ point 
of measurement; therefore it is useful when the measurement occurs in prox¬ 
imity to shock waves (as will be discussed later), but is very sensitive to varia¬ 
tions of angle of attack. For this reason the din^ction of the stream velocity 
at the point of the measurement must be know n with precision. In order to 
avoid errors due to small angles of attack, often two symmetrical instruments 
separated by a relatively small distance are used in place of one, and pressures 
in two parallel surfaces are measured. If the two pressure tubes give different 
values of pressure, the instrumeid has an angle of attack that can be evaluated 
as shown in the next paragraph and the value of the static pressure can be 
found. 

In place of the wedge determination of the static pressure can be made by 
using a cylindrical tube with a conical tip of small included angle (Figure 61). 
The pressure orifices of the instrument must b(^ placed in the cylindrical part 
of the instrument in correspondence to two perpendicular diameters of the 
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cross section. If the total angle of the cone is small (of the order of 8-10°) 
and the .position of the orifices is far (6-10 diameters) from the end of the 



Fig. 61. Instrument for the measurement of static pressure, 

cone, the value of the pressure on the cylinder practically corresponds to the 
value of tlu^ statics pressure of the undisturbed stream. This instrument has 
very low sensitivity to small angles of attack, and therefore it is not necessary 
to know very (‘xactly the direction of the stream, but the distance between the 
apex of tlu^ cone and the position of the orifices is large, and in this zone the flow 
velocity must be uniform; thcTefore tubes of very small diameter must be used. 

Determination of tlie Mach number at a point of the flow, when the direction 
of the flow is known, can be made from nu^asurement of two pressures. The 
pn'ssuri's most suitable for Ihe determination are the static pressure and the 
pressuH' in a total-head tube. The ratio of the two pressures permits calcula¬ 
tion of the Mach number. Indeed, in front 
of a total-head tube a normal shock is pro¬ 
duced (Figures 62a); therefore the static 
pressure p^n and the Mach number A/ 2 n be¬ 
hind the shock can be determined with the 
equations for normal sluK-k (equations 127 
and 129) or Table 8, columns 2 and 3; the 
flow bi'hind the shock is subsonic and the 
compression from the Mach number M 2 n to 
zero velocity occurs isentropically. The ratio 
of the total pressure Pt read by the total- 
head tube, to the pressure P 2 n, can be cal¬ 
culated as a function of M 2 n with equation 
(41). Combining equation (41) with equa¬ 
tions (127) and (129), the following expression can be obtained, which gives 
the value of the pressure in a total-head tube as a function of the Mach num¬ 
ber and of the static pressure in the stream. 

P? = t 

Pi 2 

The value of pr/pi can be obtained from the ratio of the veJues of column 4 
of Table 3 and column 2 of Table 1 of the appendix. 

El — El / E2 


y+l 27 

(7 -f 1)^-1 Ml 

1 

-2y + 2)y-^J 


( 216 ) 



(b) 

Fig. 62. Total head tube. 
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The value of the pressure in a total-head tube does not change sensibly for 
small angularity of the total-head tube with respect to the direction of the 
velocity, and therefore it can also be used if the direction of the stream is not 
known exactly. In this case for the determination of another pressure, the 
cylindrical static pressure tube previously described can be used. If a shorter 
instrument is necessary, in place of the cylindrical pressure tube, another 
instrument that has also low sensitivity to angle of attack can be used. The 
instrument is a cone of small included angle which has four orifices for pressure 
measurements in a nonnal section of the cone near its apex (Figure 626). The 
orifices are placed at the ends of two diameters of the cross section perpendic¬ 
ular to each other and are connected to a manometer in such a manner that 
the average pressure of the four orifices can be read. If the cone lias its axis 
parallel to the stream, the pressure Ls the same for all four orifices, and this 
value depends on the value of the angle of cone and on the static pressure and 
the Mach number of the stream. If the axis of the cone is at a small angle 
with respect to the direction of the velocity, the pressures at the four orifices 
are different, bi^t the differences are small and the average value is practically 
the same, other conditions being the same, as the value of the pressure when the 
cone has its axis parallel to the stream (Chapter 12). Therefore the average 
value of the pressure is independent, for small values of inclination, of the 
inclination of the axis of the cone with respect to the stream, and depends 
only on the angle of the cone, which is known, and on the values of the Mach 
number and of the static pressure of the stream. The ratio of (he average 
pressure to the static pressure can be determined analytically for a given angle 
of cone as a function of Mach number by equations given in ChaptiTs 11 and 
12 , and therefore the values of the ratio of the pr to the average pn^ssure of 
the cone as a function of the Mach number can be obtained. 

Determination of the Direction of Velocity with Pressure Measure¬ 
ments. For determination of the direction of the flow, a wedge with two 
pressure orifices at opposite sides of the wedge can be used. If the plane of the 
stream is known, at the point in which the direction must be detennined, only 
one wedge is necessary, while if the direction of the streamline must be deter¬ 
mined with respect to two planes perpendicular to each other, two mutually 
perpendicular wedges must be used. In the first case, the wedge AOB (Figure 
63) must be placed with the edge 0 (y perpendicular to the plane of the stream; 
if the direction of the velocity is FO, the velocity is inclined at 8 ^ with respect 
to the surface OB and at 8 a with respect to the surface OA where the value 
8(8 = 5a + ^b) is known. If the instrument can be rotated around the axis 
0, the direction of the flow is given by the axis OC of the wedge when pa is 
equal to pti\ if the instrument cannot rotate, the direction of the velocity can 
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be determined in terms of the ratio of the pressures pa and ps the Mach 
number in front is known. For the deviations 6 a and ds the equations of the 
shock, or of the expansion if 6 a or 6^ are negative, can be used (equations 126 
and 121), and therefore for every Mach number in front of the wedge and for 



Fig. 63. Insirumenl for ihe measurement of the 
flow direction. 


a given value of 6, tlie values of the angles 5 i and 6b can be determined; 
however, th(» use of e([ualions (126) and (121) is complicated because the angles 
e.t and en of the shock must be determined; therefore an equation that relates 
the pressure ratio Pa/'pi or pn/pi directly to the deviation 6a or 6b is more use¬ 
ful. This Halation can be obtained in form of series as will be shown in Chapter 
7, and in the case ttial the deviation 6 a produces a shock, it has the form (6 a is 
in radians) 

= c,5.i + + (C3 - D) . . . (217) 

pi/Wi“7 

while in the case that the deviation 6 a produces expansion it has the form 

-^-^r = - - ^35,1=’... (217«) 

1'hc lerms ci, C 2 , Cs, and D are functions of the Mach number in front of the 
wedge, and therefore are known and are given by equations (211), (249), and 
(169). Usually the values of the angles 6 a or 6b are small, because the angle 
of the wedge is small, and the direction of the stream is known in first approxi¬ 
mation; therefore only the first term or the first two terms of the expansion 
in series are necessary. In this case, assuming 6 a or 6b negative corresponding 
to an expansion, the following equation can be obtained: 

^ __ 1 + CiyM{^6A + C27Mi^6a" _ ,2i8) 

Pa ” 1 + Ci7Mi2 (6 ~ 6a) + C2yM{^ (6 - 6a)2 
where the tenns Mi^Ci and M\^C 2 are known. 

Because the expansion in series is not valid for detached shock, the angle 
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5 of the wedge must be small and the direction of axis 00 ' must be about the 
same as that of the stream. 

The span of the wedge can be very small; the only necessary precaution is 
that the orifices must be located outside the zone disturbed by the end of the 
wedge, a zone that is defined by the lines inclined at Mach angle from the end 
of the wedge (Figure 63). 

When the plane of the stream at the point considen'd is not known, another 
wedge in a plane perpendicular to the first wedge must be used. In this casii 
the value of Mi of equation (218) changes with the inclination of tlu‘ stream A 
with respect to the plane normal to the wedge (Figun^ 6t), and therefore 

determination of tlie direi’tion re([uir(‘s succes¬ 
sive approximations. Wlum the inclination of 
the velocity in the tv\o planes using the value 
of the stream Mach number is determined in 

Fig. 64. Determination of approximation from (‘(piation (218), a 

the flow direction in the gen- . . i i i i 

eraicase. second approximation can be obtained by deter- 

* mining the actual value of the Mach number in 

a direction normal to the wedge in terms of the iiu^ination A measured 
with the other wedge (Figure 64). With tlu^ new value a scicond approxi¬ 
mation for the value of A can be obtained. 

In order to determine the direction of the stream il is possibiti also to use a 
body of revolution and to determiiK^ the pressure* in dillerent positions of a 
cross section of the body. The body can be, for (example*, a cone with four 
pressure orifices in a cross section. The cone and a total-head tube permit 
determination of the Mach number and direction of the stream, but the sensi¬ 
tivity of the instrument for determination of direction is much h^ss t han the 
sensitivity of the two wedges, because the variation of pressure with the varia¬ 
tion of direction for a body of revolution is less than for a two-dimensional 
body. 

These instruments described are useful in zones of streams in which gradual 
variation of physical characteristics occurs because in this case, the finite 
dimensions of the instniments are not practically important, but they are not 
useful for determining the physical propi^rties near the zone of discontinuity 
corresponding to shock waves. When shock waves are present in the flow, the 
instrument can interfere notably with them, and therefore the determinations 
can be erroneous. The errors are usually very large if the instruments of 
measurement cross, in some part, shock waves, because along tlu^ surface of 
the instrument no deviation can occur, and the instrument records a value of 
pressure different from the value of the local pressure in the flow in absimci^ 
of the instrument. If, for example, the static pressure must be determined 
in front of or behind a shock wave, detennination is very difficult with pres- 
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sure tubes even if the velocity direction is known. Indeed, if s is the front of 
the shock (Figure 65a), a variation of pressure and direction occurs in the 
flow across s. If the static tube that must determine the pressure in front of 



(b) 


Fig. 65. Pressure measurement in the proximity of shock waves, 

the shock crosses llu‘ shock, it gives a Mrong indication because in the bound¬ 
ary layer the discontiuiiily does not exist, and at the surface of the tube the 
pressure changes in a different way than across the shock; therefore for an 
extended zone in front of and behind the slioc^k the pressure on the tube is 
different from the pressure in the flow in absence of the tube; along the tube, 
ins(('ad of having a pr(‘ssur(^ diagram ARCD, a diagram AED exists (Figure 
65a). In order to avoid inferference, it is necessary to use a static tube that 
is on only one side of the shock, as in Figure 656 (t he support AC must produce 
an attached shock that inust not interfere with the pressure measurement). 

Measurement of Temperature. Direct measurement of temperature in 
the flow at high speed is impossible with the usual thermometric systems 
because of the presences of the boundary layer. If a thermometer is placed 
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in the flow, on the surface of the thermometer a boundary layer is formed 
which changes notably the temperature on the surface of the thermometer 
with respect to the temperature of the stream, and therefore the thermometer 
registers a value much larger than the temperature of the flow. (For a more 
complete discussion of the phenomenon, see, for example, References 18 and 

19). 

An idea can be obtained of the large difference between the temperature at 
the surface of the thermometer and the temperature of the flow, depending 
on the viscosity and conductivity of the flow, by applying the equation of con¬ 
servation of energy to the phenomenon. For simplicity, assume that the 
phenomenon is adiabatic and two-dimensional, and that the stream is in the 
direction of the axis (x-axis) of the thermometer. If rn is the viscosity coef¬ 
ficient, A the conductivity coefficient, and T the temperature of the flow, the 
equation of conservation of energy in presence of viscosity and conductivity 
has the form 

d/u- , r\ d/ar, mdir^\ 


' \ 2 / dy\ dy 


where y is the direction normal to the direction of th(^ stream. But 


and for an ideal gas it can be assumed that 

wCp . , 

—~ = cr = constant. 

A 

Therefore equation (219) becomes 

+ ^) = “I"”” ~)T (219a) 

rf/ \ 2 / dy l('p dy \ 2 / J 

If the coefficient <t is equal to one, equation (219) admits a particular value of 
integral, that is given by 

/ + ^ = constant. (220) 

Outside of the boundary layer, equation (220) is valid, because it is the equa¬ 
tion of energy in the absence of viscosity, and on the wall it is also valid be- 


— A grad T = 


grad / = 


C, 2Cp dy 

where T^y is the tangential force dependent on the viscosity, and u on the 
wall is zero; therefore if cr is equal to one, the solution (220) is also valid in 
the boundary layer, but 

/ + I = /o = Cp7’„. 


(221) 
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On ilie surface u is zero; therefore the surface of the thermometer or of any 
body placed in tlie flow, if no heat exchange exists, has, for er = 1, the tempera¬ 
ture To of the gas in the tank. 

If the value of c is different from one, the consideration is no longer exact. 
If (T is less than one, the temperature on the surface of the plate is less than To, 
and the temperature is greater for o- greater than one. The value of cr for air 
is 0.74 in a laminar boundary layer, and therefore the temperature on the body 
is less than the temperature in the tank. But the difference is not very large. 
If the boundary layer is turbulent, the ({uantity a assumes the value of one, and 
iherefore at the surface a perfect compensation occurs for the thennal content 
/, and the temperature is equal to To. 

Practically, measurements of temperature are very doubtful, because the 
temperature on the tlu^rmometer is much different from the temperature in 
the flow, therefore transmission of heat and radiation on the thermometer can 
('xist that change the value of the reading. Theoretically, for determination 
of the temperature in the flow, the temp<‘rature of a flat plate can be used if 
the boundary layer is turbulent. In this case the pressure at the point con- 
sid(5red gives the value of />i, the value of M] gives the ratio pi^poj and from 
p\/P[) it is possibl(‘ to determine T\ because the thermometer gives the value of 
To. for the dePTrnination of 7o it is more practical to use a thermometer 
which determines the value of the temperature inside the total-head tube. 
In a total-head tube the temperature is To because the velocity is zero; there¬ 
fore a tliermometer placed inside a total-head tube must give the value of 
7o (Figure 66). The measurement of the temperature To with a total-head 
tube is also difficult, because the temperature of the air in the tube is in part a 
function of the temperature of the tube which can 
transmit heat and therefore can change the value of , Thermometer 

/ j 

To. Badiation from zones at difl’erent temperatures 

can also interfere w ith the precision of the measure- - ^ 

rnents. The errors can be reduced if a flow at low^ ^ ,r 
velocity goes across the tube, because in this ease the Jmtnimeni for 

tube tends to assuiiK^ the stagnation temperature of the measurement of the 
the air (Figure 66). In order to detennine exactly stagnation temperature. 
the temperature at a point, a thermometer must be 

used with zero relative velwity with respect to the point, but this system is 
usually very difficult because the thermometer must move with the flow at 
the same speed. 

Measurement of Density. Determination of the value of density in the 
flow field can be made by using special optical instruments. By means of 
optical instruments it is possible in the general case to obtain a qualitative 
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indication of the variation of the density in the flow, while for two-dimensional 
phenomena or for axial symmetrical phenomena a quantitative evaluation of 
the density is also possible. In the optical instruments the property used is 
that the index of refraction of a gas depends almost entirely on the density of 
the gas. The absolute index of refraction of a gas is the ratio between the speed 
of light in vacuum and the speed of light in the gas considered, and with good 
approximation it can be expressed in the form of the law of Arago Biot Lorenz: 

^^ = constant. (222) 

P 

Because the veUx'ity of light changt's wIumi the density of the gas changes 
(tt change), if the light crosses two zones of gas of diirerent density, p and po, 
after a given time the light has crossed zones of gases of diflenuit depth. The 
difference in depth can be calculated by using ecpiation (222). If k and / are 
the depth of the two zones and tto and tt the corresponding indices of refraction 

TT — 1 __ TTo — 1 
p pi) 

or 

IT -T„= (ir„ - 1) (223) 

Pi) 

and 

/„_/=/ = lP~ — . ( 221 ) 

TTo Pd TTd 

The difference /o — / is very small in absolute value and therefore cannot be 
measured directly in order to determine the value of the density; but it is of 
the order of the wavelength of light and then^fon* can be determined witli 
special instruments that can cornpai’e the diffenmces of trajectories with the 
wavelength of light. 

In order to have an idea of the differences (/o — /) that can be expected for 
variations of the density of the ordcT of those that occur in aerodynamic 
phenomena, it is suflicient to remember that for air at atmospheric pressure 
and temperature the value of (ttq — 1 ) is 

TTo — 1 = 290 X 10"*^ for red light of 8000 Angstroms 
TTo — I = 297 X 10“® for violet light of 4000 Angstroms 

Therefore the difference of trajectory of the light (/o — 1) is (equation 224) 
lo — I = I— - — X 297 X 10~® for violet light 

Po 

la - 1= I X 290 X 10-^ for red light 

Po 
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and therefore it is very small. But the difference is of the order of the wave¬ 
length; indeed, in wavelengths it is 

1M4 _ 

/u — / = 297 X 10“^ —- - - I wavelengths (for violet light 4000 A) 

4 pu 

/o — / = 290 X - I wavelengths (for red light 8000 A) 

8 Po 

where /‘is expressed in millimeters; therefore for a thickness of flow I equal to 
JOO millimeters (about 4 inches) a variation of the density in the air of one per 
cent corresponds to the variation of trajeclory of 0.74 wavelengths for violet 
light and a variation of 0.88 wave-lengths for red light. 

The instruments that measure the diffe-rences of travel of light in order to 
determine the density of gas in aerodynamic phenomena are called interfere 
orneters; these instruments are iis(-d in large- extent in e)ptics fe)r different pur¬ 
poses. 

Interferometers. (llefeTe-ne-e-s 20, 21, 22, 28.) The inle-rferennete-r usually 
useid feir ae-roelynamie purpe>se-s is e)ne- with a wt-dge of air, which is based upem 
the folle)wing principle: Conside-r a flat semitransparent glass of constant 
thickne-ss and a flat mirror and plae-e- the twe) surfaces incline-el oni^ with respe^cl 
to the e)the-r as in Figure- 67. Cemsider at a point P a pe)int semree of light and 
a ray PA fre)m P. The ray is divided in two parts by the semitransparent 



Fig. 67. fnlerferomelric phenomena in a wedije of air. 

surface; one part is reflected at B and one (PBC) is reflected at C. The 
reflected ray CDE crosses the glass again and enters a collector at H. ("onsider 
now another ray PD emitted by the same point P. The ray PD also is divided 
in two parts. Consider the part reflected at D, that enters the collector at /. 
The length of the trajectories of the ray PFD is different from the length of 
the trajectory PCD; therefore if the rays EH and 67 are superimposed again 
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by a collector the rays interfere with each other. If the difference of the two 
paths is equivalent to a whole number of wavelengths, the two rays are in 
phase; but if the difference is equivalent to an odd number of half wave¬ 
lengths, the waves are in opposition, and when the two rays are superimposed 
the light of the two rays disappears. The same phenomenon oixHirs for all 
similar pairs of rays; therefore where the rays are superimposed, a corre¬ 
sponding black zone occurs. If <t is the angle of the wedge, the distance be¬ 
tween the zone in which the difference of paths produces the same kind of 
interference is (Figure 68) 

« = £ (225) 

where A is the wavelength of the light. Indeed, if U (ABC) is the difference of 
optical travel for the rays 1 and 2 produced by the same path P, 3 and 4 are 



Fig. 68. Determirialion of the dislance between inter¬ 
ference lines. 


two others rays that produce the same interference, and k is the difference of 
the optical travel between the rays 3 and 4 (DEF), in order lo have the same 
kind of interference, the condition {k — h = A) must be satisfied. Therefore, 
because a is small, the result is 


DE - AB i 



AH 

or 

k-h 


h 

but 

h = . 

Therefore 



f = 


Mo 

h 


2a 


The distance of the interference zone is a function of the angle of the wedge. 
If a system of parallel rays is considered, for every ray for which the difference 


MEASUREMENT OF THE PHYSICAL QUANTITIES 


m 


of travel I is equal to an odd number of half wavelengths, the interference 
phenomenon occurs; therefore if the two glasses are flat and the density of the 
air in the wedge is constant, the interferences occur along straight lines parallel 
to the edge of the wedge at a constant distance of J (equation 225); and if the 
light is collected in a screen, a system of bright and dark parallel straight lines 
appears. The principle of interferometers therefore consists in dividing the 
rays of a parallel light along two optical pgiths of different length, using a 
semitransparent glass and superimposing the two parts again on a screen. 
When the paths differ by an odd number of half wavelengths, the two parts of 
the ray cancel each other, and therefore a dark zone appears on the screen. 
For aerodynamic use it is necessary, in order to measure the density, to be 
able to place the zone of flow with different density in the path of one of the 
rays; therefore the wedge must be made by a different scheme. A scheme 
used by Mach (Heference 20 ) and useful for 
aerodynamic problems is shown in Figure 69. /S 

At the four corners of a rectangle are placed two 
flat mirrors and So and two flat semitrans- / 
parent glasses of constant thickness Pi and P 2 . -===*- 

Mirrors and glass are perfectly parallel and in¬ 
clined at about 15° with respect to the sides of ^ . 

the rectangles. At tlie point *S, a point source of Pi W\g 
light is placed in the fcK 3 us of a lens. Every one ^\J/ 
of the rays B emitted by *S' reaches the glass 
Pi and is divided into two parts: a part which 
crosses the glass and has the trajectory ABCDly 

and the other part wliich is reflected at A and -^3/ 

has the trajectory AEFDl, Part of the light is ^ \ K 

also refl(^ctcd at/i and has the trajectory ABGM- ^ ^ 

LA2, or because a second reflection occurs at C, Q—•—N 

has a trajectory along ABG///A2. At D another pjg. 59 . Scheme of (he Xfach 
reflection can occur and a part of the light has interferometer. 
the trajectory AEFDLK2. All rays are in phase 

at 1 or 2 because the surfaces are all parallel and all rays at 2 have crossed 
the glass twice, while the rays at 1 have crossed the glass once. 

Now if a glass or a mirror changes position slightly and turns with respect to 
the original position around an axis perpendicular to the design, a wedge is 
generated, and the lengths of the trajectories of the rays that meet at 1 or 2 
change, and an interference occurs. When the rays indicated by 1 have a 
difference of path equal to 1 or 3 or 5 half lengths of the wavelength of the 
light, the rays eliminate each other, and if all the rays are received on a screen, 
a black zone occurs corresponding to the place in which the difference of paths 
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is an odd number of half wavelengths, and a white zone in the place in which 
the difference is equal to an even number of half wavelengths. Also the rays 
at 2 interfere with each other, but the light of 2 is much less than the light of 1 
and the interference of the rays at 2 is of the second order and can be eliminated 
by using a thick glass which increases the distance between 1 and 2 on the 
optical screen. The optical interference of the rays at 1 produces at the screen 
QN a zone with light and a zoiu^ without light; the zones are at a constant 
distance ? which depends on the angle of wedge. These zones are parallel if 
the glasses are of constant thickness and all surfaces are plane; therefore 
there appears on the screen a series of straight black lines separated by zones 



Fig. 70. Schematic reproduction of the interfere 
ence phenomena when a constant variation of den¬ 
sity is produced in a zone of flow of constant 
thickness. 

of light. The lines are at equal distances and parallel to the axis of rotation 
of the glass or mirror (Figure 70a). Now, if along the line BC a flow space 
hcl of thickness I is placed with different density p (Figure 706), the diflerence 
of path of the rays BC and EF changes, and therefore the position of the inter- 
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fererice line changes, corresponding to the zone in which the ray BC crosses the 
flow at different density. If po is the density outside the space h^c^l and p is 
tlie density in the variation of the position of the line of interference is 

given by 


n = 


L ^ ~ 

(J Po 


(^0 - 1 ) 


or 


-n = 


/(tTq — 1 ) 

A 



(226) 


Therefore, because A, J, tto, po, and I are known, from the displacement of the 
interference line it is possible to determine the density in the space KcJ, 


p — Po _ V A 
Po 


(227) 


If the density at h,,Cxl is constant, the lines are displaced by a constant value 
rj and Ihe interh^rence pictures appear as shown in Figure 70r. With this sys¬ 
tem it is possible to determine th(‘ density in a flow at a constant density, such 
as a uniform jet or a stream in a supiTsonic tunnel. It is evident that if the 
jet is a closed jet, the wall must be made of glass of constant index of refrac¬ 
tion and perfectly isotropic, tluTefore not strained. In this case, two other 
glasses of the same type must be placed along the ray EF of Figure 69 to com¬ 
pensate the absorption of tiui two glasses along BC. 


Determinal ion of Density for Tivo~Dimensional and Axial Symmetric 
Phenomena. With an interferometric system it is possible to determine the 
value of the density in every point of th(' flow of a two-dimensional phe¬ 
nomenon by the same principle used to determine the density in a uniform 
(low. Consid(T a clianiH'l in which a uniform flow of density pi moves, and 
assume that the value of the demsity pi is known. The value of pi veil be 
d(*termin(‘d by the system indicated before for a uniform stream. When dis¬ 
turbances are produced in supiasonic flow, the flow in front of tlu' shock wavi's 
or expansion waves produced by tlu^ disturbanct's does not undergo any 
variation of characteristics; tIuTeforc if an axis x parallel to the undisturbed 
stream is considi*red, the value of p is always kiunvn in a zone of the axis in 
front of the disturbance, because in this zone p is equal to pi. In this zone in 
which the flow is uniform, the interference lines are at constant distance; 
but when a variation of density is prodiKM^d in the flow, the interference lines 
in the zone of diUcrent density become curved (Figure 7l«). The distance of 
ihe interference lines along every jr-axis permits determination of the density 
distribution along the axis. 

Consider a Cartesian coordinalii system (Figure 716) where densities are 
plotted as ordinates and distances as abscissas. At the distance corresponding 
to the value pi of the density of the undisturlH^d stream, consider two axes X] 
and Along the axis xi plot the distances between the interference lines 
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Fig. 71. (a) SdiemcUic reproduction of interference phenomena produced 

by an expansion around a corner, and (b) graphical determination of the 
value of the density. 


along the axis x obtained from Figure 71 u. Call Ai the position of the inter¬ 
section of an interference line in the undisturbed /Amo, and B\ (1\ . . . the 
subsequent intersections of the lines in the zone in which the density must be 
determined. Along axis x^i plot the distances l)etvvet‘n tht‘ same lines for the 
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case of undisturbed flow. Because if disturbances are not produced in the 
How the density is constant, the distance between the interference lines along 
X 2 is constant, and is ecpial to At A the density does not change because 
of the presence of disturbances in the flow; therefore the point A is on the 
normal to xi at Ai. The point Fi is displaced by ri with respect to F. If I is 
the thickness of the flow or the length of the two-dimensional phenomenon in 
direction normal lo the design, A is the length of the light wave (monochro¬ 
matic), and TTi is the index of refraction at the density pi, then from equation 
( 226 ), 

n = ^ I ^ (228) 

Pi A 

. TTl — I . . 

The expression / - -—- ? is a distance, and is constant; therefore the following 
A 

construction can be drawn: along the axis Xi a distance AxA^ corresponding to 

TT] — 1 

/ — ^ can be plotted, and the point A^ can be connected with A; the lines 

A 

OD 2 parallel to AA 2 must be drawn from the points ... of the 

X2 axis; straight lines normal to .ri axis at the pointsBi, Ci, Di, E\ also must be 
drawn, and then the* points FV D 3 , F 3 are determined by the intersection of 
corr(‘sponding rm(‘s parallel lo the line AAo and normal to the x\ axis. The 
j)oints D 3 , F 3 . . . give the values of the density at Di, Fi, Fi, etc.; indeed, if 
the distance b(flween thc^ Xx and X 2 axes is equal to pi, it is possible to write 


but 


Pi — F1F3 ,, 

V ~ -^or2 

Pi 


F„F, = .1,4^ = / - - I 

A 


Therefore the diagram B 3 F 3 gives the density distribution along the x-axis. 
By changing the position of the x-axis, the density at every point of the flow 
can hv, determined. 

From the density distribution it is possible to determine the pressure or 
temperature distribution if the law of transformation is known; therefore in 
many exp(*riments it is possible to obtain the pressure distribution by means 
of optical systems. With interferometric measurements the entire phenome¬ 
non considen^d can be determined from one test without the necessity of plac¬ 
ing instruments in the flow; therefore the system is very useful in many 
practical problems, because it permits a very rapid measurement of the quan¬ 
tities in the entire flow without interference of instruments. 

For axial symmetric phenomena the interferometric system still can be 
used, because the density is constant along every circle that lias its center 
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along the axis and is in a plane normal to the axis. In this case the analysis 
of the results can be made, for example, in the following way: Consider an 
interferometric picture, obtained with rays normal to the axis of the body, 
and in the picture a plane QQ (Figure 72a) perpendicular to the axis of the 
body. Consider now some circular zones corresponding to the position of 
the interference lines along the line QQ (Figure 12b). Assume that the density 

• Q 



Fig. 72. System of determination of the flow density for a body of revolution. 


in the zones I, II, III, etc., is constant and eipial to p 2 , P 3 , P 4 , etc. The density 
is known outside of zones of disturbances produced by the body (pi); therefore 
the density in I can be determined from the deviation in Figure 72a of the 
interference line corresponding to 1 and determined as for the two-dimensional 
case. Indeed, tiie value of I of equation (228) is given by CD, and therefore 
can be determined by the design in Figure 726. Therefore the value of p' 
can be calculated from the value of the corresponding deviation rj. The inter¬ 
ference line 2 undergoes a deviation rj 2 which in the zones Eb\ and HG depends 
on p', and in the zone FG depends on p". But p' is known from the preceding 
determination; the lengths EF and HG can be determined from the design; 
therefore the deviation in EF and HG can be determined. By the difference 
from rj 2 the deviation corresponding to the path FG can be calculated, and with 
equation (228) the value of p^ can be determined. Proceeding with the same 
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system, all values of the density along QQ can be determined. The value of 
the density is more accurate if the number of circles increases, and therefore 
if the number of interference lines increases. From the value of density cal¬ 
culated by average values in the zone between the two circles it is possible 
to deduce a corresponding diagram of density with continuous variation, and 
to determine more exact values with a second approximation. 

Assuming the law of the transformation known in the flow, it is possible 
to determine the pressure distribution in the entire field. Tlu^ system has 
been used to determine the pressure distribution along projectiles (Reference 
21 ). By shooting the projectiles in front of an interferometer, the inter¬ 
ferometric picture was determined. From the shape of the shock, the variation 
of pressure across the shock was determined. Behind the shock, the trans¬ 
formation is isentropic; therefore from the density the pressure was deter¬ 
mined without use of pressure tubes, which in this case was impossible. 

The direction of the interference lines w ith respect to the direct ion of tlie 
stream can be changed, changing the regulation of the interferometer, and 
must be chosen cas(‘ by case in order to increase the prt'cision of the results in 
the zone of th(‘ flow analyzed. Other schemes for interferometric determina¬ 
tions can be also considered and used, but the application is of the same type. 

Determination of Density Variation with Methods Using Deviation of 
the Rays. The interfc'rornetric system uses the variation of phases of light 
to determine the value of the density in the flow, but it is also possible to 
examine the density distribution in the flow by using the deviation of light, 
produced by the variation of the index of refraction (References 20, 21, 23, 
24). If the indices of refraction in two zones of flow are tti and 7 r 2 , respectively, 
and </) is the angle that the ray forms with the normal n to the surface that 
separates the two zones at diflerent densities (Figure 73), the ray is refracted 
at an angle xj/ given by the law * 

sin<^: sin ^ = 7r2 : tti. (229) 

When the density P 2 is not constant 
but changes, the value of t 2 changes, 
and it is possible to write the value 
of 7 r 2 in the form 

dl (230) 

in which dl is the trajectory of the 
ray. If the diflerence between <t> 
and ^ is small and equal to r, it is possible to write 

sin ^ = sin <> — r cos <l> 




Fig. 73. Deviation of the rays produced by 
a pressure gradient. 


(231) 
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and equation (229) becomes 

. dir dl 
T COS 6 = sin 0-- 

dl T 


(232) 


But if the gradient of the index of refraction G, along the normal n, is used 

dir 1 


then 


Q — dTT __ dTT d/ _ 

dn dl dll dl cos 0 


r = - sin 0d/. 

TT 


(233) 

(231) 


The rotation of the ray is proportional to the length of the trajectory and to 
the gradient of the index of refraction. 

The curvature of the ray at every point of tlie trajectory is given by 


1 _ T _ G sin 0 
r dl TT 


(235) 


or using the value of the density (from equation 223) 


then 


dp __ pn dw _ pi> 
dn TTo — 1 dn tto — 1 

dp sin (j) Wo — I 
r dn w po 


\ _ dp sin 0 (tto — 1) 
r dn po + p (wo — 1) 


(236) 


The rotation of the rays is proportional to the gradient of the density and to 
the length of the trajectory. 

From equations (235) and (236) it appears that the deviation of the ray is 
very small also for large variations of density. 

From equations (235) and (236) it is possible to determine, from the law of 
deviation of the rays, the law of variation of the index of refraction, and there¬ 
fore the law of variation of the density of air for two-dimensional phenomena 
and for phenomena with axial symmetry. But at present there is no prac^tical 
method that permits us to measure experimentally the variation of direction 
of the rays as affected by a local gradient of density. Different systems are 
used to attempt to determine, with sufficient precision, the value of deviation, 
such as the system of using a screen with lines at uniform distance, or using 
the astigmatism of a lens; but practically the deviation of the rays is used at 
present in representative methods rather than for determination of the value 
of the density. The representative systems most often used are the shadow 
system and the schlieren system. 
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Shadow System. The shadow system utilizes a point source of light which 
illuminates a body and then is collected on a transparent screen. The screen 
is of uniform illumination if the rays do not undergo any deviation, but if the 
rays pass through a zone with different optical density, they undergo a devia¬ 
tion which changes the intensity of the light on the screen from point to point. 
For example (Figure 74), if a system of rays crosses a zone I of density p, 
different from the outside density, the rays are deflected, and at AB the light 
increases, and at DC it decreases. It is evident that if the variation of density 
is extended throughout the entire field a direction 
normal to the rays, all rays are deviated by the same 
amount, aiid the scTeen has uniform illumination. 

Because the deviations of the rays are proportional to 
the first derivative of tlie variation of the density, 
and the variation of illumination is proportional to 
the derivative of the deviation, the result is that in 
the shadow system the variation of the light is pro¬ 
portional to the second derivative of the density in 
the same direction. Therefore when an abrupt vari¬ 
ation of d(‘nsity occurs in the flow, as happens in the 
presenc(‘ of shock waves, the shadow system per¬ 
mits determination of the position of the zone in which the variation occurs, 
\Nith high sensitivity. 

Schlieren System. The schlieren system has the following scheme: A point 
sources of light P is placed at the focus of a lens or of a mirror (Figure 75), 
which produces parallel fight. The light crosses the zone in which the varia¬ 
tion of density will be produced, and is collected on a second lens or mirror 




Fig. 74. Shadow effect 
produced by a density 
gradient. 


Fir. 75. Scheme of schlieren apparatus (a) using lenses, (b) using mirrors. 
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which converges all rays to a focus. When a variation of density is produced 
in the flow, a deviation of rays occurs, and therefore some rays are no longer 
concentrated at the focal point. Now if a knife edge is interposed in the beam 
of light in such a way as to intercept some of the deviated rays that do not pass 



Fig. 76. Shadow photograph for a body of revolution at M ^ 2.45. 

through the focal point, a change in the pattern of illumination occurs in the 
sensitive collecting apparatus. Dark areas appeeur where deviated rays have 
been intercepted by the knife edge, and bright areas appear where such rays 
have not been intercepted. 

If the source is not a point, but has finite dimensions, an image of the source 
is produced at the focal point; this image also can be partially obscured by 
the knife edge. In this way the total intensity of light in the sensitive appara¬ 
tus and the intensity of the uniform illumination on the screen can be reduced 
gradually without reducing the intensity of those rays that have been deviated 
as a result of the variation in density but which have not been intercepted by 
the knife edge. The result is an increase in the contrast on the screen, and 
therefore an increase in the sensitivity of the system. 
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Because the rays tliat are eliminated from the screen pattern are those 
that are deviated in the area occupied by the knife edge, the increase or de¬ 
crease in illumination on the corresponding area of the screen depends upon 
the variation in direction of the rays in the area in question, in a direction 
perpendicular to the knife edge. In the schlieren system the variation of 
intensity of illuminalion of the screen is proportional to the first derivative of 
the retardation of the light in a direction perpendicular to the knife edge. 



Fig. 77. Srhlieren photograph for a body of revolution at 
M = 2.15, horizontal knife edge below the focus point. 


Because the deviations are of opposite sign, if the variation of density is of 
opposite sign, expansions and compressions generate oppasile variations of 
light. The schlieren system is usiially used in supersonic tests for deter¬ 
mination of the shape of shocks and to examine the pliysical scheme of the 
phenomena. The system can use mirrors or lenses and can have very different 
practical forms. 

In Figure 76 a shadow, and in Figures 77, 78, and 79 schli(‘ren dt'termina- 
tions of the same phenomenon are shown. As it appears from the pic tures, 
optical methods show the scheme of the phencunenon very well, and Ihen^fore 
are particularly useful for aerodynamic investigations. 




Fig. 78. Schlieren 
pholoijrapfi for a 
body of reiHjlulion 
at M — 2. 15, ver¬ 
tical knife edijefrom 
the right side. 


Fig. 79. Schlieren 
photograph for a 
body of revolution 
at M = 2.45, rer- 
ticat knife edge from 
the left .side. 
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7 

SlIPERSOMC PROFILES 


Delerminalion of the Propcrlies of Sitpersoiiic Profiles Using the 
Characteristic Theory and the Theory of Shock Waves. 

General Shape fjf Supersonic Projiles. 11 was shown in Cfiapter 3 that at 
supersonic velocity when shock waves are g(‘nerated a drag occurs, shock 
drag, which depends on the losses across the shock, and that exists also for 
perfc'ct How. The shock drag, if Ihc' extent of Ihe sliock and of the other con¬ 
ditions do(‘s not change, increases if the variation of entropy across the shock 
increases, as occurs when the inclination € of the 
sliock increases, and is a inaxinunn when the 
shock is normal shock. This consideration indi¬ 
cates that in order to reduce the shock drag of 
supersonic profiles, strong shocks must be avoid(*d, 
and therefore tlie profiles must have sharp noses. ^ 

Indeed, if a profile has a round nose (Figtire 80), 
the deviation of the streamline at the point .1 is 
of the ()rd(*r of 90°. Therefore, no matter how 
high the Mach number, the deviation is greater 
tlian the ?naximum possible across a sluK'k; thus 
no equilibrium is possible with shock in t. The 
disturbances move upstream and a strong sho(*k 
occurs at B, In the zone AB the flow is subsonic, 
and tlierefore can wet the body. But in this cast', 
the shock is very strong (at B it is a normal 
shock) and the variation of entropy is largt'. For 
this reason, this type of profile is not suitable for 
supersonic flow, and therefore it is logical to 
suppose that a supersonic profile must be one 
with a sharp leading edge and an attached shock. 

In this (‘ast', l>ehin<l Iht* shock which ot'cnrs on tht^ 

isstillsii|).‘is<.iiH-nii<n( ispos- J,„ n.'l„che,l sl, 0 , k in 

Hildt' l<) list* lln' I li<“4ir*u'S t'oiisidt'i'i'd in (’.liaplt'i' 2. JmnI of n ii'im/ //••n/tji;/ (‘(/i/c. 
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It is evident that a sharp leading edge is more convenient only if the shock 
is an attached shock, and the differences between sharp and round leading 
edges decrease when the radius of the round leading edge decreases. If the 
shock is a detached shock, because the deviation required at the leading edge 
is larger than the maximum allowable deviation, the flow behind llie shock in 
the zone of the leading edge is subsonic; therefore if the stagnation point is 
not at the leading edge (for example, due to a small angle of attack), a vortex 
is produced at the leading edge which generates a local separation (Figure 806) 
and a subsequent shock (shcK'.k a of Figure 806). The drag in this case is large 
and can be reduced by using a finite radius of curvature at the leading edge. 

In tlie following paragraphs the phenomena will be considered first by 
assuming the flow^ a perfect flow; therefore the pressure drag, the lift, and 
moment of profiles of different shape will be determined by assuming that no 
friction drag or separation exists. Later, the effect of viscosity will be con¬ 
sidered and a qualitative discussion of the efiect of viscosity on the drag, 
lift, and moment coefficient of tlie profiles will be made. When the prcvssure 
distribution ajong the profile is known from the perfect flow theory, the fric¬ 
tion drag can be evaluated by using the boundary layer theory. However, 
it is very difficult to evaluate the eflect of the separation. The friction drag 
and the separation at the trailing edge are functions of the Reynolds number 
and of the pressure distribution along the profile, and their effect can change 
somewhat the conclusions obtained by analyzing only the pressure forces in a 
perfect flow, especially the conclusions connected with the determination of 
the shape of minimum drag; therefore the conclusions based on the pressure 
drag only, in some cases must be considered as indicative. By analyzing the 
pressure distribution, it is possible to make an estimate of the relative inten¬ 
sities of the variations due to boundary layer and separation between profiles 
of different shapes; therefore detennination of the pressure drag in perfect 
flow is an important element for the choice of the mast convenient profile 
shape. 

For supi^rsonic flow, because the flow is divided at the leading edge into two 
parts which do not interfere with each other, the study of the profile can be 
separated into two zones, the upper zone corresponding to the upp(3i surface 
and the lower zone corresponding to the lower surface. Because the direction 
of the stream along the profile is known, the pressure distribution can be 
obtained for any type of profile, using the shock theory and the characteristic 
theory. 

Flai Plate at Supersonir Speed. The simplest profile to (‘oiisider is a flat 
plate of zero thickness and of infinite depth, placed with tlit' leading edg<* 
perpendicular to the flow. If I he angle of incidenct* a of the plati^ wit h resptM‘1 
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to the undisturbed velcx^ity is small, a supersonic flow occurs on both faces 
of the plate (a less than or equal to the deviation for which M 2 = 1). If AB 
is the cross section of the flat plate (Figure 81), at the point A an expansion 
occurs for the upper surface, and a compression occurs for the lower surface. 
The expansion and compression are due to the deviation of a, and therefore 



can be calculated. In zone 3 the speinl is higher and the pressure is lower than 
in the undisturbed stream, and the values of and ps can be determined 
either from equations (81) and (41) or from the corresponding Table 2 of the 
appendix, as functions of a. If i' is the value in the table corresponding to 
Ml, M 3 corresponds to + a. The variation of pressure can be obtained in 
the same way. On the upper surface at 6 , the flow undergoes a compression. 
The condition in zone 4 depends on the conditions in zones 3 and 5. With 
good approximation it is possible to assume that at B, the flow again attains 
the direction of the undisturbed stream, and therefore the compression corre¬ 
sponds to a deviation a. The pressure along ACB is constant for all values of 
Ml and a. 

At A, on the surface ADB, a compression occurs; M 2 is less than Mi, and p 2 
is greater than pi. From the shock polar it is possible to determine the value 
of €, the inclination of the shock, and the values of M 2 and P 2 ; the valuer of 
M 2 and P 2 can also be obtained analytically from equations ( 121 ) to (126) or 
from Table 5 of the appendix. On the surface ADB the pressure is constant. 
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At B an expansion occurs, and the condition at 5 can be determined witli 
,^ood approximation by assuming that the direction of the velocity at 5 is the 

same as that of the undisturbed stream. On 
the profile two sluK'ks (x^cur; therefore a drag 
must be found. The drag can be easily deter¬ 
mined from the pressure distribution. Indeed, 
the pressure distribution is as appears in 
Figure 82. An expansion occurs on the upper 
surface and a compression occurs on the lower 
surface. The diagram of (pi — p) is rectangu¬ 
lar; therefore the lift, if F is the resultant of 
the pressure, is (L = Fcos a), and the drag is 
(I) — f’sin a). The center of pressure is at 50 
Fig. 82. The pressure distrihu- per cent of the chord, and its position is con- 
tion along ajlat plate. stant and independent of /\/i and o, if a is less 

than the deviation for which M 2 = 1, because 
changing a chjuiges only the value of the pressure but not its distribution. 
In Figure 83, the value of C/^ is plotted as a function of Cd for dillerent values 
of M\ (2, 3, 5) for a flat plate. Because the value (Il/Ci) is a function 




Co 


Fig. 83. Lift coefficient versus drag coefficient for a flat plate at 
different stream Mach number. 


only of the angle of attack and {CJCd = cot a), for the same incidence a 
all points for all Mach numbers must be in the same straight line which starts 
from the origin of the axis C/^, C/>. 

From the diagram it is evident that the value of Ci is very small in com- 



SIJPKRSONIC PROFILES i21 

parison with values of possible at subsonic velocities for the same angle 
of attack. 

It is interesting to examine more accurately the general phenomenon. 
Across the shock wave an increase of entropy occurs. If the shock is extended 
to infinity with the same intensity, the mass flow that would undergo the varia¬ 
tion of entropy would be infinite; therefore the drag would also be infinite. 
However, the drag has a finite value. This means that a shock of finite in¬ 
tensity must be limited to a finite length. This is shown in Figure 81. At a 
finite distance the shock interferes with the expansion waves which start from 
the other edge of the profile, and decreases in intensity. W hen all expansion 
waves are eliminated, the flow has the same direction as the undisturbed flow, 
and therefore no shock exists. 

In order to determine the equilibrium at 1 and 5 more exactly, the fol¬ 
lowing considerations can be made. The flow at 1 has undergone an expansion 
of a degrees from M\, and then a compression wit h shock from the Mach num¬ 
ber i\h (larger than ;V/i). At 5 tlu^ flow has undergone a compression with 
slux^k from Mi to M^, and then an expansion from ;\/-2 to Because the 
sh(x:k from A/a occurs for a dilfertmt ]Mach number than on the lower surface, 
the losses across the sIkk'Us are diflerent, and therefore the speeds at i and 5 
are diflerent. At the ])()int B, a discontinuity of velocity occurs in a direction 
normal to the velocity ; then'fore the streamline that starts frorn/J represents 
a line of infinite vorticity. Practically, the viscosity in the flow renders an 
infinite vorticity at B impossible and produces a vorticose wake which starts 
from /i. Because the transformations on the upper surface and on the lower 
surface are diflerent for the same deviations across the expansion and shock 
at A andB, the pn^ssures at 1 and 5 are diflerent; therefore the streamline BE 
must have, in general, a dirtiTent direction than the undisturbed velocity. 
If (T is the diflV'rence in direction, the value of a can be determined because the 
pressures and the Mach numbers at I and 5 can be calculated from the values 
of 3 and 2 for a ecpial to zero; from the difference of pressure between 1 and 
5 it is possible by the law of iscmtrojiic transformation to determine the value 
of <T. Indeed, if Ap is the difference in pressure betweiMi 1 and 5 for (<r = 0 ), 
{dp/dd)^ is the elemental variation of pressure for the Mach number at I, and 
(dp/d$)t, is the elemental variation in pressure for the Mach number at 5 , by 
tlie isentropic law 



where the sign of Ap fixes the sign of a. The value of or is very small, and 
therefore the isentropic law can be considered for expansion and compression. 

For example, if a flat plate at 10 degrees of incidence (Figure 84) is con¬ 
sidered, and at A/ = 2.0683, the values of A /3 and A /2 are 2.4625 and 1,704, 
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respectively ,/)3 is 0.5434pi, and is 1.7252pi. For a variation of direction at 
B of 10 degrees, M 5 is 2.056 and M 4 is 2.053, ps is 1.002pi, and p 4 is 1.0058pi. 



Fig. 84. Determination of the downwash behind aflat plate. 


To determine the sign of a which corresponds to a variation of Ap = (1.0058 
— 1.0020)pi, il^is enough to consider that the velocity at 4 must increase and 
the pressure decrease; therefore <r is positive and RE rotates from 4 to 5. The 
value of <T can be detennined by considering that, in the fi(4d M = 2.05, the 
pressure for 1 degree of isentropic transformation changes with respect to the 
original pressure by the ratio 1.057 (from Table 2) ; therefore 


or 


and 


Therefore 


= 0.057/deg 

pdS 


(^) = 0.057 X l.0058», 

\A0/* 

(^ ) = 0.057 X 1.0020«i. 

Ap = 0.058(7 + 0.057(7 = 0.115(7 = -0.0038/>i 
0.0038 
0.115 


a corresponds to a deviation of 1.98' positive (downwash). 


Supersonic Profile of Any Shape, In a similar way it is possible to deter¬ 
mine the pressure distribution along a profile of any shape if the hypothesis 
that the flow is always supersonic is satisfied (attached shock in front). Con¬ 
sider, for example, the profile shown in Figure 85. If the Mach number in 
front, Ml, is known at A in terms of the value of 8i and di, the fonn of the 
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shock and of the expansion, and the values of M and p at 2 and 4 can be deter¬ 
mined. In the zone AB AD no deviation occurs; therefore the pressure is 



Fig. 85. The flow around a diamond-shaped profile. 

constant. At B and D an expansion occurs. The values of the deviations of 
expansion 62 , 6 ^ are known from the geometry of the profile, the values of M 2 
and 4/4 are also known; thcTefore from the (‘(piation of the expansion, the 
Macli numbers and the pressures ht and .5 can be determined. In the zones 
B(' and DC the pressures are constant. The conditions at 6 and in 7 can be 
determined by the same system used for the flat plate. Also, in this case, the 
direction at 6 or 7 is almost exactly t he same as the direction of the undisturbed 
velocity. The pressure at ABC is independent of the form of the body along 
ADC because at A the flow can be divided into two separate parts; therefore 
the phenomenon can be examined independently. The expansion that starts 
from B and D crosses the shock waves at G andE, and therefore tlie flow^ in the 
zone that is inside the Mach wedge from E and G is no longer potential flow, 
because at G and H the shocks change direction. In this case, the wedge is 
far from the profile; therefore along the profile the flow is entirely potential 
flow and the calculations are exact. 

If the profile has a curved surface, it is possible to determine the pressure 
distribution in the same way, but the determination is more complicated. 
Consider a profile as in Figure 86 formed by a plane and a circular arc surface; 
at A on the lower part a shock occurs which is the same as that for the flat 
plate, and the phenomenon along ADC is also the same. On the upper surface 
at A a shock occurs that corresponds to the deviation at the point A, and is 
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deternnned by the law of shock. Pnx^eeding from A lo a p^nnt /i, near A, 
the flow^ changes direction and a gradual expansion occurs. Therefore, for 



Fig. 86. Determination of the flow around a circular arc plane profile. 


every point from A ioB an expansion wave starts and the vekx'ity of the flow 
increases. The expansion waves rnei^t the shock and change its direction; 
thus the shock bends, and the curvature begins at point A. Tiie flow behind 
the 8ho(;k is rotational. An exact determination of the shock shape and of 
the pressure distribution must be made in terms of the considerations of 
Chapter 5. Usually the deviation that produces the shock is small and the 
variation of AS across the sh(x;k is small; in this case it is evident that the 
variation of the value of the entropy along the shock wave is of small impor¬ 
tance for the phenomenon, and therefore it is not necessary to use the char- 
arteristic system for rotational flow because it is possible to assume, with good 
approximation, that the flow is potential flow. In equation (211), {S 2 — Si) 
is very small. With the approximation of potential flow, determination of the 
pressure distribution is easy. Indeed, from the shape of the profile for every 
point P of the profile, the value of the angle Bp that the tangent at P to the 
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profile makes with the tangent Oil A to tlie profile is known. If the profile is 
a circular arc, 6^ is given by the angle corresponding to the arc AP, Since the 
Mach number behind the shock at A is known, it is possible to determine the 
value of va from Tables 2 of the appendix, corresponding to the Mach number 
at A, and from this value to deter¬ 
mine the pressun^ ratio p//>* and the “2 
Mach number at every point P cor¬ 
responding to (he value vi* ecpial to -i 
+ Oj), Becaus(‘ the value of p a 
is given by the tabh' for the value ^ 

Va, the ratio pp/p x can be d(it(^-mined 
for every point of th(‘ profile, and 
therefore the value pi>/p\ c an als^i be 
determined. In order lo design the S 
shock wave shape using (he same ^ 
approximation of potcMilial (low, it is ^ 
possible lo design (he eharaeleristic | .3 
line for every point P. \\ Ihtc th(‘ 2 
characteristic line ukm'Is lli{‘ shock .4 
wave. Figure 86 /a lh(‘ shock wave 
must have an inclination e/> which ^ 
corresponds to a deviation across ih(' 
shock for v>hich the tlow bt'hind tlu* 
shock has the samt‘ direction as al P. 

TlKU’cfore (5/* is known, and th(‘ value 
of e is determinabl(‘ by using .the ^ 

shock polar ruirvc. Dclcriniiialion of The presmredMbulion along the 

the characteristic liiu's and of the chord of a circular arc profile. 

Mach numbtT along the prolile 

can also be accomplished graphically by using the epicycloid diagram shown 
in ('hart 1 of the ajipendix. TIk' pressing* distribution for a profile of this 
t ype is as in Figure 87. 

Aiiulylicul Delerinitialioii of the lift and Drag (coefficients of the 
Profilers. If the deviation of the stream produced by the profile is small, 
it is possible with good ajiproximalion to assume that all the terms are neg¬ 
ligible that have tlu* same order of magnitude as tlu^ cube of the angle of the 
deviation of tlu* str(*am produc(*d by the profile. I 11 this case it is possible lo 
obtain in analyti<‘al form the pn'ssun* distribution along tlu* profile and there- 
fon* to obtain analytical (*\pressions for the a(‘rodynamic co<‘lli(‘i(‘nts (Befer- 
ences 2 r» and 26). 
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In Chapters 2 and 3 it was found that for small deviations the equation of 
the shock wave and tlie equation of isentropic compression an? coincident, 
and therefore for small disturbances the epicycloid that regulates the compres¬ 
sion must be tangent to the corresponding polar curv(\ For (5 = 0) the two 
curves have the same value and the same tangent. F^xpanding equation (139) 
of the shock wave polar curve into a power series of {m — Fi) (Keference 25), 

r, = u, (uo - Vi) + a> (//•> - + . . . (237) 

where if m Ls the Mach angle of undisturbed stream, the coellicients Ui, are 
given by 

(ii = — cot fii (238) 


7+1 1 

^2 = — —--—--- 

IV^ COSsin*^ )Ui 


(239) 


Adding and subtracting \ i tan ?/, to equation (237), because rj is the absolute 
value of the deviation across the shock which is assumed small, and tan rj 
is equal to 

{ih*— Vi) Uh — tan r^) + «•> (uo — l i)- ~ V i tan rj = 0 (210) 

or 

= — tan gi tan t; —tanVil ^ , — 11 tan- t; + . . . (2H) 

Vi L 1 (‘OS-/ii sin‘-+i J 


Expanding the epicycloid e(iuation into a power s(*rit‘s, the (irst two t(*rms of 
the series are analogous to the terms of (ujuation (211). 


ih- 1 1 

F, 


= ± tan Ml Ian T;—tan 


Vi 


7+1 1 

I cos-Ml Ml 


1 tail¬ 


or because rj is small 


where 


ih - V I 


- = ± CiT? — C2+ . . . 


I tan-T/ ( 242 ) 


( 243 ) 


Cl = 


V'mJ-] 


( 244 «) 


C2 = 



" (7 + 1 ) A/i‘^ _ 

_4(m7- 1) 


( 2116 ) 


Equation (243) is valid for expansion and for compression, because the isen¬ 
tropic law agrees with the shock law for the first two terms of the stories. The 
plus or minus sign depends on the type of deviation; the first term is positive 
for expansion and negatiye for compression. The value of the pressure 
coefficient can be obtained from (Hpiation (136), 


“ /n _ 1 I — n.2 
p\ I V \ I 


( 245 ) 
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W 


= T Cir; + C2V^ + . . . (246) 

Pi 

where the minus sign corresponds to an expansion and the plus sign to a com¬ 
pression. Witli the approximation accepted, eciuation (246) is valid for 
is(*ntropic variation and for compression with shock, because the two laws 
differ only in the third ItTin of the series. If the term that contains is con¬ 
sidered, for isentropic transformation we obtain the expression 


Ail = + r.T; + ± - ... (247) 

Pi kr 

and for compression across lh<‘ shock 

—^ = + Cir; + Cor)- + (C 3 (248) 

Pi i 1" 

The term D is tln^ first term of the series that considers the increase of entropy 
acToss tiu* shock, which is not considered in the approximation accepted. 

The coefficient C 3 lias the value 

r 3 =--- [( 7 + 1) ( 27 - + 77-3) A/«+ 10 ( 7 +1)M^- 12/VP+ 8], 

^ ^ (249) 

D is the expression given in Chapter 4, ecjuation (169). The coefficients Ci, 
C 2 , and C‘i art* all positive, while D is negative for Mach numbers between 1.24 
and 2.51, in w hich fi(‘ld the increase of pressure across the shock is greater for 
th(^ same d(*vialion than the increase in pressure obtained with isentropic 
compression. 

If in e(piation (216) the first term is the only one considered (small disturb¬ 
ances th(M)ry), the value of (p 2 — pO/piV r becomes eijual and of opposite 
sign for expansion and compression, w hile the second term w hich is always 
positive, changes the absolute value of (p 2 — pO/piVi^ corresponding to the 
two transformations for the same value of rj. 

In order to determine the aerodynamic force, if the undisturbed velocity 
is in the direction of the a'-axis, for every element of the profile ds of the upper 
surface of components dx and dy can be written (Figure 88). 


dl- ^ _ (P2 - pi) 


dP ^ _ (P2 - Pi) , 


(250) 

(251) 
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where L is the lift and D is the drag. Considering tlie profile with respect lo 
the chord, if a is the incidence of the profile, 

rj = a + r}' (252) 

where rj' is the inclination of the tangent to the c'leinent of the profile ds with 



Fig. 88. Definilion of the roordinafes \} and of Ihe 
deida/ion rf'. 


respect to the chord. If 1 and 
to the chord, the vahit‘ of is 


\ ar(‘ th(' (*oordlnal(‘s of lh(‘ f)rolile with respect 



(253) 


where the Y axis must directed as in Figiin* 88, if lh(‘ conv(Milion is accepted 
that the angles are positive in llie direction of a. \\ ilh t his convention, in 
equation (247), the minus sign must be chosiMi for points on th(‘ upper surface 
and ihe plus sign for points on the lower surface*. In this case for tlu* upper 
surface, the elemental lift and drag are 


= (ciT^' + C\a — — Coa^ — 2r>}aTj') dx (251ri) 

Pi Cr 


because 


and 


— {c\ 7 ]' + <*\oc — Corj'- — Coa- — 2c2aT;') (a + tj') d.r 

P\V\^ 


dy 

dx 




r?' + « 


X T nT 

dijij; Dir — f^Dij, 


(25i/>) 


But the term dX differs from the term dx by t erms of the order of magnitude 
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of 




dX cos a — dx = dX(\ 


m 

1 . 

—^ • OJaiid ill equations (254) the 


term dx is multiplied by tlie term of the order of ry; therefore it is possible 
with the approximation accepted to replace dx by dX. Then 




The integral X rj'dX is exleii(l(!d along lh<! upper or tlie lower surface of the 
profile from the leading edge L to the trailing edge T; therefore 


(IV 


dX = 0 


and using for the ufiper surface the swnhols 

/>., = i / VdW Ih = 

r / \d \/ 



(255) 


where c is the chord of the iirotih', the lift and drag for the upper surface 
are given hy the following expressions, in which I he subscripts f/indicate the 
values for the upper surface; 

/a 


epi I 1- 


= tCia — e-itt- — CiD't) 


Dv 


(256) 

(257) 


= (I'lrt' — Cja'* — '.V'tcxlV + ('ilX — CjDs). 

epi I 1 - 

In an analogous way it is possible to obtain tlie following expressions for the 
lower surface, where the subscripts/^ indicate the values corresponding to the 
low er surface: 

Lr. 


cp\ f V- 


— (cici: “f- d” <“ 2/^2 


Jh. 

epi I i- 


= (eiti“ “f“ “f" ‘^c^och -f“ i‘i/*2 d“ 1*2/*3) 


(258) 

(259) 


where 


.. 1 1 
/'■■= I I ) rfA hi = 
c / \dXJ r 



(260) 


KdxJ 

' h J L 

for the lower surface. 

The terms containing 77 *^ in equations (257) and (259) are exact also if in the 
approximation accepted only the terms which contain r;-’ are considered for 
the pressure coeflicient. The drag and lift coelhcients of the profile are 

Cl = lci« + 2 c 2 (A 2 - Ih) (261) 

Cd = ^c\or -f“ {F 2 — D 2 ) + 2ci {F 2 + O 2 ) + 2r2 {Fa • D 3 ). (262) 
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The coefficients c\ and C 2 are independent of angle of attack and shape of 
the profile (equations 244) and are functions only of the Mach number of the 
undisturbed stream. The functions F 2 and D 2 are geometrical functions, 
which depend only on the shape of the profile. 

From equation (261), it is shown that in supersonic flow the lift coefficient 
is a linear function of the angle of incidence, as happens in subsonic flow. 
However, in subsonic incompressible flow the lift-curve slope is of the order 
of 27 r, while in supersonic flow it is given by 


^ 4 _ 

doc \//V/“ — 1 


(263) 


which is much lower and is decreasing as the Mach number increast\s. For 
example, for M = 1.5, dCj /da is equal to 3.58; for M = 2 , it is 2.3; and for 
M = 4, it is 1.03. It is important to remember that ecfuations (261) and (262) 
are valid if the flow is supersonic at every point, and therefore are not valid 
in the field (4/—> 1), where for small deviations the flow becomes subsonic 
at some point, if slnx'k occurs. 

From equation (261), it is pixssible to determine the angle of zero lift oo. 

ao -i>2) (2M) 

2ci 


The term C 2 is positive and decreases if M increases (ecfuation 2ft); Ci is 
also j[>ositive; therefore the sign of ao depends on I he sign of (F2 — Ih)‘ rh(‘ 
values of F 2 and D 2 depend on tlie curvature of lh(‘ upper arul lower surfac es 
equations (260) and (255). If the lower surface is more curved than the 
upper surface, D 2 is smaller than F 2 and ao is negative. The value' of ao 
becomes positive if the upper surface is more curved than the lower surface. 

This consideration indicates that for (a = 0 ) the f>rofile with positive 
camber (in which the upper surface is more curved than tfie lower surface), 
has negative lift, which is exactly the opposite of what occurs in subsonic flow. 
The angle of zero lift, in supersonic flow, has opposite sign to that in subsonic 
flow. For a given profile shape, the angle of zero lift changes with the change 
of the Mach number and the change is given by C 2 /cu 


C2 ^ _1 [(7+ l)Mi^ _ 

Cl VMf-l L4(Mi^”- 1) J ’ 


(265) 


which increases as the Mach number increases (ci approaches zero if M goes 
to infinity,and C 2 becomes equal to (7 + l)/4 if M goes to infinity). Therefore, 
in supersonic flow, the angle of zero lift for a given profile increases as the 
flight Mach number increases. The angle of zero lift for supersonic flow has a 
much smaller absolute value than for subsonic flow, and is of the order of the 
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average curvature multiplied by the relative thickness, while in subsonic 
flow it is of the order of the average curvature. 

Equations (261) and (262), neglecting the terms of higher order, can be 
written in the following forms: 

(F, - A) Cj. + Co, (266) 

4ri 2ri 


Cn, = 2ri (lu + Do) + 2c, {F, - D,). (267) 


The drag co(‘fIicient for zero lift decreases as the Mach number increases. 


Applications of the Equations for Determination of Lift and Drag 
Coefficients to Profiles of Particular Shape. 


Flat Plate, For lh(* flat plate, the terms F and D are zero; therefore with 
the approximation of paragraph 2, equations (261), (262), (266), and (267) give 


('l = leia = 


V\F~\ 


f, Cc ,, l'’a 

ic^ V\P - 1 


V - 1 
— (:^2 


(268) 


c 


!>!. 


u = 0. 


The value of Cd for givim values of (J/^ and M\ is the minimum possible for a 
[irofile. 


Circular^Arc Profile, (^.onsider a profile which has a circular-arc cylin¬ 
der for upper and lower surfaces. In this case, the profile is symmetrical with 
respect to an axis f)(*rptMidicular to the chord through the center and the values 
of dVyd A for points at (M(ual distances from this axis are eciual and of opposite 
sign. Therefore the terms Ds and F 3 are zero. This is true for all the profiles 
that have an axis of symmetry perpendicular to the chord line. If /y; is the 
thickness of the upper surface of the profile, and the thickness of the lower 
surface for a circular-arc profile, the expressions D, and F 2 , in the approxima¬ 
tion used, biHHiuK^ 



Substituting equations (269) in equations (261), (262), (264), (266), and (267), 
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„ 32 r . /,,q 1 

8 [ (7+1) A/, ^ _ |1R/:- _ /+] 

- iL t (A/i- - I) J Lr- r-J 




■ {a — «„) 


Cn =-j- ^h? — 0(i)('L + ('Do I 

The thicknesses of the profile's are ^iveai hy the expression (Figure 88) 

f_ _ _ U: //. 

c c c 

Therefore the value of for a give'U value of f/r he'comes a minimum when 

/r II 


or when the prohle is symmelrical. For symmt^lrieal circular-arc profiles, the 
values of t\ and D 2 are idtailical, and cffualion (270) becomis 


_I6 \r/ 


V'fiJr - I V 

^ ~ 1 , I 

—- - - -f- I'Do I 

If the profile has a flat lower surface and a circular arc on the upper surface, 
l[^ is zero, is equal to /, and equation (270) becomes 


Cdo = 


3 cW \1{' - I 


3\4v/,* - I 


'(t + 1) A/i- 

_ - 7) J r2 


Cl — —{a — ait) 

V - 1 

_ Cl^VMi^ - 1 

L'O —- - - ■" OtO^'L “T ijDii 

4 


(272) 
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From equations (270), (271), and (272) it appears that the drag for zero lift 
is proportional lo the scpiare of the relative thickn(‘ss; therefore it is necessary 
that, in snpersonii’ flow, the maximum thickness of the wing be very small. 
For (M = 2) and a relative thickness ecpial to O.IO, the minimum drag 
coefficient for a cir(‘ular arc is ecpial to O.OItOff; it becomes 0.05IV1 for {M = 
1.41). These values of drag coefricients include only pressure drag and do 
not consider the losses due to friction. 


Profile of Minimum Pressure Drag for a Given Thickness. Diamond- 
Shaped Profile and Profile Made by Circular Arcs of Different Radii. 
In order to determine the profile of minimum pressure drag, it is necessary to 
find the profile corresponding to the minimum value of equation (267). In 
equation (267), is given by the sum of two terms. Since the first term, 
2ci (F 2 + ft), is mu(‘h larg(‘r tlian the second, for determining the minimum 
drag initially only Ihe first term is considered. If the thickness is fixed, C/)^, 
is given by two terms which are functions of /^ > and tjjc. Fixing ii /c and 
///c, the maximum values of \ for the curves that give the profiles of the upper 
and low(‘r surface's are known from the values of the maximum thickness. 
But if > =/(A) is the expn'ssion of the curve that gives the surface, while 
L is the leading edge, M is lh(‘ f)oint of maximum thickness, and T is the trail¬ 
ing edge, the expression ft can be written in the following form (Figure 89): 



Th(^ expression that gives ft can be trans¬ 
formed assuming as axis of refen'iice the 
axis LM for the first integral, and the 
axis AIT for the second integral. If r/i 
and r }2 are the angles between the line LA/ 
and the A-axis, and betwei'ii the line 
MT and the A-axis respectively, and Ai, 
Yu Xi. and 1 2 are the new coordinates of 
th(^ curve, the expre^ssion becorm^s 




Fig. 89. Definiiion of the reference 
ares' \\ and \ 2 . 




m 

because 
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and 

^ dX = (^ + dXi 

dX VrfV, 7 

with the approximation accepted before. 

Because the values of r^i and are determined by the position of the point M 
and therefore are fixed when M is fixed, equation (273) shows that, for every 
position of the point M, or for every position of the maximum thickness of the 
profile, the value F 2 and therefore of are minimum when 



or when the profile is formed by two straight lines LM and MT. Thus, for a 
given relative thickness and for a given position of the maximum thickness, 
with the approximation accepted, the profile of minimum drag is a profile 
obtained from four straight lines which connect the trailing edge and the 
leading edge with the point of the extremity of tlu' maximum thickness. This 
profile is usually called a diamond-shaped profile. 

The result does not change if the second term is considered in the expression 
(267), because in an analogous way it is possible to demonstrate that the second 
term is also minimum if the profile is diamond-shaped. 

For the diamond-shapiid profile, the pasition of the maximum thickness 
(point M) and the values of Ip/c and iiJc can changir, therefore it is necessary 
to determine the position that reduces the value of to the absoluti; mini¬ 
mum for the given thickness. The pixsition of the thickness divides the chord 
in two parts, U and k, where U is the part from the leading edge to the position 
of the maximum thickness; therefore for a diamond profile from equation 
(273) and similar equations for F 3 the following expressions are obtained: 


r-T l\ o I2 •» 

C2 = I ~ ^2“ 


F - '' „ 
rz — rji 

c 


3 __ 


t2 o 

- 

c 


but in the approximation accepted 


m 


II 

h 


II ^ 


c — h 


(274) 

(275) 


= 172 = 
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Therefore (equation 267) 

= — Cl [771 + 772] + — C 2 [771^ - 772 ^] 

c c 

An expression similar to equation (276) can be obtained for the upper part of 
the wing; therefore the total drag is given by 

f'oo = (277) 

If the value of h is equal for the upper and lower surface 

_i_ ^ hi 

c c c 

Therefore the valium of ('ni\ for a given value of h is minimum when 

■ 7 " 7 “ 2 ; 

or when the profile is symmetrical, as can be shown by differentiating equa¬ 
tion (277). Ill order to obtain an absolute minimum the value of h corre¬ 
sponding to a minimum must be found. Substituting for h and k the values 

6 = " (1 + c) 


4 = 5 (1 -«) 


the value of ('»„ becomes 


r _ ^ _ I _1. 

" c- _ I — e- CiC (1 — e-)-_ 


(277) 


,, loPf, , 2 2c,/ 1 

U„ = -— J +e^-e . 

c- L ciC J 


( 277 ) 


(1 - 

Assuming e small and not considering the terjns in e higher than the second 
order tenns, expression (277) can be transfonned into 

CiC 

The minimum value of Cou is obtained when dCuJde is zero or 

CiC 

The position of maximum thickness for the value of minimum drag is 

; c/, . C2/\ 
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and the value of the drag eoefticient for zero angle of attack is 





(279) 


For 10 per cent thick profile and M = 2, is 0.0226, in comparison with 
the value of 0.0308 obtained for a circular arc. From eipiation (278) it appears 
that the value h/c is larger than ^ 2 ^ therefore the maximum thickness is 
always nearer to the trailing edge than to the leading edge. For M = 2 and 
10 per cent relative thickness, h/c is 0.56. 

in an analogous v\ay, it is possible to demonstrate 
that for a cinmlar-arc profile of a given maximum thick¬ 
ness, tlie minimum drag coelTicient decreases if the pro¬ 
file is a symmetrical profile with its maximum thickness 
beyond the 50 per cent chord. 

Consider a profile formed by arcs of circles of different 
radii, (Figure 90), but w ith I he centers along a line per- 
Xiendicular to the chord. For the upper surface LA1\ it 
is possible to calculate th(' values of Di and which are 
Fig. 90. Circular arc be(‘ause the axis AB is not an axis of sym- 

profile with the maxi- metry. Indeed, if r\ is the radius, o-i the angle of the 
mum thickness behind qxc LA, ro and C 2 the corre.sponding values of the arc AT, 



^centoj^the^hord^ corrc'sponding portions of the chord, then 

with the approximation accept(‘d b(‘fore 



For equation (267), the drag (jf the upper pai’t of the profiles is minimum when 
the value of {cxD^ — OiD-s) is minimum or w hen 


\cxiv^(\ , 1\ , 2/r'Vl 

T 7 V/, + V + T\Tf 



(280) 


is ininiiituiii. 
U/c given by 


Tlie iniiuinuiii of expressit)n (280) corresponds to a value of 


/> 



I + 


c, r / 


(281) 


but for a given thickness, I be optitnuin occurs when — therefore 

the maximum thickness of (lie prolile must be at a distance from the leading 
edge given by 
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U 


c 



The correspondiri^ draj^ coeflicient is 


,, 16 



!• riV'_ 


(282) 

(283) 


liquation (282) is similar to equation (278) for a diamond-shaped profile, and 
indicates that the position of maximum thickiu^ss must move to the rear as 
the value of the piTcentaj^ii thickness increas(‘s and as tln^ Mach number 
increases (the valui' of Co/ci increas(‘s). For \/| = 2 and t/c = 0.1, h/c is 
equal to 0.59, and is ecpial to 0.0297. 


Profile Formed by Two Trapezoids. Consider a profile formed by two 
trapezoids of heights tr and // aijd long(‘r basi^ c 
(Figure 91). The aerodynamic coeflicicmls of this kind 
of profile can be obtained from iMfuations (261) and 
(262) where the ex])n‘ssions Fo, h.u and can be 
directly determined. If l\f. is the front part of the chord 
AB, ly, is lli(' ((Mitral pari BC. and is lli(> bac'k pari, Trapezoidal 

(ID, of llio upper surfaci*, and if hj, 4,, and l:u are tin' prrfile. 
eorrespondiiiR parts of (he lower surfa<'<>, the expres¬ 
sions f 2 , 1 ) 2 , and D.i can he ealculalc'd as for the diamond profile. 



I\ = 
Jk = 

= 

D, = 



) 

)■ 


(284) 


If the profile is symmetrical, — 6 is equal to //, (‘(pial to //2, then /i^;, = 
l 2 u — ^ 2 j^, /a,, = /a /,1 and the drag coefiicient becomes 




(285) 


For given values of c, k, and /, the drag coi'fiicient becomes a minimum when 
(equation 278) 


h A- h 2 \ rj /i -|- /j/ 


( 286 ) 
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and becomes 


iciP _ t‘^C2- 

Cih + h) L (/i + h)W^ * 


( 287 ) 


All the considerations develop^id before show that the drag coefficient increases 
practically with the square of the relative thickness; therefore in order to 
have low drag, the supersonic wing must have very small values of relative 
thickness. In the design of a wing, the thickness of the profile is chosen in 
terms of structural considerations. When the relative thickness decreases, 
the structural problem becomes difficult and it is very probable^ that because 
small thickness must be used, the wing in supersonic flight will be of homoge¬ 
neous material or very near to this type. Jn this case, the parameter that 
becomes more important as a term of comparison is the moment of inertia of 
the profile with respect to the chord, while the parameter of maximum thick¬ 
ness is no longer directly connected wit h struct ural necessity; therefore it is 
interesting to compare drag coefficients of profiles for equal moments of inert ia. 
For a symmetrical trapezoid profile, the moment of inert ia with respect to the 
chord is given by the expression 


/ = [ir - -Mh + /,)]. 

to 


(288) 


Therefore equation (287) defining C/)„ in terms of moment of inertia becomes 

n _ r 

" k/TTw Li 


. k - ‘Mil + /a) 


-T 

a)J 

|l-—r-^- Y\- (289) 

• ri-(li + - Mh + /a)J i 


Equation (289) permits determination of the value of {l\ + h) which gives the 
minimum value of C/^f, for a given moment of inertia of profile and for a given 
chord. 

In equation (289), the second term of the subtraction in the expression on 
the right side is much smaller than the first term for thin profiles; therefore 
for the consideration of minimum drag it is a good approximation to consider 
the first term only. In this case, Cj)q is minimum when the expression 

c(li + h) [^4c — 3(/i + 


is maximum, which occurs when 


4 1 

/i + /a = - c, and 4 = - c. 


In this case, equation (287) becomes 



( 290 ) 
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and the corresponding moment of inertia is 


I = 


1 4 

-^4 

30 


(291) 


For a 10 per cent I,hick diamond-shaped profile, the trapezoidal profile of the 
same moment of inertia and minimum drag is 8.5 per cent thick, and for M = 
2, the drag of a diatnond-shaped profile is 0.0228, while for the trapezoidal 
proiile it is 0.0205. For a cinmlar-an; profile, the moment of inertia, if the 
percentage thickness is small, can be determined by the expression 


A 

105 1 + (i/er 




(292) 


For a circular-arc profile of 10 per cent thickness, the corresponding trape¬ 
zoidal profile of the same moment of inertia must have a percentage thickness 
of 10.352, and for M == 2 the drag coefficients are 0.0308 for circular-arc profile 
and 0.0301 for trapezoidal profile. 

From all the preceding consideratkins, it is possible to conclude that, in 
supcirsonic flow, for thin profiles, the minimum drag coefficient is dependent 
on the percentage thii’kness by a law which is nearly quadratic; the profile 
giving maximum percentage thickness of minimum drag is a symmetrical 
profile, which has the maximum thickness beyond 50 per cent of the chord. 
The shape of the pro(il(* is dependiMit on tlui criteria of (’omparison. If the 
comparison is made for cojislanl thickness, the optimum shape is the diamond 
shape; but if the comparison is made for coiistant moment of inertia, whicli 
is nearer to the practical problem, the optimum shape is no longer the diamond 
profile but a profile w hic^h has a very small variation of thickness in the central 
zone of tlie cliord. \ iscosity changes the physical phenomena, and therefore 
more accurate tlieon^tical investigations are not very useful, because the small 
diflerences of pressun^ drag can be easily eliminated or changed in sign when 
tlie boundary layer and the sepai'ation at the trailing edge are considered. 
Tlie friction drag of a profiU' changes if the pressure distribution along the 
surface changes, and tluTidbre is a function of the shape of the profile. 


Projile €pf Maxltnurn LID. From eipiations (26h) and (267) it is possible 
to obtain for the value of L/D the follow ing expression 


_L = lii- + (/,’3 _ />^) + . 

L/D In 2r, C.’t 

K(j»ali()n (269) has a iniiiiiniiiii valiir for a valiio of f-'/, given by 

f </, ~ 2 \/ ri( 


(293) 


(291) 



^140 ELEMENTS OV AERODYNAMICS OF SUPERSONIC FLOWS 

and the corresponding minimum value of D/L is 



('2 



( 295 ) 


If the value of maximum thickness is fixed, it is possible to repeat the consid¬ 
erations made for tlie profile of minimum drag and to demonstrate that the 
profile of maximum L/D, for a given maximum relative thickness, is a diamond 
profile. Because the profile must have a lift coefficient other than zero the 
profile is not symmetrical, and the thickiu^ss of the upper part is greater than 
the thickness of the lower part. For the optimum condition, the maximum 
thickness is at the same percenlage chord as for the profile of minimum drag 
(equation 278), and the thickness is divided between the upper and lower 
parts by the following law: 


c 



I + 


2C2 l\ 

Cl cJ 


(296) 


or 


fL 


C 




> 0 . 


The profiles therefore are nonsymrnetrical, with Ihe upper parts thicker than 
the lower parts. From equation (296) it appears that Ihe asymmetry of the 
profile increases with increase of the Mach number (because c^/ci increases) 
and with increase of thickness, but for small thickness the asymmetry is very 
small. For M = 2 and maximum thickness of 10 p(‘r cent, li /c is 5.6 and tijc is 
4.4 per cent; ct for M increasing to infinity becomes eijual to y + I t, and Ci 
becomes zero; therefore for very liigh Mach numbers th(^ profile liuids to be¬ 
come triangular, and tj^ approaches zt»ro, but it is necessary to remember that 
the considerations arc not (luantitatively correct, because for vi^ry high Mach 
numbers the hypothesis that the terms containing are ni'gligible on the 
pressure distribution is no longer corn*ct. 

The maximum L/D for a diamond profile which conforms to the relation 
shown in cijuation (296) is given by the expression 



From ecpiation (297) it is evident that for a thin profile, L/IJ decreases nearly 
proportionally to the increase of the maximum relative thickness and L/D 
increases as the Mach number increases, but the increase is very small. 

For M = 2 and for a 10-per cent-thick profile, the maximum L/D without 
friction is 5.1, and oc^curs for of 0.1. Th(» valui^ of for maximum effi¬ 
ciency is very small and decreases slowly as Ihe Mach mimb(‘r increases 
(equation 294). 
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Analytical Determination of the Pitching-Moment Coeflicient and of 
ihe Focus of the Profile. If ds is an clement of the upper part of the profil(% 
the moment produced by iIk^ pressure dislribution along ds with reference to 
the leading edge; of tlu^ profile is 


dMu - v 

P\V Pi Fr 


(ciT? — C2rf^) XdX 


(298) 


From lh(5 considerations in yiaragraph 3 (Figure 88) the angle t; can be resolv(‘d 
into two parts (equation 252) and lh(‘ following expression can be obtained: 

I/I I 

— - — (^*io + ('\v' ~ ^*2^“ “ ^Cootr)' — Corj''^) Ad\ (299) 

PiVi" 


Where X and > are the coordinates of the profile referred to a system of axes 
in which the .Y-axis is the chord (Figure 88). From (299) is obtained 


Mu 

— - = C^a - + Cl / I — 1 Af/\ — - 

PiFr' 2 I \d\/ 2 

- r, ^ Vrf V. (;}00) 

The expression can be changed b(‘cause 


r’/M 

1 \ r 

~]T 

rT 





- / Yd.\ = - c'^su 

(300a) 


where clv;/ is the area of tlu^ uppe^r part of the profile and Sr is the nondimen- 
sional value proportional to the area; Sr by the convention accepted for the 
sign of T/ is positive if the uppi^r surface is below the chord line and negative 
in the other case. Calling the expression 

Arf V = (^ for the upper surface (301) 

and 

Arf V = L for the lower surface 
the following equations are obtained: 




- Ahr 
PiVr 


C“ C‘ 

= Cia — — (ci — 2c20t)c^Su — c^or " 
2 2 


ciUc^ 


(302) 


~ Mr 

-= Cia - — (ci + 2c2a)c*SL + eoo:^ — + 02 ^ 0 ^ (303) 

PiVi^ 2 2 


and 



;//2 
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where is the area of the lower surface of the profile, positive if the lower 
surface is below the chord line and negative if above the chord line; therefore 
the moment coefficient is 


~ Cm = 


M 


= 2 cia - 2 ci(sl + Sr) 


*■ 1'' *> 
-piVrc- 


- 4roa (si, - Sr) + 2c, (L - U). (301) 


The area of the section of the profile is (sj^ — Sr). It is ust^fnl lo give I he value 
of Cm as a function of C/, using equation (261) 


Cm — ~ {sl — Sr) — 1 (^L — c> (Do — Fo) 

2 Lci J 


+ 2ci (sl + S(r) + 2c 2 (f/ — L) (305) 


or 


where 


and 


Cm — t^C[^ + C^Mf 
n = - Sr) - ij 


h\) 


(306) 

(307) 

(308) 


CMf — 2ci {sl + Sr) + 2c2 H — L) — c, (D, 

Considering a point F which is at a position x/c from the leading edge ecfual 
to — B, the moment with respc'ct to the point F is 

C^My = (^M — — (tMf = (‘onstant. 

Therefore the point F is the point for which the moment is constant, and there¬ 
fore F is the f(x^us of the profile and Cm, is the moment with respect to the focus. 

It is interesting to compare the distance —B of the focus of the profile with 
the equivalent distance for a subsonic profile. For subsonic velocity, the value 
of B is about equal to of the chord; for supersonic velocity, B is about 3^2 
of the chord because in expression (307) the term 2c2/ci (s/, — x,;) is of Uie order 
2c t 

of magnitude of-and is small in comparison to one. The center of pressure 

Cl c 

moves in the direction of the leading edgi^ if the area of thc^ profile increases, 
or if the Mach number increases. For a symmetrical circular-arc profile of 
10 per cent maximum thickness, the area of the profile is 


(sl — Sr) = ^ ~ 


066c2 


and for M == 2, —B = 0.416; for M — —B = 0.342. From equation (308) 
it appears that the value of Cv/^ depends very much on the thickness of the 
profile, and for the same shape and curvature of the mean line, when the maxi- 
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rnuiii percentage thickness increases, increases and becomes zero for zero 
thickness, independent of the curvature of the mean line. For a symmetrical 
profile, Cuf is 

Experimental Results of Supersonic Profiles. In the considerations of 
the preceding section, the hypothesis was assumed that the How is perfect; 
therefore the effect of the presence of the boundary layer was not considered. 
The presence of the boundary layer changes the phenomena somewhat and 
therefore changes the value of the results quantitatively. 

The effect of the boundary layer is particularly important for the zone near 
the trailing edge, because? iii this zone, llu? presence of shock waves and of 
boundary layer can cause separation to occur. Indeed, for every profile of 
finite thickness compression occurs at the trailing edge, on one or both surfaces 
(see Figure 92). The boundary layer formed along the surface ACB does not 




Fig. 92. Scheme of the separation phenomenon 
at the trailing edge. 


have suflicient kinetic energy to undergo the variation of pressure which 
occurs across the shock wave and cannot undergo a recompression with shock 
wave, because the flow in the boundary layer is at lower velocity than outside 
the boundary layer and is partly subsonic; therefore, a separation can occur. 
The pressure />2 is transmitted in the boundary layer ahead of the point R, 
and at the boundary layer the compression is gradual. In D a gradual com¬ 
pression begins and in the zone DE, also outside of the boundary layer, a 
deviation of compression occurs. For equilibrium the pressure must be equal 
at the two sides of the streamline DE: therefore the deviation produced by 
DE must be connected with the increase in pressure in the boundary layer. 
A thick wake is formed in the zone DEB, which changes the pressure distribu- 
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lion in the zone DBE, The thickness of tlie wake is greatly dependent on the 
condition of the boundary layer (laminar or turbulent boundary layer) and 
therefore on the Reynolds number and on the variation of pressure across the 
shock. The separation in the zone DE avoids expansion in this zone, which 
is considered in the theoretical investigation, and the pressure at DE is larger 
than the pressure foreseen by the theory. As a consequence, the lift is less 
than the lift calculated theoretically, and the pressure drag is smaller. Experi¬ 
mental tests confirm the preceding considerations. 



Fig. 93. Lijl coefficient versus draff coefficient for three plane circutar-arc profiles 
of different thicknesses (from /Reference "27). 


In order to give an idea of the importance of the boundary layer in aenxly- 
namic phenomena for two-dimensional profiles, some experimental results 
obtedned in wind tunnels at Gottingen (Germany) and at Guidonia (Italy) 
are shown in the figures beginning with Figure 93 (References 27 and 28). 
The results are obtained from small s(*ale models. For comparison, the 
theoretical results obtained from the pressure calculations are also shown. 
The results shown in Figures 93 to 97 were obtained at Gcittingen in an inter¬ 
mittent tunnel having a 2.36- by 2.87-inch test section operating at a Mach 
number of 1.47 (Reference 27). 
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In Figure 93 the drag and lift coefficients for plane circular-arc profiles of 
different thickness are shown. As it appears from the curve, the lift- 
coefficient-c^urve slope is less than the theoretical, and the angle of zero lift is 
negative hut is less than the theoretical. Tlie drag (coefficient is of the same 
order as the tluioretical value, and the differences increase with increase of the 
angle of attack. Because the theoretical values do not coasider the friction 



Fig. 9t. Lift coefficient verms dray coeffiicient for a 
plane circular-arc profile, a symmelrical circular-arc 
profile, and a ivedye (from Reference "27). 


drag which exists in the experimental data, the experimental pressure drag 
must be less than the theoretical pressure drag. 

If a symmetrical circular-arc profile is compared with a plane circular-arc 
profile of about the same thickness, comparison shows that the symmetrical 
arc profile has a much lower minimum drag coefficient (Figure 94). In Figure 
95 some experimental results for profiles used at subsonic speeds are shown. 
(The profiles are the Gottingen profiles M 622, 623, 624.) As is natural, the 
blunt noses of the profiles produce a large rise of drag at supersonic speeds. 
If the same profile is tested with the trailing edge in place of the leading edge, 
the drag decreases notably (Figure 96), because an attached shock is produced 







Drag Coefficient 


Fig, 95, Lift coefficient versus draft coefficient for three subsonic 
profiles at M - 1/4? (from Reference '27). 



Fig. 96. Lift coefficient versus drag coefficient for three profiles 
obtained from the profiles of Figure 95 reversing the flight direction 
(from Reference 27), 
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at the leading edge, and for the same tliickness, the drag is less than for plane 
circular-arc profiles. In Figure 97 the results of the tests for a circular cylinder 
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with a fairing in front and behind the cylinder are given. While the fairing 
behind the cylinder is very efficient for subsonic speed, it is no longer efficient 
in supersonic speed, where it is necessary to have a fairing in front of the 
cylinder. 

Figure 98 and following show some of the results obtained at Guidonia 
(Reference 28). The tests were made in a continuous tunnel 16 by 20 inches 
at a Reynolds number of about 5X10^ and at a Mach number of 2.13. In the 
figures, the theoretical values are also shown. As appears from Figures 98, 99, 
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Fig. 101. LiJIy draff, and pilrhinff-momenl ('Of\0ivieid for a syni- 
metrical circular-arc profite at M = 2./.) (from Reference 2^'). 


100, and lOl the lift-ctK^fficienl-curve slope is lower than the theoretical, and 
the drag coefficient is of the same order of magnitude as the theoretical. 

The pressure distributions and the schlicren photographs for the symmetri¬ 
cal an; and plane cinMilar-arc shapes provide an explanation of the differences 
between theory and experiments. Some pressure distributions aie shown in 
t'igures 102 and 103. For comparison, the theoretical values an* also plotted. 
The theorelii*al values are determined by the potentiaFllo^^ theory. 
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As appears from Figures 102 and 103, the measured pressure distributions 
agree very well in the front part of the profiles with the theoretical values, but 
a large discrepancy is found near the trailing edge. The pressure near the 


4 = 0.088 



M=2.13 
R =710,000 


Fig. 102. Pressure distribution along a circular- 
arc profile at M - 2.13 (from Reference 28). 
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trailing edge is less than the static pressure of the undisturbed flow, and 
theoretically a shock wave must occur at the trailing edge; the experimental 
data show that the value of the pressure near the trailing edge is larger than 




Fig. 103. Pressure distribution along a symmeU 
rical circular-^rc profile at M - 2,i3 (from 
Reference 23). 

the theoretical value, and that the recompression begins gradually in a zont 
in front of the trailing edge, after which the pressure remains about constant. 
The differences between theoretical and experimental values due to the separa- 
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tion at the trailing edge increase when the theoretical value of the pressure at 
the trailing edge decreases, or when the theoretical intensity of the shock at 
the trailing edge increases. Schlieren and shadow photographs for a circular- 
arc profile appear in Figures 104 and 105. 

In order to individuate the shape of the Mach waves, small disturbances are 
produced along the surface of the profile. Figure 106 shows the ,theoretical 
shape of the shock and of the Mach waves for the same profile. The figures 
show that in the front part of the profile a shock occurs followed by an expan- 



Fig. 104. Schlieren photograph of a symmetrical circular-arc profile, 

sion, as was foreseen by the theory, but at the trailing edge corresponding to 
the shock, a separation is produced; that is the reason for the divergence of 
the pressure distribution in the zone near the trailing edge. The separation is 
generated by the presence of the boundary layer. The wake that is produced 
by the profile has a direction nearly parallel to the stream velocity, as was 
foreseen by the theory. The separation at the trailing edge decreases the 
expansion in this zone, and therefore decreases the value of the normal com¬ 
ponent and the value of the tangent component of the aerodynamic force. 
Therefore the lift and the pressure drag are less, for the experimental results, 
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than the value obtained from theoretical considerations. Because the pressure 
distribution changes, the experimental moment coefficients are also different 
from the theoretical moment coefficients. 

The Supersonic Biplane. The theoretical analysis and the experimental 
results for supersonic profiles have shown that, different from that for subsonic 
profiles, the drag of supersonic profiles increases materially with increase of 
the maximum thickness of the profiles (about with the s(|uare of the thickness). 
The best profile from the viewpoint of minimum drag or of optimum L /D is 
the flat plate. For practical aerodynamic problems, it is impossible for struc¬ 
tural exigency to reduce the maximum thickness of the wings below a mini¬ 
mum. Therefore a special scheme of a biplane using wings of finite thickness, 
which is theoretically equivalent to a flat plate from the viewpoint of the 
pressure drag, is of great interest. The special biplane, which has theoretically 
the same pressure drag as a flat plate at the same incidence, is a biplane which 
uses, oppiortunely, the interactum between the two wings and is based upon 
an observation^ of Busemann. Thus this configuration is usually called the 
Busemann biplane (Reference 25). The Busemann biplane is one examph* of 
the use of the interference between different bodies in order to reduce the shock 
drag. 

The basic idea of the Busemann biplane is the following. Consider two 
profiles which have flat surfaces and sharp noses. The t wo profiUis an^ placed 
near each other, with the flat surfaces external and parallel (see Figure 107). The 
flow that wets the biplane can be divided into two parts: the flow that wets 



Fig. 107. Aerodynamic design of a supersonic biplane. 

the external surfaces BC and AD, and the flow that goes into the channel BA, 
HI, CD. Because the noses of the profiles A and B are sharp, the phenome¬ 
non along AD is the same as for the upper surface of a flat plate of same length 
and of the same incidence with respect to the undisturbed velocity. Along 
BC the flow is the same as along the lower surface of a flat plate. Therefore 
for the external part of the flow, the biplane is equivalent, as to pressure drag, 
lift, and moment, to a flat plate of the same incidence. Consider now the 
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internal flow. Along the profiles BE and AF a compression is generated. The 
compression can be gradual if the shapes BE and AF vary gradually. There¬ 
fore from the parts BE and AF of the two profiles, compression waves are 
generated that tend to form an envelope. Each family of compression waves 
crosses the other family generated by the opposite profile and meets the 
opposite profile. If the distance between the profiles is small, it is possible 
that the compression waves may reach the opposite profile before forming an 
envelope. It is possible, also, to avoid reflection of the compression wave on 
the wall by giving the profile an appropriate shape. If the wall, at the point 
at which the compression wav<) touches the profile B, lias the same direction 
as the flow, the compression wave will disappear (see Figure 107), Therefore 
the flow is compressed isentropically across two families of compression waves, 
which disappear when meeting the opposite profiles. But it is also possible to 
expand the flow isentropically with two families of expansion waves and to attain 
again ihe conditions that the flow had before compression; in this case, in 
the tube ABC I), an is('n tropic transformation occurs, and the flow leaves the 
lulx^ with the sam(‘ velocity and direction that it had when it went into the 
tube. Thus the aerodynamic action of the internal flow is zero, and therefore 
the biplane is ecpiivalent to a flat plate. A practical scheme for the design on 
a Busemann biplane apfiears in Figure 107. Along the points BE and AF the 
velocity undergoes a continuous deviation of compression which generates 
two families of compression waves a and 6 . The compression waves cross each 
other and change direction. When the first compression wave meets tlie 
opposite profile at Fu the direction of the profile at Fi must turn, and beyond 
the point Fi must have the direction of the stream after the compression wave 
from Aa- Because the compression wave AFi is generated by a deviation of 
opposite sign to the deviation generated by BE, the wall at Fi turns in an 
opposite direction from before, and at the point Fi, the shape of the profile 
has a change in the sign of curvature. W hen the last compression wave meets 
the opposite profile at I, the flow has a larger pressure, and therefore in order 
to obtain the conditions that it had before crossing the compression wave a 
and 6 , the flow must undergo an expansion. If — r?! is the maximum deviation 
of compression generated by the profile A HD, and rj is the maximum deviation 
generated by the profile B/(J, at I and H the profiles and the stream have an 
inclinalion {rj — 771 ). In order to obtain conditions of undisturbed flow, it is 
necessary to expand the flow with an expansion of {rj + rji) (equal to the 
compression) and turn the flow at an angle { — rj + 771 ). If, from the upper 
profile, a gradual expansion of rji degrees is generated, and, on the lower profile, 
an expansion of — 77 degrees is generated, the two expansions are of opposite 
sign; therefore the direction of the velocity changes by ( — T7 + 771), and the 
flow after the two expansions attains the conditions of undisturbed velocity. 
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From H to D along the upper profile the flow undergoes a deviation of expan¬ 
sion equal to At L, the first expansion wave generated by the lower profile 
meets the upper profile, and in order to avoid reflection, thc^ profile must change 
curvature and must have a point of inflection at L. When all expansion waves 
are eliminated, the shape of the profile has the same direction suj at A, and 
therefore it is possible to obtain a closed profile. Assuming for simplicity 
that all expansions and compressions are transmitted across only one charac¬ 
teristic line, it is easy to design the scheme of a biplane for dilferent angles of 
attack or Mach numbers. Some schemes are shown in Figure 108. 

It is interesting to observe that if the compression occurs with a shock, as 
happens if the leading edge of the profile has a finite value for the edge, it is 
possible to design a Busemann biplane in which the transformation in the 
internal flow is no longer isentropic, but the differences from isentropic trans¬ 
formation are very small, and therefore have a pressure drag very nearly that 
of a flat plate. This type of biplane presents a more practical possibility be¬ 
cause it does not need edges of zero angle. A design of such a biplane appears 
in Figure 109 (Reference 29). 

The Busemann biplane is very interesting from the theoretical viewpoint; 
however its application is diflicult for the following reasons: The theoretical 
design can be made for one angle of atta(*k and for one Mach number only; 
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Fig. 108 (a). Schemes of supersonic biplanes at zero angle of attack {from 
lieference 29), 






Pig. 108(b). .SoW.s of .,pers.nir Mplanes al an an,le of aitack (from 
Reference 29), 
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Fig. 109. .4 procliral Je^n of s,„>erm,ir hiplanr (from 
Reference 29). 
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therefore wheu the speed changes or the incidence changes the scheme is not 
completely efficient because efficiency decreases as the difference from design 
conditions increases. Friction drag increases notably because the wetted 
surfaces are about twice those of a usual profile; therefore a part of the gain 
in pressure drag is absorbed by the increased friction drag. 

The Busemann biplane can be practical in particular conditions when flight 
conditions do not change much, because in this case it is possible to obtain an 
L/D larger than for the usual profile with the same strength. 



Fig. 110. The design and aerodynamic analysis of the bi¬ 
plane used in the tests (from Reference 30), 


Some experimental results of a biplane tested al (luidonia (Italy) are shown 
in Figures 111 to 113 (Reference 30). The biplane tested was designed for 
zero angle of attack (symmetrical biplane with two similar wings) (Figure 
110 ). The biplane was tested for different angles of attack and for different 
gap distances / between the two wings, in ordc^r to have some data of practical 
efficiency for conditions of flight other than for the design conditions. The 
test Mach number was 2.03. 

During the tests some complications were found, due to the fact that 
another equilibrium condition is possible with a strong shock in front and 
subsonic flow in the channel (a condition that will be discussed in the chapter 
on supersonic diffusors). However, when supersonic flow is obtained in the 
channel the results of tests show that the schenn* of the phenomena agrees 
with the theoretical scheme. Some divergence was found near the trailing 
edge of the wing depending on the boundary layer that produces separation 
as on wings. 

The results of force measurements appear in Figure 111, In Figures 112 
and 113 are shown the values of C/> and C /, as functions of the distance between 
the wings for different angles of attack. The surfaces of reference are the sur¬ 
faces of the two wings. The theoretical values of the coefficients are also 
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shown for comparison. For a distance between the two wings equal to 1.85, 
the two wings do not interfere, and the drag coefficient of a wing becomes 



a® 

Fig. 111. Lift and drag coefficient of the biplane 
of Figure 110 at Mach number 2.0.V {from Refer¬ 
ence ,W ). 



Fig. 112. Drag coefficient versus distance 5e- 
Iween the external surfaces of the wings for the 
biplane of Figure ilO {from Reference 30), 


0.0216. The minimum drag of the biplane for the design condition (/= 1) 

is 0.0164, for the same surface of reference. Therefore, the diminution in drag 
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I (Distance between Wings) 
M=2.03 R=600,000 


Fig. 113. Lift coefficient versus distance between 
the external surfaces of the wings for the biplane of 
Figure 110 (from Reference W). 

is important, and dCijda is larger for the biplane than for the wing alone. The 
value of L/D Ls higher for the biplane than for the wing alone, and a larger 
gain would be obtained if the biplane were ^designed for an angle of attack. 
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TWO-DIMENSIONAL EFFUSORS 


EfTusors and DiiTuHors. In the practical application of supersonic aerody¬ 
namics two different kinds of plienomena connected with the flow into tubes 
must be considered: the phenomena that (x^cur when the flow is decelerated 
from high speed lo low speed, and the phenomena connected with the opposite 
transformation when the flow is accelerated from low speed to supersonic 
spc(^d. The apparatus used to decelerate the flow from high speed to low speed 
is usually called a diffiisor, whil(‘ the apparatus used to accelerate the flow from 
low speed to high speed is usually called an effiisor, A supersonic effusor can 
be dividi'd into two parts: the first part is the subsonic part in which the flow 
increases in speed from low values to the speed of sound, and the second part 
in which the flow is accelerated from the speed of sound to supersonic speed. 
Th(^ first part is made up of a (onverging tube, because in subsonic speed the 
increase in velocity is greater than the corresponding decrease of density; 
the s(x*ond part is made up of a diverging tube because, for supersonic speed, 
(he increase in velocity is less than the corresponding decrease of density 
(Chapter 1, equation 51a). At the minimum section (throat) the speed 
attains values of the order of the speed of sound. If the velocity is uniform 
across the entire section, the velocity at the throat is exactly equal to the 
speed of sound. 

The study of (‘ffusors and dilVusors is particularly important for design of 
supersonic tunnels, and for design of supersonic jets for jet-propelled airplanes. 
For analysis, effusors and diffusors can be divided into two types, the two- 
dimensional effusor or diffusor and the three-dimensional effusor or diffusor. 
A two-dimensional effusor or diffusor is a tube formed by two parallel walls 
and two walls made by a cylindrical surface of curved shape with all the gen¬ 
eratrices perpendicular to the parallel walls. In this case, if the boundary 
layer is not considered at the parallel walls, all flow quantities are constant 
along every line perpendicular to the parallel walls; and therefore it is enough 
to study the transformation of the flow in a plane, so that the tw o-dimensional 
theory can be used. 

The physical schemes of the phenomena for three-dimensional effusors and 

m 
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diflfusors are similar to those analyzed in the two-dimensional case, but 
quantitative analysis is much more complicated and is possible oiily in particu¬ 
lar cases* Some of those will be considered when flow with axial symmetry is 
analyzed. 

In analysis of supersonic elTusors two problems are usually encountered: 

(a) The problem of the design of such a supersonic effusor that for given 

flow quantities, at the beginning of the effusor, and a given pressure 
on the end of the tube, there is a given velocity distribution at the 
end of the tube. Usually a uniform velocity is re([uested at the end 
of the tube. 

(b) The problem of determining the flow (juantities at the end of the 

effusor for a given shape of the effusor and for a given value of the 
pressure at the beginning and at the end of the efl'iisor. 

The first problem for the two-dimensional case is important for design of 
supersonic tunnels. In tunnels, generally, the direction and intensity of the 
velocity of the subsonic part of the effusor is known, and it is necessary to 
design the supersonic part in such a way as to obtain uniform pressure and 
velocity distribution at the end of the effusor which corresponds to the test 
section. Because the flow is supersonic, small variations of velocity and pres¬ 
sure in the test section occur with formation of expansion or shock waves which 
extend across the whole section and complicate analysis of tlu' phenomena and 
the optical investigation. Such an elfusorcan be designed without formation 
of shock waves, and in this case, for a given pressure ratio at the ends of the 
effusor, the momentum of the flow at the end is maximum; an effusor with 
isentropic transformation and uniform velocity at the end is called a perfect 
effusor. 

Theoretical Design of the Supersonic Pari of a Two-Dimensional 
Effusor. For design of a perfect effusor, the velocity and pressure distribu¬ 
tion along a cross section at the beginning of the effusor in a zone in which the 
flow is supersonic at all points, and the final pressure or the final Mach number 
must be known. 

Sometimes determination of the velocity distribution in the section at the 
beginning of the tube is not known; and the hypothesis is assumed that, at 
the minimum section of the tube, the velocity is uniform and equal to sonic 
velocity. This hypothesis is approximate enough if the subsonic part has a 
very gradual variation of cross section near the minimum but if, in the sub¬ 
sonic part, a rapid variation of cross section occurs near the minimum, the 
actual distribution of velocity is very different from the distribution assumed 
in the design of the effusor, and therefore the results obtained experimentally 
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can be very different from those determined analytically. In general, deter¬ 
mination of the velocity distribution in one cross section is very useful to 
obtain satisfactory results. 

For the design of the effusor, the characteristic theory is used. The con¬ 
dition of a uniform velocity distribution at the end of the effusor is equivalent 
to the condition that the end section of the effusor must not be crossed by com¬ 
pression or expansion waves; therefore, because in the effusor an expansion 
occurs, it is necessary that the effusor have such a shape that all the expansion 
waves produced be eliminated before the end section. It was shown in the 
preceding chapters that, if an expansion wave meets a wall and the wall at 
the point of meeting undergoes the same variation of direction that the 
velocity undergoes across the wave, the expansion wave is not reflected, but 
disappears. Therefore in order to obtain a pi^rfec t effusor this concept can be 
used, and the following sclieme can b<‘ adopted: Some expansion waves are 
generated on the wall, the expansion waves cross the flow, and meet the oppo¬ 
site wall; there tliey are eliminated; when all the expansion waves are elimi¬ 
nated, th(' (low is unifonn and parallel. For practical design for an infinite 
number of expansion waves of infinitesimal intt^nsity, some line that repre¬ 
sents a finite expansion must substituted with an average inclination cor¬ 
responding to tfie average Mach number that tfie line represents. The sub¬ 
stitution is equivalent to assuming that the expansion cx'curs in small finite 
steps instead of lieing a continuous expansion. Using the numbering system 
of Chapter 2, it is possible to priK'eed in the following way: Assume that at the 
beginning of tin* diffusor tlie velocity is uniform and equal to sonic velocity, 
and consider a symmetrical effusor (Figure 114). At A and B the Mach 

201 202 



199 198 

Fig. 114. Construction of the characteristic net in 
order to design a supersonic effusor, 

number is one, and the direction is the, undisturbed direction. With the 
system of numbering used in Chapter 2, at 4 and B there are two correspond¬ 
ing numbers, tlie sum of which is 1000, and if the direction is the undisturbed 
direction, the difference of the two numbers must be 200. Therefore, the two 
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numbers are 600 and 400. Along the arar-axis, because the effusor is symmetri¬ 
cal, the velocity must be in the direction of irar; therefore along the xx-axis the 
number must have a constant value of difference equal to 200. If the angle 
between xx and xA, is considered positive and the angle between xx and xB 
is considered negative, when the direction of the velocity is inclined at a 
positive angle with respect to xx, the difference of the numbers must be larger 
than 200, and must be smaller in the other case. If a deviation of expansion 
is produced in A and B, expansion waves are generated from A and /J, and, 
substituting for the continuous expansion a line that corresponds, for example, 
to a deviation of 1°, it is possible to design the line AC. After the expansion of 
I®, the Mach number corresponds to the numbers 600 and 1199. Therefore the 
line AC corresponds to the number 999.5. From Table 2 of the appendix it is 
possible to determine the Mach number and the Mac h angle corresponding 
to 999.5. The direction of the wave AC is { — jjl + 0.5°). Behind the line AC, 
the Mach number corresponds to the number 999, and the direction of the 
velocity corresponds to 201; therefore behind AC the flow is defined by the 
number 600/399. The line BC can be designed with the same interim but, 
because across AC an expansion r)ccurs in the negative direction, the number 
behind BC is 599/400. At C the two expansion waves meet each oilier at the 
axis. The wave BC represents an expansion of 1° in the negative direction; 
therefore the flow acrass CD must expand and turn at 1° in the negative 
direction, and both tlie differeru'c and the sum of the two numbers must 
decrease by 1; therefore the numbers become 599 and 399. Across CE the 
deviation is 1° positive; therefore the sum must decrease by 1 (expansion of 
1^^), and the difference must increase by 1; the numl)ers are 599 and 399. 
In order todesign CD it is necessary to consider that CD represents the average 
expansion wave between the Mach numbers corrc'sponding to 999 and 998; 
therefore the Mach wave corresponds to 998.5. The Mach wave must be 
inclined at a Mach angle corresponding to the number 599.5/399 with respect 
to the direction of the velocity corresponding to 200.5. If 6 is the direction 
of the velocity positive for CD) and g is the Mach angle, all the waves of 
the same family as CD that are inclined at + /x with respect to the velocity 
must be inclined at (6 + g) with respect to xx. For CE the value of /x is the 
same, but it is negative (the family of the waves inclined at —/x), and the direc¬ 
tion in front is therefore for the waves of the same family as CE the 
inclination with respect to xx is' {6 — /x) {$ for CE is negative). If at G 
and F another expansion of 1° (x^curs, the wall must rotate 1° and the corre¬ 
sponding number must be 202 for GH and 198 for FI. GD is the expansion 
wave, corresponding to the number 600/398.5; its inclination with respect to 
the xx-axis is (6 — n) because it is of the family for which ii is negative {d in 
this case is positive, $ = 1.5°). If at D an expansion wave of opposite direc- 
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tion is crossed, at DH the sum and the difference of the numbers decrease by 
]; therefore it is the upper number which decreases by 1 unit. 

The procedure therefore is very easy: when moving in the direction of the 
stream, if an expansion line is crossed wliich is generated by the lower wall, 
the upper number decreases by 1 unit, and when an expansion line is crossed 
that is generated by the upper wall, the lower number decreases by 1 unit 
(the unit corresponds to the value of deviation in degrees which the expansion 
line represents; in our example, tht^ unit is 1). 

For design of the expansion line that divides the two zones, the Mach angle 
and the direction of the stream must be determiiu^d. The Mach angle is given 
by the average of the sums of the two numbers corresponding to each zone, 
while the direction is given by the average of the differences of the two num¬ 
bers of each zone minus the value of the direction corresponding to the 
undisturbed flow (200 in the numbering system accepted). The inclination 
with respect to jj--axis corresponds to an angle ecpial to (d + g) for the 
expansion line geiu'rated by the Iovv(‘r surface and to (6 — g) for the lines 
geiKTated by the upper surfac(\ For design of the elfusor the final Mach 
number or the final pressure is givtm, therefore, in terms of the final value; 
th(* value of tlie angle of expansion must be fixed. The value of the maximum 
angl(» of expansion can be determined, using the following criU^ria. The final 
Mach number is known, because, if the value of the static pressure at the ends 
of the effusor is given, th(^ Mach nurnlxT can be determined from the pressure 
ratio for isentropic transformation. For the final Mach number, a value of 
the angle p of expansion from M eipial to one is givim (Table 2 of the appendix). 
Therefore, th(^ t‘xpansion necessary to obtain the given Mach number corre¬ 
sponds to p. Because th(^ deviation of expansion occurs on the two walls, tin* 
expansion at oiu* wall plus the expansion at the other wall must correspond to 
p. Therefore, if t he effusor* is symmetrical, each wall must rotate at r/2°. 

W hen the expansion line has crossed all the opposite expansion lines in the 
tube, it meets the opposite wall. Behind the expansion line the direction of 
the flow is known; in order to avoid reflection of the expansion line at the 
wall, it is necessary to give to the wall the same direction as the velocity 
behind the expansion line; therefore it is necessary to curve Ihe wall at the 
point of meeting at an angle equal to the angle which the expansion wave 
represents. The expansion wave is generated by a deviation of expansion 
productnl at the opposite wall, and therefore of opposite sign from the ex¬ 
pansion which is produced at the wall considered; therefore in order to elim¬ 
inate the reflection of an expansion line when the waves meet the opposite 
wall, the wall must decrease curvature with respect to the xx-axis. When all 
the opposite expansion waves are eliminated, if the effusor is symmetrical the 
wall is parallel to the xx-axis. In order to check the design, it is desirable to 
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compare the end sections ratio of the effusor with the value given by equation 
(51) or the corresponding Table 1 in the appendix. 

From the preceding considerations it is evident that the first part of the 
supersonic diffusor can be designed with different lengths and that the second 
part, in which the expansion waves meet the opposite wall, is calculated from 
the geometry of the first part. It is possible to concentrate all the expansion 
v/2 at the two points A and B (Figure 115); in this case, the effusor presents at 



a comer A andB, and the length of the effusor is the minimum possible. This 
kind of effusor is not very practical because of the precision necessary and 
because of the presence of the l)oundary layer, wliich probably has a more 
important effect in it than in the longer effusors in vvliich the flow undergoes a 
gradual expansion. 

If the length of the effusor is fixed, the effusor can be designed by prede¬ 
termining the velocity distribution along the axis and deriving from this the 
shape of the walls. The system of calculation is the same (Figure 116). From 



Fig. 116. Effusor of given length. 

the part of the wall corresponding to the minimum section 0 the characteristic 
corresponding to the first step of expansion must be designed, and from the 
point on the wall corresponding to the end section 0i the chsuracteristic of the 
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opposite family corresponding to the last step of expansion must be designed. 
Two points on the axis are determined, A and M, from the intersection of the 
two characteristic lines. Fixing the law of variation of velocity between these 
two points, it is possible to determine the shape of wall. Indeed, when the 
velocity oX A BG M known, from A and B the point C can be determined, 
and from C, the point D\ from C, fi, G, the points £, F, and H can be obtained, 
and proceeding with the same system the shape of the wall can be designed. 
In predetermining the velocity distribution along the axis ABM, it is necessary 
to remember that the expansion along the axis must be gradual and must be 
more gradual than, or at the maximum e((ual to, that for the effusor considered 
in Figure 115, which represents a limit. 

In an analogous way a perfect elTusor can be designed without symmetry 
with respect to the direction of the How at the beginning of the tube. The 
principle is the same, and the value of the total expansion of the flow must be 
determined in the same manner. In Figure 117, for example, a perfect effusor 




Fig. 117. hJffusor haring a straight wall. 


is designed with a straight wall and a curved wall. The effusor is equivalent 
to one-half of a symmetrical diffusor, and therefore is twice as long for the same 
section as a symmetrical effusor. 

If the velocity at the beginning is not uniform and the distribution of the 
velocity is known (direction of velocity and intensity of velocity are known at 
all points), the system of design does not change. Indeed, for every point of 
the beginning section the two numbers which define the velocity are known, 
and for every point it is possible to design the two characteristics which pass 
through the point. After choosing for simplicity the points of the section at 
which the Mach number corresponds to an exact number N, it is possible to 
design by the same criteria all the characteristic lines and the shape of the wall 
(Figure 118). In supersonic tunnels in which effusors for different Mach 
numbers must be designed, it is practical to maintain the shape of the subsonic 
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part identical (or similar) for every 
diffusor and to obtain experimentally 
the distribution of the velocity (inten¬ 
sity and direction) in a cross section 
in the zone of the throat. The section 
chosen for tlie determination of the 
velocity distribution, if the determi¬ 
nation is obtained from pressure 
measurements, must be in the super¬ 
sonic part of the effusor in a zone in 
which the speed is larj^e enough so 
that the instruments used will not 
change the value of the velocity upstream producing detached shocks; if 
optical systems are used, the velocity distribution can be obtained in the 
zone of Mach number equal to one. With the velocity distribution deter- 


208 206 204 202 200 


Fig. 118. Example of design of an 
effusor when a nonuniform velociiy dis¬ 
tribution is given in a section (from 
Ft efere nee 7). 



Fig. 119. The characteristic net that permits direct design of a perfect effusor for every 
Mach number. 


mined experimentally it is possible to design a net of characteristic lines as 
in Figure 119 from which can be obtained very rapidly the shape of the 
effusor for every Mach number. Indeed, for every Mach number con¬ 
sidered the last two expansion waves that must be produced by the walls 
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are determined. The sum of the numbers corresponding to the flow after 
the waves have crossed the axis must be equal to the number corresponding 
in Table 2 of the appendix to the Mach number considered. Therefore the 
shapi^ of the effusor can be determined by extending to the opposite wall every 
wave with the same direction that it has when it crosses the two waves 
determined before, and curving the wall in the point of intersection with the 
waves as the direction of the flow. Figure 1196 gives an example of the 
construction. 

Analysis of Supersonic Two-Dimensional Jels. In the study of supt‘r- 
sonic flow it is interesting to examine the phenomena for a jet which overflows 
into the free air. 

Consider a tank with air at high pressure and a nozzle which allows the 
compressed air to ovi^flow into the free air, and assume at first that the nozzle 
is a subsonic nozzle with converging walls and decreasing sections from the be¬ 
ginning to the end. If po is the pressure^ in the tank (Figure 120a) and p« is 
atmospheric pressure, when po is larger than pa the air flows from the tank 



(a) (b) 


Fig. 120. Two-dimensional jeis from conrerQinq and 
dwenfinff noz:les. 

into the air. If po/p« is less than the critical ratio, po/p* (equation 39), the 
pressure p\ corresponds to the pressure pa; and w hen the pressure po increases, 
the speed at the section s\ increases. When the pressure po becomes equal to 
1.886 Pa, the speed at ,si corresponds to the speed of sound, and the pressure 
at pi corresponds to p„. A one-dimensional transformation without losses is 
assumed in tlie effusor. If the pressure po overtakes the value which at 6- 
corresponds to the speed of sound and the external pressure is equal to pa, 
the flow at .Vi does not increase speed because in order to obtain supersonic 
velocity it is necessary to increase the section of the nozzle with respect to 
the section in which the speed of sound is obtained; therefore at si the speed 
of sound still exists. If no losses occur, in order to obtain the speed of sound, 
the value of po^pi must be equal to 1.886. Since po is larger than 1.886 p^, 
the pressure pi must be greater than the pressure pa\ therefore the flow 
coming from the nozzle undergoes an expansion front the pressure pi to the 
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pressure pa, an expansion which occurs outside of the nozzle. If to the con¬ 
verging effusor a diverging part is added (Figure 1206), the expansion can be 
obtained in the nozzle, and if the pressure po is high enough with respect to 
Pa, supersonic flow exists in the diverging part. 

If at the end of the effusor (section . 92 ) the flow is supersonic, the flow 
phenomena in the tube are independent of the value of pa, and the pressure p 2 
at ^2 is a function only of the geometry of the effusor and of the pressure in 
the tank po. If the velocity is assumed constant at the sections .vi and .V 2 , 
the pressure ratio po/pi is equal to 1 . 886 , and the Mach number at .^2 is given 
by equation (51a), while the pressure p 2 is given by equation (41). Therefore 
there exists only one value of po for which the static pressure at the end of 
the effusor is equal to atmospheric pressure. For values of po different from 
this, the pressure p 2 is different from pa\ and therefore expansion or compres¬ 
sion must occur in the flow outside of the eflusor, or the flow^ at .s *2 c^an no 
longer be supersonic. 

Jet in Which, the End Static Pressure Is Higher than the External 
Pressure, If the external pressure is less than the static pressure at the end 
of the effusor an expansion outside of the tube wcurs (Figure 121 ). The 


Po 



Fig. 121. Jet from a nozzle having at the discharge static 
pressure higher than the external pressure. 


expansion begins at the points A and B and is transmitted in the flow by a 
family of expansion waves which start at A and B. If the speed in the section 
St is uniform (the effusor is a perfect eflTusor), the Mach waves are plane and 
meet each other in the center. If the velocity is not constant and some other 
waves cross the section St, an interaction by the expansion waves generated at 
A and B and the waves existing at the section St occurs, which can be deter¬ 
mined. From the values of Mt and pt it is possible to determine the Mach 
number corresponding to pa. From the value of the expansion it is also pos¬ 
sible to determine the value of the deviation 6 of the streamline that passes 
through A andB (the expansion is isentropic). 

AU the expansion waves cross the jet; but when the two families have 
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crossed the jet the expansion in the jet (zone DEF) is larger than at B because 
the flow heis undergone the two families of expansion waves that are generated 
at B and at A, each of which corresponds to the expansion from p 2 to pa- 
Therefore, the flow in the zone FDE is overexpanded with respect to the 
external air. When the first expansion wave meets the external flow (point 
C of Figure 121) it is reflected as a compression wave, because at C the pres¬ 
sure must be equal to pa, and behind the expansion wave the pressure is less 
than Pa. When a deviation of compression occurs at C, the streamline changes 
shape. The same phenomenon occurs for all other expansion waves, and two 
families of compression waves are generated. For the same reason the com¬ 
pression waves are reflected as expansion waves and these expansion waves 
are reflected again as compression waves; therefore the waves extend theoret¬ 
ically to infinity. Naturally, in the practical case, at the boundary of the jet 
a strong turbulence is generated because along the boundary of the jet, 
theoretically, an infinite gradient of velocity exists, and therefore a zone of 
mixing flow is produced by the viscosity. The zone increases with increase of 
the extent of the surface of contact; therefore after a funle distance, in 
practical cases, the expansion waves or compression waves disappear. The 



(a) Expansion 



Fig. 122. Discharge from an ejfusor having the end cross section inclined with respect 
to the direction of the stream. 


waves can be determined analytically with the characteristic theory, and the 
determination is also easy if the elTusor is not a perfect eflTusor or if t he eflfusor 
does not have the end section perpendicular to the end of the jet. In this 
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case (Figure 122a) the expansion occurs in a different way for the two parts 
of the jet, and a deviation of the direction of the jet, and consequently of the 
thrust of the jet, occurs, a deviation that changes when the difference between 
P 2 and Pa changes. 


Jet in Which the Static Pressure at the End of the Nozzle Is Less than 
the External Pressure. When the external pressure p is greater than the 
static pressure corresponding to expansion in the entire (Hfusor for a given 
value of the pressure in the tank (supersonic flow at the end of the diffusor), 
the phenomenon is more complicated because the boundary layer on the wall 
of the effusor has an important part in the phenomenon, and therefore a 
theoretical quantitative analysis is more difficult. Consider at first a perfect 
flow (no boundary layer) and, for simplicity, a perfect effusor. Also assume 
that the pressure at the end of the effusor is equal to the external pressure. 
In this case at the points A and B of figure 123 no variation of pressure 
occurs; therefore no deviation occurs and the flow df)es not change physical 





Fig. 123. Supersonic jet from a nozzle 
having at the discharge static pressure 
lower than the external pressure. 


characteristics. If the pressure po, and 
therefore the pressure /> 2 , decreas(% a 
cornpresvsion must (K‘(!ur in the flow, at 
A and ^ a compression which is trans¬ 
mitted in the flow witli a slux^k wave 
(Figure 123). The intensity of the shock 
is determined by the Mach number in 
front of the sh(x*k and by the varia¬ 
tion of pressure from p^ to p,,; thenffore 
with eiiuations (121) and (125) the in¬ 


clination of the shock and the deviation across the sh(K’k can be determined. 


The streamline AD is inclined ut an angle 5 with respect to tlu‘ velocity at 
ABy and the shock wave A(' at an angle e. The shoc^k wavtis gcuierated at 
A and B cross each other at L’, and at D and B me(‘t tln^ boundary of the j<*t. 
The waves (>D and ('E can be determined by considering iIhj (‘({uilibrium in 
C (Chapter 4). In the zones B('^E and A(]D th(5 flow has the sarnie pressure as 
Pay but in the zone CDE the pressure is higher because the flow undergoes 
another compression across CD and CE, 

Because at D(JE the pressure is greater than atmosplu^ric, expansion occurs 
at D and E, The expansion is transmitted by a family of expansion waves, 
and from DE the phenomenon is equal to the phenomenon from BA of Figure 
121 for the case in which the external preSvSure is less than p^. If, in the first 
approximation, all transformations are supposed isentropic, the numbering 
system can be used and the entire determination becomes easier. 

If the difference between pa and p^ increases, the intensity of the shocks 
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AC and BC increases and the Mach number in the zones ACD and BCE 
decreases. But the shocks CD and CE are shocks which correspond to the 
same deviation that occurs across BC and AC. The phenomenon considered 
is symmetrical with respect to the x-axis, and at DCE tlie direction of the ve¬ 
locity is constant and parallel to the axis of the jet; therefore when the Mach 
number at ACD decreases, a value can be obtained for which the maximum 
d(iviation is correspondingly less than the deviation which must occur acrass 
CD, CE. When this Mach number is attained, the shock CD is impossible 
and the scheme of the phenomenon must cliange. When the reflection of the 
shock at the point C cannot occur in the central part of the jet, a compression 
with one shock alone must occur there, and because at the axis (point C) no 
deviation can occur as the jet is symmetrical, there a normal shock must 
exist (Figure 124). At the point A the flow must undergo a shoc^k fixed by 
the pressure p„: therefore the shock at A is an inclined shock. At ADF the 
flow is supersonic because the pressure po is decreased by a small quantity 
with respect to the case in which reflection was possible at C: and therefore 
the shocks AD and BE must b(^ weak shocks. For 
ecpiilibrinm, a point D must be found in which a 
r(41e(4ed shock, DF or EG, is possible for lh(‘ Mach 
number which exists at ADF. The reflection is pos¬ 
sible only if the direction of the streamlines DI or 
EH is not parallel to t he axis but inclined at an angle 
with respect to the .rx-axis, because if the stream¬ 
lines are parallel to the j-j-axis at D and E, the 124. Scheme of the 
same conditions as those at C would occur, and shock waves pattern at the 
therefore reflection would not be possible. If the di'^f'harye of a supersonic 
slreainlmes DI and htl are inchned with respect to 

the xj’-axis, the deviation across the reflected waves at the axis cannot exist. 
EG and DF, at D and E, is less tlian the deviation 

across BE and AD. Therefore the shocks are physically possible for the 
Mach number existing in BEG and ADF. Because at D and E a deviation 
of the streamline must occur, the strong shock of the central part must 
produce at D and E a deviation, and therefore there must be an inclined 
shock at D and E, and the shock DCE must be curved. The flow in IDEM 
is subsonic flow at a lower speed than in the zone FDI and HEG. The posi¬ 
tion of the point D or E depends on the equilibrium along the streamline 
DI or Ell, and therefore on the Mach number in BEG and ADF and the 
deviations across the shocks AD and BE, quantities that depend on the 
value of the pressure pa with respect to p 2 . If the value of p 2 decreases with 
respect to pa the distance between D and E increases, because the deviation 
across AD and BE increases while the Mach number at ADF or in BEG 
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decreases; and therefore the inclination of the streamlines DI and EH with 
respect to the x-axis must be larger. 

If the pressure po continues to decrease, a value is attained for which the 
points D andE are coincident with A andB, and the reflected waves disappear. 
For this value of po a strong shock occurs across the entire end section, that, 
when the pressure po decreases, tends to become a normal shock. 

If the value of the pressure po in the tank decreases with respect to the value 
for which a normal shock occurs at AB, an equilibrium with expansion in the 
whole eflusor (also with the hypothesis of no separation from the wall) is no 
longer possible, and the strong shock must move inside the elfusor. In this 
case, if no separation occurs, the position of the shock is defined by the ratio 
Po/po and by the geometry of the nose. Indeed, for a given po, for every 
position of the shock the values of Ms and ps (Figure 125) are known at every 
point in front of the shock because they are functions of the geometry of the 

eflusor. Therefore, it is posvsible to determine the 
values of Ma and pa behind the shock; no deviation 
is possible across the slun^k at the wall because 
perfect flow is assumed, and therefore t he shock 
must be normal to the wall. From Pa and Ma and 
from the position of the shock, the value's of p^ and 
Mf, can be determined as functions of the geometry 
of the eflusor. Because the flow is subsonic after 
the shock, M 5 is smaller than M 4 . The position of 
the shock for which p 5 , at B and A^ is equal to pa 
gives the position of equilibrium. 

When Po decreases the shock moves upstream in the flow and decreases in 
intensity because the Mach number in front decreases, and the diffusion be¬ 
comes more important. When the shock attains the throat of the effusor the 
intensity of the shock is zero, the supersonic part has disappeared, and the 
whole nozzle is subsonic. 

The preceding considerations are developed with the hypothesis that no 
boundary layer exists on the walls of the effusor and that separation of the 
flow cannot occur on the walls. Practically, the boundary layer exists, and 
when the pressure pa is greater than the pressure p 2 , the boundary layer plays 
an important part in the flow equilibrium in the effusor. Indeed, when p 2 
is greater than pa, the boundary layer is formed in an expanding flow and no 
separation can be generated; so the boundary layer has only the effect of 
slightly changing the geometry of the effusor with no change in the physical 
scheme of the phenomenon. But when p 2 is less than pa, the boundary layer, 
if it exists, modifies the formation of shock waves that are generated at A and 
B because the boundary layer produces a separation (see Chapter 4) of the 


B P« 



Fig. 125. Scheme of the flow 
into the nozzle, assuming no 
boundary layer at the walls, 
and shock inside the nozzle 
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stream from the wall, a separation which be- ® 

comes more important when the difference 

between pa and p 2 increases. The separation \ 

changes the practical geometry of the effusor, \ 

and consequently changes the scheme of the S.' 

phenomenon very much, and the phenomena V - 

in the boundary layer fix the position of the AV-Po 

shock in the effusor. Because the boundary - 

layer depends on the variation of the pressure-- 

along the walls of the effusor, the position of 

the shock depends on the shape of the effusor; ^ ^ __ J 

and the position changes if the length or the ,'.. - 

law of variation of cross section of the effusor 

changes. In order to understand the impor- B ^ '—-— 

tance of the boundary layer it is interesting to 

consider tlie limiting case opposed to the case a nozzle assuming that the boundary 
considered above. In the preceding con- layer cannot undergo any com- 
siderations, an effusor was considered in which 
separation of the stream from the wall cannot 

occur; now an effusor will be considered 
separated Region >vhich separation is supposed to occur 
Y every time the conditions necessary to 

I have separation exist, and therefore every 

--^ positive pressure gradient exists in 

, . . , , ^ , , Ihe flow. If the possibility of separation 

rig. 127. Actual scheme of the shock . , , 

pattern into the nozzle in presence of that no recoinpression can 

boundary layer, occur in the flow without separation, the 

equilibrium conditions of the flow are 
easily determined; indeed, (Figure 126) for every value of po, points A and B 
can be found in the effusor in which the pressure is equal to the value of the 
external pressure pa. At these points the flow separates from the walls, and a 
free jet occurs with constant pressure pa at the boundary. If the pressure po 
increases, the points A and B move in the direction of the stream, but no shock 
occurs at the jet. When the points A and B reach the end of the jet the effusor 
corresponds to the effusor without separation, in which p 2 is equal to po. Actual 
practical eflusors are somewhere between the two limiting cases because the 
boundary layer can, in part, undergo a gradual compression without separa¬ 
tion, but tends to separate if the pressure increase is of a large value. Because 
the phenomena are stabilized only in the boundary layer, the equilibrium 
condition depends on the geometry of the effusor. Generally, for small differ¬ 
ences of pressure between p® and p^ the phenomena 8u*e near the case in which 




Fig. 128. Schlieren 
photograph of the dis¬ 
charge of the flow 
from nozzle designed 
for an end Mach 
number of 1.92: ratio 
of the tank pressure 
to the external pres¬ 
sure, 5.OS. 


Fig. 129. Schlieren 
photograph of the dis¬ 
charge of the flow 
from a nozzle de¬ 
signed for an end 
Mach number of 
1.92; ratio of the 
tank pressure to the 
external pressure, 
US. 




Fig. 130. Schlieren 
photograph of the 
discharge of the flow 
from a nozzle de¬ 
signed for an end 
Mach number of 
1.92; ratio of the 
lank pressure to the 
external pressure, 
3 . 8 ^ 4 . 
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Fig. 131. Schlieren photograph of the discharge of the flow from a 
nozzle designed for an end Mach number of 1.92: ratio of the lank 
pressure to the external pres.mre, 3.67. 



Fig. 132. Schlieren photograph of the discharge of the flow from a 
nozzle designed for an end Mach number of 1.92; ratio of the tank 
pressure to the external pressure, 3., Vs. 


separation does not occur; inclined shock waves occur at the end of the jet. 
But if the difference in pressure increases, the separation from the wall be¬ 
comes larger, and a shock with the conformation shown schematically in 
Figure 127 occurs, which moves into the effusor in the direction opposite to 
the stream when the value of po decreases. 

Figures 128 to 132 show some schlieren photographs of the flow in a two- 
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dimensional open jet with different pressure ratios po/po. The jet is designed 
for M = 1.92, and the static pressure at the end of the nozzle is equal to the 
external pressure when po/pa = 6.91. 

Impulse of Jets at Supersonic Velocity. Consider a supersonic jet with a 
uniform velocity at the end of the effusor. If p 2 , and p 2 are the pressure, 
the section of the jet, and the density at the end of the effusor, respectively, 
and V 2 is the corresponding velocity, the flow that overflows from the jet is 

m = P 2 IVS 2 . 

If the pressure p 2 is equal to the external pressure pa, no variation occurs 
at the end of the jet, and therefore the impulse of the jet is given by 

i = P 2 VVS 2 = (309) 

If the pressure ps is different from the external pressure p,,, the flow undergoes 
a transformation at the end of the jet. If Sa, Va, and pa are the cross section of 
the jet, the axial velocity, and the density of the flow, respectively, when the 
pressure pa is attained in the flow, the following relation can be written: 

P^VA = PaVaSa (Continuity equation) (310) 

(P 2 — Pa) ^2 + P 2 IVS 2 = paVf?Sa (Momeutum theorem) (311) 

Substituting equation (310) in equation (311) 

P2 - Pa = P 2 F 2 {Va - F 2 ). (312) 

Knowing the values of p 2 , pa, and 1^2 from equation (312), the value of Va can 
be determined. Equation (312) shows that the velocity Va is less than the 
velocity corresponding to pa for isentropic transformation, and as a conse¬ 
quence, the impulse is less when transformation occurs outside the jet than 
when the end pressure of the jet is equal to atmospheric pressure. The 
differences increase with increase of the difference (p 2 — po). 
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Perfect Diflfusors. The design of supersonic turbojets and ramjets and of 
supersonic tunnels is directly connected with the possibility of decelerating 
the flow from supersonic to subsonic speed. Indeed, an air stream at low 
velocity is required in front of the compressor of a turbojet or of the burner 
of a ramjet, while in a supersonic tunnel the air must be d(^celerated from the 
high speed it has in the test chamber to the low speed required in the return 
or at the exit. 

Deceleration of How from high speed lo low spt'ed occurs usually with losses 
(part of the kinetic energy is transformed into heat instead of into potential 
energy) which depend on formation of shock waves and on friction. While 
it is possible theoretically to avoid shock losses, shock losses must exist in 
practical diifusors for stability reasons. These losses tend to increase with 
increase of Mach number, therefore it is very difficult to design high efficiency 
difTusors at high Mach numbers. 

In the phenomena of difl’usors the shape of the diffusor is very important, 
but a general analysis of (he possibility of approaching the pc^rfect diffusor 
(diffusor without sluM'k losses) can be made independently of the shape of the 
diffusor. Therefore the following considerations can b(‘ applied to any kind 
of diffusor evtui (hough the analysis is developcnl by considering a two-dimen¬ 
sional diffusor. 

A pi'rfecl diffusor can b(' defined as a diffusor in which no slux k losses occur; 
Iherefore a diffusor in which isentropic transformation oexurs outside the 
boujidary layer. It is easy to show that a perfect diffusor is theoretically 
possible. For example, if a supersonic perfect effusor with gradual expansion 
is considered (Figure 133) and if it is assumed that the direction of the stream 
is reversed, an ideal diffusor will be obtained. Indeed, the flow that has the 
speed M 2 undergoes a compression of small entity at .1 and B, which is (xans- 
mitted in the flow by two compression waves. The two waves end at C and 
D, and have the same inclination as the expansion waves that are generated 
at C and D and end at A and B in the I'orresponding elfusur. .4t E and F 

171) 
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two other compression waves are produced which interfere with the preceding 
compression waves generated at A and B. Since for the same Mach number 
and direction of velocity the compression waves and expansion waves are 
coincident (coincident to the Mach waves because the compression or expan- 


M2 


Fig. 133. Scheme of a perfect diffusor. 



sion is infinitesimal or gradual), the scheme of the diffusor is equivalent to 
the scheme of the effusor; therefore at the throat a constant velocity is ob¬ 
tained for the flow, and the corresponding Mach number is 1. If a subsonic 
diffusor is connected with a supersonic diffusor, a very efficient compression 
must be obtained, and the efficiency must be of the same order as that for 
subsonic diffusors, because the only difference is the friction in the supersonic 
part. A difference between a perfect diffusor and a perfect effusor exists in 
the boundar>^ layer because in the effusor the boundary layer undergoes an 
expansion, while in the diffusor the boundary layer undergoes a compression, 
and therefore tends to separate; but independently of the phenomena in the 
boundary layer a perfect diffusor cannot be realized practically for the fol¬ 
lowing reasons: The aerodynamic scheme of the theoretical diffusor is found 
to be physically possible if supersonic flow is assuim^d to be established in the 
diffusor. When the possibility of the establishment of this supersonic flow is 
considered, it is found that, when the undisturbed stream in front of the diffu¬ 
sor attains the Mach number iV/i* (corresponding to the theon^tical schenn'), 
from lower values, the establishment is not possihlt^ y\nother condition of 
equilibrium, with slux^k in the flow, is the only one possibles (the diffusor does 
not “start”)- Supersonic flow into the diffusor can Ixi establislu^d only if the 
value Ml* is attained by decreasing the speed from a much higher value of 
Mach number in front of the diffusor, or if the geometry of the diffusor is 
changed. Moreover, if supersonic flow can be established in the diffusor, this 
condition of equilibrium is not stable and tends to be transforihed by disturb¬ 
ances in the flow to the other condition of equilibrium, with subsonic flow 
into the diffusor and with shock losses. Because disturbances usually exist 
in the flow, produced by the diverging part of the diflusoi or by the boundary 
layer, a perfect diffusor c*annor be realizeil praclically. 
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The Two Different Equilibrium Conditions for a Diffusor (References 
31 and 32). Consider a diffusor formed, for simplicity of discussion, by a 
reverse of a perfect effusor for final Mach number Mi* (Figure 134). S 2 is 
the final section and S* is the minimum section of the effusor and therefore 
the inlet section and the minimum section of the diffusor; if the velocity is 
constant in the sections S 2 and S*, the ratio S 2 /S* is a function of Mi*, and 
is given by equation (51a) of Chapter 1. The phenomena in the diffusor will 
be examined in terms of tin; assumption that the speed of the undisturbed 
stream corresponding to Mach number Mi is attained by increasing the speed 
from the value zero to the value corresponding to Mi, which is the general 
case for airplanes and for tunnels. Later the phenomena will be examined in 
terms of the condition that the speed corresponding to Ah is attained by 
decreasing the speed from a value higher than Ah to the velocity corresponding 
to Ml. The two diffennit conditions of attaining the Mach number Mi 
correspond to two possible different equilibrium conditions for the diffusor. 

For simplicity of treatment, the velocity will be considered uniform in all 
cross sections of the diffusor. If the velocity of the undisturbed stream in¬ 
creases from the value zero to a subsonic value in the diffusor, the velocity 
of the flow increases, and the maximum speed is attained at S*. The mass 
flow which goes into the diffusor is given by the expression 

m = yp 2 p 2 (313) 

where *S ’2 is the inlet section and V 2 the corresponding velocity; and for the 
continuity equation is obtained 

= S*M*V'-yp*p*. (311) 

If the undisturbed velocity increases or the pressure at the end of the subsonic 
part of the diffusor (section S\) decreases, the speed at the minimum section 
increases and the mass flow that goes info the diffusor increases, as the other 
physical properties of the undisturbed flow do not change. If friction is not 
considered, the transformation that, occurs in the diffusor is iseutropic, and 
P*/p 2 j P*lp 2 j and M*/A /2 are functions of .S*/*S 2 . At low velocity A/* is less 
than one, and in this case A /2 corresponding to the section *^2 can be less than, 
equal to, or greater than the Mach number of the undisturbed stream A/i, 
depending on the pressure at the end of the diffusor. If the value of A /2 
increases, the value of M* must also increase, because S 2 /S* does not change. 
The maximum value possible for M* is one, because the diffusor is a converging 
subsonk^ diffusor (see c()nsicl(‘rations in (Aiapter 1); therefore A /2 has a maxi¬ 
mum value w hich is fixed by the value uf N* No in terms of A/* e(pjal to one. 
When All has attained this valut*, tlit^ reduction of the pressurt‘ at the end of 
the diffusor (N'l) cannot change the mass flow that goes into the diffusor, and 
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the value of Ms remains constant. If the value of Mi increases and Mi is higher 
than the maximum value possible for Ms, a recompression must occur in 
front of the diffusor. The undisturbed flow is still subsonic, and the trans¬ 
formation is still an isentropic transformation. 

If the speed of the undisturbed flow increases, the recompression in front 
of the diffusor increases (Figure 134), and when Mi is equal to one, if the fric¬ 
tion losses are not coiLsidered, the section iS’i of the stream tube is equal to *S*. 

If the speed becomes supersonic and M\ is U'ss than Mi*, th(‘ compression 
in the flow cannot be isentropic, but must occur also outside of the diffusor 
and with shock. Indeed, if it is assumed that no shcx'k occurs outside of the 

diffusor, the stream lines must continue 
parallel unlil the beginning of the dif¬ 
fusor, and therefore the mass flow that 
goes into the diffusor must cf(ual 
p\p\y. But the diffusor is de¬ 
signed for the jVI^^^'h number Mi*, which 
* p* is greater than Mi, and for M\* at the 

17 * 104 1 . / j throat, M* is eciual to one. For Mi less 

Fig. 134. Scheme of converging aivergiruf ’ * 

diffusor in subsonic flow. ' than A/,* the contraction ratio is too 

large for isentropic transfonnation. In¬ 
deed the maximum contraction ratio possible increases with the increase 
of the stream Mach number, and is given by equation (5la); therefore S* is 
too small and no isentropic transfonnation is possible. If b(4ween S 2 and S* 
the transformation is other than isentropic, the mass flow that passes across 
S*, as will be show n later, is still less than the corresponding mass for isentropic 
transformation. Therefore, the mass cannot go into the diffusor, and some 
compression must occur outside in order to reduce the value of M at S 2 . 

The compression that must occur in front of the diffusor can be obtained 
in some particular design by producing in front of the diffusor a deviation of 
the stream, and therefore obtaining the compreSvsion for deviation; but in the 
general case, the compression in front of tlie diffusor is produced only by an 
increase of back pressure, w Inch moves upstream from the intake of the diffu¬ 
sor, and therefore is a compression which produces a strong shock. In the 
middle of the diffusor, because only an increase of pressure must occur and 
the direction of the stream cannot change, the compression must occur with 
a normal sho(‘k (Figure 135). Tlie flow behind tlie strong shock is subsonic; 
therefore beliind the shock the preceding considerations for M 2 less than 01 
can lie applied. The crms section Si of tiie stream tube at the undisturbed 
velocity that goes into the diffusor is less than S 2 (Figure 135); therefore 
the sluK^k is extended also at the flow outside the stream tube and therefore 
is a curved slioiik, the shape of which depends on the Mach numlier A/i, w hich 
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fixes the form of the stream line AB, The ex¬ 
ternal flow also undergoes a variation of en¬ 
tropy; therefore an external shock drag exists. 

The internal flow undergoes a strong shock 
which is very near the normal shock for which 
the variation of entropy is large, and therefore 
the efficiency of the diffusor is low, because a a 

large part of the kinetic energy is transformed 
into heat. 

When the Mach number increases, the shock 

at the point A approaches the intake of the diverging 

^ diffusor in supersonic flow, be- 

diffusor because the velocity behind the shock low the starting conditions. 
decreases (equation 129) and the length of the 

stream line AB decreases. The vekx^ity in tlie front part of the diffusor is 
subsonic, but it is independent of the pressure at the end of the diffusor, as 
long as /V/* is ecpial to one. 

When the Macli number is attained in the undisturbed stream, the 
scheme that gives isentropic compression is theoretically possible for the shape 
of the diffusor consid(Ted; therefore at first sight it seems possible that the 
phenomena must change and supersonic flow must occur in the diffusor, (if 
the pressure at the end of the diffusor is not too high). But an exact analysis 
shows that the theoretical scheme is not yet possible because the diffusor 
cannot start, and the flow into the diffusor does not have the practical pos¬ 
sibility of changing from a subsonic to a supersonic flow. Indeed, consider 
the difl’usor at a Mach number Mi less than, but very near Mi*. A strong 

/ 


(c) 


m; 




Supersonic 

Mr 


Subsonic 



fb) (d) 

Fig. 136. Four different conditions of the flow in the diffusor existing during 
the starting process. 
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shock occurs in front, and the flow in the diffusor is subsonic (Figure 136a). 
In order to obtain a supersonic flow in all the converging parts of the diffusor 
(Figure 1366), when Mi becomes equal to Mi*, a condition of transition must 
occur, in which the flow in the converging part must be in part subsonic and 
in part supersonic. Therefore there must be a surface of separation, whicii 
from the considerations of Chapter 3 must be a shock wave that travels in 
the direction of the flow from the original position towards the throat of the 
diffusor (Figure 136c). Because the velocity in front of the shock decreases 
in the direction of the motion, the intensity of the shock also decreases and 
must disappear at the throat. Consider the condition for which the shock is 
at the inlet of the diffusor (Figure 136(/). Tf this condition exists, the mass 
flow that must go into the diffusor is Mi**^^ A/pipiy, because in front of the 
inlet the flow is undisturbed flow. The throat S* is proportioned in such a 
way as to permit the mass Mi^S^X^ypipi to pass at M* equal to one, and for 
isentropic compression. Now if slux'k occurs in the flow, in order that the 
mass M\*S 2 A/ypipi may pass across the throat, the minimum section must be 
larger than S*; therefore the mass Mi^S^^^ypipi cannot pass at cS*. The flow 
into the diffusor cannot become supersonic for the IVIach number A/i*, but 
only for a Mach number higher than Mi*. The fact tliat the maximum value 
of the mass flow which crosvses the throat *S* for given initial flow conditions 
M 2 , P 2 , P 2 occurs w hen the flow undergoes an isentropic transformation between 
M 2 and M* can be show n in this way. 

The maximum mass flow which can cross S* occurs when the velocity is 
uniform and is equal to the speed of sound in the entire section S*. If the ve¬ 
locity is less than or greater than the speed of sound, the section of the stream 
tube is larger, as well as the unit mass (equation 5la). If the transfonnation 
is not isentropic an increase of entropy must occur between S 2 and *S*. There¬ 
fore for transformation other than isentropic it is necessary that (equa¬ 
tion 150) 


Pi \p*/ 


> 1 


where p,* and p,* are the flow quantities at the section S* for transformation 
other than isentropic, while for isentropic transformation the density p* and 
the pressure p* at the throat are given by 


Therefore 



p* > p* 

ip.*y ip*y 


( 315 ) 
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Tfic law of conservation of energy between *S 2 and S* gives (equation 11) 

== _I_ p* + 1 P- 

y-I Pt 2 P2 7-1 P* 2 p* 


and because A/* = M,* = 1 

/>* ^ 

P* P-* 

Therefore from eciuation (•U5) 

P.* < P*. (318) 

The mass across the sei^tion *S’* for isentropic transformation is given by 

m = p* S*\^gRT* (319a) 

and for the different transformation by 

in, = p*S*VygHr*. (31%) 

Therefore, from equations (318) and 319/>), ni^ < rn. The difference between 
m, and ni and therefore the ratio between the minimum section S*,, that per¬ 
mits the mass ni of eijuation 3l9a to pass at the density p«*, and*S*, can be ex¬ 
pressed as a function of the losses across the shock. Indeed, from equations 

__ __ 

p*S*VgynT* = P,*S*V^I{T* 


or from equation (317) 


- . 



p/ 

But from equation (316) 

fh 

_ 


Po 

P(U 


= —I + ^ tM « ^ (316) 

7 - 1 P.* 2 p.* 


or T* = T*. 


(317) 


where po« and pus are stagnation pressure and density corresponding to the 
condition behind the shock. Because 


A/* = A/.* = 1 

P«* _ Po« _ 

P* Po Po 

Therefore 

Ss* ^ Po ^ 

Po/ 


(320) 


From equation (320) it appears that the contraction ratio S*/Sy necessary in 
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a stream tube in order to pass from a Mach number A/, in a section S, to every 
Mach number M*, when the transformation is not isentropic, is given by 


_ aS* pn 

S 


(320tt) 


where S*/S is the contraction ratio necessary for the same variation of Mach 
number and isentropic transformation, and po/po.. is the rat io of the stagnation 
pressures at the section -S and The ratio po/jhs is other t han oiui because^ 
variation of entropy occurs in the transformation biUween the two sections. 

In order to determine the Mach number A/i, at which supersonic flow can 
begin to exist in the converging part of the diffusor, the following considera¬ 
tions can be made. When the shock travels along the dilTusor, the Mach num¬ 
ber in front of the shock decreases; therefore the losses across the shock 
decrease, the transformation becomes more nearly iscuitropic, and the value 

of S* at the throat, reciuired to permit the mass flow l/iS'oV^TPiPi h> pass, 
decreases. Therefore if the shock can become attached at the entrance of the 
dilfusor, continue to travel into the diffusor, and pass in the diverging part of 
the dilfusor. The value of the Mach number of the undisturbed stream A// 
for which the diffusor can start is given by the condition of equilibrium for 
which the nomial shock can be attached at the entrance of the diffusor. 
In the entire consideration a gradual change of velocity is assumed, and there¬ 
fore the equations for steady phenomena are used. If this condition is possible, 
the diffusor becomes supersonic at the converging part. Tin; normal shock 
can be attached at the diffusor (Figure 136(/) when a Macli number Ms is 
obtained behind the normal shock, corresponding to the mass How A/.AV^TPaPs 
which can pass across S* at M* = 1. But S 2 /S* is known, and the trans¬ 
formation from A/s to M* is known, because it is practically isentropii!; there¬ 
fore from the value of S 2 /S* the value of A/s can be determined (A7* is equal to 
one and M 2 is less than one), using equation (51a) or Table 1, (H)lumn 5. From 
the value of A/3, using equation (129) for normal shock, or Table 3, column 2, 
the value of M\ can be obtained. The differences between A/i* and A// are 
very large and increase with the increase of Mi, In Figure 137 are plotted 
the theoretical contraction ratio iS*AS 2 as a function of the Mach number 
Ml* and the contraction ratio which for the same value of the undisturbed 
Mach number allows the diffusor to start. For comparison, some (experimental 
data obtained for two- and three-dimensional (circular-section) diflusors of 
small dimension are plotted, data which agree very well with the theoretical 
consideration (Keference 31). The relation between the two curves is given 
by equation (320a), where po/po* corresponds to the variation of po across a 
normeJ shock at the stream Mach number Mi and is given by Table 3, column 
4, or by equation (216). 
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Fig. 137. Jserifropic rontrarfion ratio and contraction ratio required by the 
startinq conditions of a converging diverging dijjusor as a function of the 
Mach number ( from Inference .V/). 

When supcTsonie flow is obtained in th(‘ diffusor, it is possible to reduce 
the value of the Mach number of tlie undisturbed velocity and to maintain 
supersonic flow in th(‘ front part, if the back pressure is not too high, because 
[ho dilTusor has started. D(‘creasing the value of V/i deceases the value of A/*, 
which for A// is greater than one. The minimum Mach number A/i which it 
is tlu'oretieally possible to obtain with supersonic flow in the diffuser is equal 
to .Wi*; for A/i* the spetnl of sound is attained in tlie throat. If the value of 
A/i decr(*ases below the value of l/i* the value of the contraction is too high, 
and therefore* tlie flow becom(*s subsonu* in the diffusor, and a normal sh(X*k 
appears in front. It is evident that for A/i* the supersonic flow in the diffusor 
is not stable, because ev(*ry small (infinitesimal) variation of the flow condition 
at the* end of the diffusor or in front of the inlet produces a normal shock in 
front of the dilfusor, which is stable, and whicli remains also when the infini¬ 
tesimal variation disappears. 

The preceding considerations permit the conclusion that for a supersonic 
diflusor two flow conditions are possible, the condition in which a strong 
shock iKCiirs in front of the diffusor and the converging part of the diflusor 
is subsonic^ and the condition in which tin* flow in the converging part is super¬ 
sonic. The first condition occurs alw ays for Mach numbers less than the Mach 
number Mi*, defined as the Mach number, which, in order to obtain sonic 
velocity at the throat with isentropic compression, requires a contraction of 
the stream tube as existing in the converging part of the diffusor. If the 
stream Mach number is attained by increasing the speed of the flow, this 
condition (x^curs also for a Mach number larger than Mi* and less than A//, 
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where M/ is the Mach number for which an attached shock can exist at the 
inlet of the diffusor on the basis of the continuity eciuation. For Mach number 
of the fret^ stream greater than A// and for values between A/i* and Af/, 
when the speed is attained by decelerating the flow from values higher than 
the value corresponding to A//, supersonic flow' can exist in the converging 
part. Between Afi* and Mx the supersonic flow is only partially stable and 
has zero stability at Afi*. 

The preceding considerations are developed by assuming gradual variation 
of the value of A/r, therefore using the laws for steady phenomena; if the 
variation of velocity in front of tlie diffusor is very rapid, t he phenomena can 
be somewhat different. 

The Equilibrium Condition in a Supersonic Diffusor as a Function 
of the Condition at the End of the Diffusor. In the preceding paragraph 
the equilibrium conditions of a diffusor were considert‘d as functions only of 
the geometry of the diffusor. They depend also (ui the conditions existing 
at the end of tlmdiCtusor; therefore in this paragraph the converging and the 
diverging parts of the diffusor will be considered together, and tlu^ different 
equilibrium conditions will be considered in terms of existing conditions at 
the end of the diffusor. Consider a diffusor (Figun; 138) in w hich the initial 



Fig. 138. Equilibrium condilion in a supersonic diffusor 
as a function of the end conditions. 


conditions are Mx and px and the final pressure at the end section S 4 is p 4 , and 
asvsume that the value of the external pressure can be changed. Assume 
that the flow in the front part is supersonic. The section S* is large, as is 
necessary to “start” the diffusor at a Mach number less than or equal to Mi. 
If ph is very small and is less than or equal to the pressure for which the flow 
can be supersonic at *S 4 , betw een and S 4 the flow continues to expand, and 
at S 4 attains maximum velocity, which depends only on the geometry of the 
diffusor. 

If the final pressure p^ increases, phenomena identical to that considered for 
the effusors occur in the diffusor because in the zone S*S 4 the subsonic diffusor 
corresponds to a supersonic effusor. Shocks occur at tlie ends of the section 
S 4 , which become stronger when the back pressure increases. For higher 
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pressure the shock becomes a nonnal shock at the center, with the configura¬ 
tion of Figure 127, and travels against the flow direction; Pa becomes equal to 
/) 5 . Because the Mach number at which the shock occurs decreases when the 
shock moves upstream, when the pressure p 5 increases, the new equilibrium 
conditions correspond to a change of the position of the shock in the direction 
of the throat. When the slux^k oc^curs at the throat the Mach number at 
which this occurs is the minimum which it is possible to obtain in the diffusor; 
therefore the value of is tlui maximum possible. If the pressure ps still 
increases, an eciuilibrium is no longer possible. The shock moves in the di¬ 
verging part, and the Mach number at which the shock occurs increases; 
therefore the final pressure decreases, because the losses are larger. The total 
pressure po' behind the shock decreases (equation 156), while the velocity at 
Si increases, as can be shown with considerations similar to those of page 185. 
In this case the flow cannot overflow at the pressure p^, and the shock 
travels in front of the diflusor. 

The position of the shock in front of the diflusor depends on the law that 
relates the pressure p,, at the <‘nd of the diflusor to the mass flow. In super¬ 
sonic tunnels the supersonic stream is produced by an eflusor that is connected 
with the diflusor; th(*refore the shock travels into the eflusor and a new 
equilibrium condition can be attained without change of mass flow, because 
the losses across the shock decrease when the shix'k moves upstream into the 
eflusor (the Mach number in front of the shock decreases). 

In ramjets and turbojets the pressure pa is a function of the mass flow^ at 
the section therefore when the shock goes outside the diflusor, the pressure 
P 5 decreases lH*caiise t he mass flow into the diflusor decreases, and it is the rela¬ 
tion between mass flow and pressure that fixes the position of the shock. 

It is important to observe that the considerations of the pret'eding para¬ 
graph show^ that the' diflusor starts only if an equilibrium condition can exist 
with nornml slunk at the section S^, iNow for this condition the pressure 
must b(^ It'ss than p.„n,ix corresponding to the condition of normal shock at the 
throat; therefore the valiums of hack pressure Ixtween pa' and p 5 „wtx can be 
obtained only by increasing the value of pb after the diffusor has started. As 
a conseepience, when the sluK’k giK's outside the diflusor from the throat, the 
pressure recovery and the mass flow that gw^s inside the diflusor decrease 
suddenly. 

For a given value of the Mach number Mi of the undisturbed stream, the 
contraction ratio ('an be d(^creas<Hl if the diffusor can be started at. values 
of Ml greater than the value consid(‘red. Dec'reasing S* the Mach numl)er 
in front of the sluxk into the diflusor decreases, and therefore tiu' losses de¬ 
crease. A diflusor started at higher Much numl>er and with higher contraction 
ratio must be, all otlier conditions being cijual, more eflicient than a diflusor 
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starting at the Mach number considered; therefore /> 5 i„ax must be higher. 
However, the diffusor is not stable with tlu* shock very near llie throat, 
because if a small disturbance pushes the shock outside, the diifnsor doi^s not 
start again. 

Efficiency of a Supersonic Diffusor. The eUiciency of a sujxTsonic diUusor 
depends on the lasses in the shocks that ocTur in the supirsonie part and on 
the losses in the boundary layer. The losses in the supersonic part depend on 
the fonn of tlie compression that occurs, when the speed of the flow changes 
from the value Mi to a subsonic velocity. These losses are viTy large when 
the compression (X.‘curs with a strong shock, while tliey becornt^ ztTo if the 
compression occurs with compression waves, for which tlu^ transformation is 
isentropic. In order to increase the efficiency of the supersonic part, it is 
necessary to adopt a scheme of compression that reduces to the miniimim I lie 
intensity of the shocks. If a diffusor must start at a given Mach nuinb(‘r A7i, 
the maximum contraction ratio possible is lower than the theoretical, for 
which M* is one*; therefore a strong slun k must always occur in the divergent 
part, which produces large losses. The losses aie minimum when the shock is 
at the throat and increase if the value of the Mach number at the throat in¬ 
creases with respiu’t to the value one; therefore the losses incn^asi' and tlie 
pressure recovery decreases with the incrt'ase of the Mach number M], sinci^ 
the corresjKniding value of M* becomes larger, because of the starling londi- 
tions. The compression from Mi to can be v(‘ry eflicient becaUvSi^ it occurs 
practically with small oblique shocks or with compr(‘ssion waves that give a 
transfonnation very nearly isentropic. However, in some cases the flow is 
carried at the intake of the diffusor in a channel; llu*refon^ a thick boundary 
layer can exist at the walls. In this case the compresvsion from Mi to M\* can¬ 
not I>e very^ efficient, because the boundary layer tends to separate during com¬ 
pression and the separation changes the shape of the stream tube and notably 
increast^s the losses. 

If no boundary layer is present at the beginning of the diffusor, the shock 
losses, especially at low Mach number, are given chiefly by the strong shock 
at the throat. The efficiency of the subsonic part depends practically on the 
boundary layer. The boundary layer increases in thickiu^ss along the wall 
and, corresponding to the shoc^k in the divergent part lujar the throat, tends 
to separate, as is considered in Chapter 4. The siiparation tends to produce a 
large wake at the walls; therefore in order to reduce the loss(*s it is nei^essary 
to reduce the angle of divergeiu;e of the subsonic part, of tin* diffusor, esp(‘cially 
near the throat, to a very small value. 

The efiiciency 17 of a diffu.sor can be defined liy the ratio of tlu^ kinetic energy 
•ecovered after the diffusion to the kinetic energy of the flow at the entrance 



SUPERSONIC DIFFUSORS 


m 


of the diffusor. If the flow at the entrance of the diffusor has the conditions 
Ml, and p\ and at the end of the diffusor the conditions are p 4 , and M 4 , it is 
possible to determine the efficiency of the diffusor in the following way: The 
kinetic energy of the flow at the entrance of tiie diffusor can be expressed as a 
function of the tank prcissure po, which for an isentropic expansion to the pres¬ 
sure Pi gives the Mach number Mi, and as a function of the tank pressure po', 
which for an isentropic expansion to the pressure p 4 gives the Mach number 
M 4 . Po' corresponds to the total head because is subsonic. The variation 
of kinetic energy for unit mass is 

1 (i/r> - (1 - ,) 


where Vi is the velocity obtained by isentropic transformation from the 
pressure po' to pi, but 



or (equation 151) 


1 V r -1/^ 

2 Vr 




and 


= I - 

but from (*qualion (156) 






(321) 

(322) 

(323) 


Th('refore it is evidenl that the efficiency of the supersonic diffusor decreases 
with increase of the variation of entropy. For a diffusor with fixed geometry, 
which must start at the Macli number A/i, it is possible to assume that the 
losses in the supersonic part cKxnir only at the throat, corresponding to strong 
shock, and that the other part of the compression is practically isentropic. 
Thus it is possible to calculate the efficiency of the supersonic part in terms of 
the law of normal shock (Reference 32). The values obtained in this way 
do not consider friction losses. In Figure 139 the value of poVpo as calculated 
by using the preceding hypothesis is given for different values of Mach number 
in front of the diffusor for different values of the starting Mach number Mi'. 
It is evident that the maximum po'/po for every Mach number in front of the 
diffusor corresponds to the diffusor that has Mi = M/; therefore an optimum 
value of poVpo exists for every value of M, which corresponds to the starting 
conditions. In Figure 140 the value of the theoretical optimum efficiency is 
plotted as a function of M. For comparison, the efficiency that can be ob¬ 
tained, assuming that the compression occurs with a normal shock at the 
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Mach number in front of the diffusor (divergent dilfusor without the conver¬ 
gent part) is also plotted. 



Fig. 139. Maximum pressure recovery as a function of the Mach number for 
diverging converging diffusors with different contraction ratio (the friction tosses 
are assumed zero and the compression in front of the normal shock isenlropic) 
(from Reference 32 ). 



Mach Number 

Fig. 140. Maximum possible efficiency versus Mach number for subsonic diffusers 
and converging diverging diffusers with zero friction losses and isenlropic com^ 
pression in front of the normal shock (from Reference 32). 
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DiiTusors with Variable Geometry and Diffusors with External Com¬ 
pression. Tlie considerations of paragraphs 2 and 4 show that one of the 
conditions that does not permit a supersonic diffusor to have high efficiency 
is tlie “starting” requirement. This condition limits the maximum contrac¬ 
tion ratio of the stream tube which enters the diffusor, and therefore imposes 
the condition that in the diffusor the compression must occur in large part 
with a strong shock and with losses. While, for stability reasons, it is not 
possible to eliminate completely the losses produced by the strong shock in 
the diffusor, it is evident they can be reduced practically if the “starting” 
limitations are in some way eliminated or reduced. 

A system which can be used to eliminate the starting limitations is that of 
using diffusors witli variable geometry. The working scheme of a variable 
geometry diffusor is the following: \\ hen the diffusor is started and the con¬ 
verging part of the diffusor is supersonic, the geometry in the diffusor is 
changed and the area of the minimum section is decreased gradually. Because 
the corresponding Mach number at the throat decreases, the losses from 
strong shock are reduced and the efficiency must increase. In this way, 
without the necessity of attaining higher Mach numbers for starting the dif¬ 
fusor, a higher contraction ratio can be used, and therefore higher efficiency 
can be expected. An example of a variable-geometry diffusor is shown in 
Figure 141. The design shows the diffusor in starting position; the section B is 


A 



Fig. Ml. Scheme of variable yeomeiry diffusor, 

the minimum section. When the diffusor hasstarted and the strong shock S has 
passed/i, the central body can be moved upstream (dotted position of the figure). 
The section A' has less area than the section 6, and therefore the shock S' occurs 
for a Mach number which is less than llie Mach number corresponding to *S, 
and the losses produced by the shock are lower. 

Another system for reducing the limitations of the starting conditions can 
be obtained in some applications by designing the diffusor with criteria 
different from the design criteria examined before. In the diffusor examined 
before, when the compression occurs outside the diffusor, it occurs with a 
strong shock, because this compression is produced by fixing only the value 
of the back pressure, and practically no deviation is accepted across the shock 
(Figure 142a). Because the shock is very nearly a normal shock, the losses 
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Fig. U2. Scheme of diffusor 
that eliminates the formation 
of the normal shock in front 
of the diffusor for ei'ery 
stream condition. 


across the shoi^k are very large and are the maxi¬ 
mum possible. If formation of a normal shock is 
avoided, even when the compression is outside 
as in Figure 1426, the losses across the shock are 
reduced, and therefore the contraction ratio can 
be larger and the starting limitations reduced 
(equation 320a). A large gain in the pressure 
recovery can be obtained if the diffusor is so de¬ 
signed as to produce in every condition a part of 
the compression outside. If a part of the com¬ 
pression is produced gradually outside by devia¬ 
tion of the stream in front of the diffusor, the 
diffusor is practically eciuivahmt to a diffusor 
designed for a lower Alach luimbcT. INow the 
diagrams of h'igure 137 and Figure 139 show that 
the starting limitations are very important for 
high Mach number, but do not reduce sensibly 
the efficiency for Mach numbers near oiur, there¬ 
fore reduction of the Mach numbiT in front of 


the diffusor pennits a notable increase in efliciency. 

In Figure 143 a scheme of a diffusor having a part of the compression out¬ 
side is shown. The Mach number of the undisturlx^d flow is (‘(|ual to 2.00, 
but along the surface OB a deviation is produced, and in front of the intake of 
the diffusor the Mach number is 1.4; therefore the inl(4 B(^K must be designed 
for M = 1.4. Because the maximum pressure recovc^ry f^o'/Po for a diffusor 
with a contraction ratio corresponding to M = 1.4 is of llu* order of 99 piT 
cent (Figure 139) while for a diffusor with a contraction ratio correspond¬ 
ing to conditions for M = 2.0 is of the order of 83 per cent, th(‘ diffusor con¬ 
sidered permits a large gain in pressure recovery. 

In the diffusor with external compression the contraction ratio can approach 
practically the theoretical contraction ratio because tlu^ (‘xternal compression 
can be extended very near the Mach number 1.0 and there no limitations for 
starting conditions exist. Because the compression occurs in front of the dif¬ 
fusor, also the flow outside the diffusor undergoes a compression that occurs 
across a shock wave (shock equals AF in Figure 143). Ilie shock wave, that 
is eliminated by expansion waves produced along CE, produces a drag (because 
it produces an increase in entropy), which will increase if the external com¬ 
pression increases. The drag depends on the intensity and extent of the 
shock wave AF, In order to reduce the drag to a minimum for a given value 
of external compression, and therefore for a given strength of the shock at A^ 
it is necessary to reduce to a minimum the extent of the shock AF, and to 
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decrease as fast as possible the intensity of the shock AF with a strong expan¬ 
sion along CE. Therefore the distance CCi must be the shortest possible. In 
practical cases a compromise between increase in efficiency and increase in 



drag must b(‘ found, ll is intcTcsling to observe that for a given diffusor with 
exiernal compression llu^ variation of pressure recovery as a function of Mach 
numb(*r is more gradual than for a diffusor with only internal compression. 
Indeed by increasing the flight .Mach number the stream tube that enters the 
diffusor increases; therefore the contraction ratio of the diffusor increases 
when the Mach number incri'ases. 

Figure lit shows the mechanism of 
lh(‘ incn'ase of the mass flow. In 
tin; diffusor consid(‘r(‘d, for simplic¬ 
ity of discussion, the external com¬ 
pression is produced by a finite 
deviation. If the diffusor is a two- 
dimensional diffusor, the stream line 
that, passes through B and that 
defines the stream tub(‘ must be 
parallel to (XL Ih'cause when the 
Mach number increases, the shock 
in front becomes more inclined and 
moves from to S^y the height of the stream tube D increases; therefore 
the corresponding contraction ratio D/D* increases. For three-dimensional 
diffusors the phenomena are analogous. 



Fig. 144. Machanimi of the variation of the 
dimensions of stream tube that yo inside the 
diffusor with externat compression when the 
stream Mach numbers changes. 



CHAPTER 



GENERAL CONSIDERATIONS FOR 
THREE-DIMENSIONAL PHENOMENA 


Existence of Potential Flow in Three-Dimensional Phenomena. As 

was shown in Chapter 1, the possibility of the existence of potential flow is 
associated with the passibility of the existence of a continuous isentropic flow 
in the entire flow field. If a discontinuity occurs in tlie flow, the discontinuity 
produces a v ariation of entropy in the flow, and th(‘ variation must be constant 
in order to obtain again isentropic flow, with different entropy, befiind the 
discontinuity. Because the variation of entropy across a sluK'k for a given 
Mach number in front of the shcx'k is a function only of the inclination of the 
shock, the condition of irrotationality for two-dimensional phenomena with 
shock must correspond to a plane shoc*k. W hen three-dimensional flow is 
considered, other fonns of shock fronts are compatible' with the condition of 
potential flow' behind the slux'k. Indeed, if tin; flow in front of a shock is 
unifonn, in order to obtain the same variation of entropy the intersection of 
the shock front with the planer which contain the vectorial vekx’ity before 
and behind the slux'k must have the same inclination v> ith respect to the undis- 



Fig. 145. Axial symmelrical conical shock. 


turbed velocity at all points on the shock front. This condition is satisfied, 
for example, if the front of the shock is a cone of revolution (Figure 145), 
with its axis parallel to the direction of undisturbed veUx^ity, or by many 
other shock forms as, for example, a shock derived by the combination of a 
196 
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conical shock and a plane shock. Because the shock cannot extend with the 
same intensity to infinity (this condition corresponds to a body of infinite 
drag), in all aerodynamic phenomena a zone of rotational flow exists. Some¬ 
times the zone in which the flow is rotational is outside the zone, which must 
bi3 analyzed in order to obtain the required information, and therefore the 
potential flow theory must be used. However, it is necessary to remember 
that the flow analyzed in aerodynamic problems is, generally rotational, and 
the hypothesis of the existences of potential flow is not exact. This hypothesis 
can be accepted as a good approximation in many three-dimensional problems, 
as the variation of entropy across the shock is generally small, because the 
bodies analyzed usually have small shex k drag ((X|uivalent to a small variation 
of entropy). When the shock has a large change of intensity in the field con¬ 
sidered the accuracy of llie hypothesis decreastss. If that occurs, it becomes 
necessary to use the analytical (expressions for rotational flow. Tn this case the 
analytical solution of tlie problems, which is more complicated, has been found 
only for a few particular cas(‘s. 


The Equations of Potential Flow. In three-dimensional flow problems 
thrive dillenMit typ(*s of coordinate systems are usually used: the Cartesian 
coordinate, the polar ccMmlinale, and the cylindrical ('oordinate systems. The 
choice of the ciKirdinate system usually depends on the facility of expressing 
analytically the iKnindary conditions. The ("artesian coordinate system is 
usually used in general three-dimensional phenomena, while the polar coordi¬ 
nate system and the cylindrical coordinate system are particularly useful for 
conical phenomena or for phenomena with some symmetry, such as for bodies 
of nwolution. The expn^ssions of the potential flow motion are different for 
the thnx* typ(\s of coordinate systems. The ditferential equation of potential 
flow in (^.artt'sian coimlinatc's can be obtained in the same way as for two- 
dimensional flow, from the continuity (equation (equation 2), from Euler’s 
equation (eijuation Ir), and from the hypothesis that the rotation components 
in the flow (ecpiation III) are zero. I ivsing the same transformation as in Chap¬ 
ter 2 (equations 511 and 54), the following eipiation is (obtained: 


dll 

dx 


t \ aV dv \ «-7 dz \ a-/ dy 


dll uw 
dz a- 


2 ^™’ = 0 
dz a- 


(324) 


or if <!> is the potential function expressed by 


u = 


d<l> ^ 
dx' 


d(l> ^ 

dy’ 


V = 


d<t> 

w = “ 
dz 


(325) 



198 

then 


ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS 


dX^ 


(■ 


and 


_a2\ ^ ^ _ ^2\ ^ 2uv 

aV dy \ a‘v dz^ \ or ) dxdy 

2uiv d~(f> ^ 2vw 
a- dxdz «“ dydz 


dn = 

^dx + 

dy + dZ 


dx^ 

dydx 

dxdz 

dr = 

dx + 


^t^dz 


dxdy 

dy- 

dydz 

dir = 

d. + 

-^-dy 

, d'<t> , 

7 “ - dz. 


dxdz 

dydz 

dz^ 


( 326 ) 


(327) 


If the polar coordinate system is used and r, and ip are the symbols of the 
independent variables which define the position of (wery point P (Figure 146), 



op 2 Po~Meridian Plane 

Fig. 116. Polar coordinates. 


the velocity at the point P can be resolved into a component parallel to r, 

?V, a component in the meridian plane ip = 
constant, perpendicular to r, and a com¬ 
ponent w perpendicular to the plane (p = 
constant. In this case, if p is the diuisity of 
the flow, the continuity equation in polar 
coordinates can be obtained by considering 
that the mass flow in the elementary vol¬ 
ume Ay By Cy Dy Ey Fy Gy lly (FlgUrC 147) 

must be independent of time. Evaluating 
the differences of mass flow which overflows 
from the opposite surfaces of the elemen¬ 
tary volume in a unit time, the sum of the 



AEFD = rdrd(p sin rj 
ABHE = rdrd7j 


Fig. 147. Elementary volume 
polar coordinates. 


in 
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differences must be equal to zero, and therefore the continuity equation be¬ 
comes 


— {pr^mirjVr) + — (prw) + — {pr ain r^v t) = 0 
dr dip drj 


(328) 


or 


« . . . 1 dp . dVr . dw 1 dp 

2 Sin rjVr + r sin tfVr - ]- r sin r} -j- tw - 

p dr dr dtp p dip 


+ Vt cos r) + Vi sin r; — - + sin ly — = 0. (329) 

dry p dry 


The conservation of energy equation gives 


—-—- + - (iv“ + vr + w') = constant 

7 - 1 p 2 


(330) 


from which, differentiating with respect to ry, and r, and substituting 
for dpi dp, 

I dp 


>p 1 / dVr , dr, dw\ 

\ d<p dip dip/ 

1 dp 1 / dVr , d?’/ dw\ 

--- =- -[ Vr -h V( - h W — ] 

p drj (l^ \ drj drj drj/ 

I / d/v , dVt . dlL\ 

=- I Vr - VI -h W — ] 

a- \ dr dr dr/ 


p dri 
1 dp 
p dr 


(331) 


If a v(‘l()( ity potential (‘xists, the components ?v, Vt, and iv are defined by 

_ d0 dVr __ dV div _ d’“</) 

dr dip drdtp dr] drdrj 

d0 dV( _ dV dr/ d’'0 I d(^ 

rdry d<p rdrjdip dr rdrdr] r- dry 

I d0 rf//’ I d‘‘(^ 1 d<f> 


Vt = 


(332) 


w = 


r sin r] dip dr r sin ry drdy? r*'^ sin ry d(p 

dwi __ 1 d‘“<^ cos ry d</) 

dry r sin ry drydv? rsin‘^)yd<p 

Substituting eipiations (331) and (332) in equation (329), the following differ¬ 
ential equation is obtained: 

/ wAdw . (, r/A div . divA ivA 

\ dip \ dr] dr\ aV 


2viW dVi 


lU o • ^'rVt dVt . VrW dW 

-2r sin ry- — 2r sm ry- 

0 “ dip a/ dr a- dr 

+ sin ,)v (2 - + 00 s ^1 + = 0 


(333) 
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or 



+ sin- r} 



+ r- siii^ rj 



2vtW . 

— - sin 77 

a- 


dr}d(p 


o Vr Vt d ^ 

2r sin- 77 — 


a- drjdr 


2VrW 

- r sin 77 

a- 


drdif 


+ r sin^ 77 


dr \ a- / 


+ cos 77 sin 77 



= 0. 


(333a) 



Fig. 148. Cylindrical coordinales. 


Tlie equation is equivalent to equa¬ 
tion (326), but in polar coordinates. 

If cylindrical coordinates arc as¬ 
sumed, the independent variables are 
X, y, and ip (Figure 148), and the po¬ 
tential function is 

</> = </> (x, y, ip). 

The coinpdnents of the velocity are 
u, t\ in every meridian plane, and w, 
in a direction perpendicular to the 
meridian plane, and are defined by 
the following expressions: 


u = 


d</) ^ 
dx’ 



d(j> 

w = -• 

ydp 


(334) 


The differential equation of the potential flow can be obtained from equations 
(Ic) and ( 2 ) and assumes the following fonn in cylindrical coordinates: 

\ a‘v dx^ \ aV dy2 \ or) dp' cf dxdy 

_?!!!! 1 ?!i!£ I .ft 4 . if, + t’) . o. (335) 

y dpdx y dpdy y \ av 


In practical applications it is necessary to find a solution of either equation 
(326), (333), or (335) which represents a flow that satisfies the boundary con¬ 
ditions. Generally the solution is very difficult to determine; therefore some 
simplifying hypotheses are usually accepted which permit elimination of some 
of the terms of equations (326), (333), or (335), thus permitting their solution. 
The simplifying hypotheses are usually based on the assumption that the 
variations of some of the components of the velocity due to the flow phenom¬ 
enon are small in comparison with the speed of sound a. The simplified 
equation permits simpler determination of an analytical solution of flow 
problem, thus permitting in many cases, the determination of the flow for 
boundary conditions interesting to aeronautical problems. 
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The Equation of Potential Flow in the Approximate Form. In the 

differential equation of potential flow all coefficients of the second derivative 
of the potential function are functions of the ratio of the velocity components 
to the speed of sound, (jenerally the aerodynamic problem which must be 
investigated is connected with the flow that wets a body of good aerodynamic 
shape. Therefore the deviation of the streamline from the direction of the 
undisturbed flow is small, and the variations of the velocity components with 
respect to the undisturbed velocity components are small. In order to obtain 
simpler equations of motion, the variations of the velocity components due 
to the presence of the body will be considered so small and gradual that the 
second and higher powers of th(^ disturbance velocity components 1 x 2 , ^ 2 , W 2 , 
and their derivatives may be considered negligible (see Chapter 2, last para¬ 
graph) compared to the first and zero power terms. In this case equations (326), 
(333) and (335) can be transformed. To accomplish the transformation it is 
useful to divide the velocity components into two parts, the components of 
of the undisturbed stream, ii\ vu and iv\ that are know n, and the components 
of the disturbance velocity 112 , V 2 y and Wo w hich must be determined. If the 
velocity of the undisturbed stream is in the direction of the j-axis, it is possible 
to write: 


or 

Therefore 


ih = I’l; = 0; Wi = 0 

<t>i = I 1^. 


„ = r. + a, = \\ + 

dx 


F = + r 2 = 



?e = + ^f'2 = 


d<f)2 

dz 


(336) 


In the approximation accepted the values of the order of and 

iV 2 ^/a^ are neglected, and equation (326) becomes much more simple because 
many terms disappear. As was shown in Chapter 2, the terms {ii 2 Vi/a^) 
(d^<t>/dx’^) and the like can also be considered of the order of magnitude of 
and therefore equation (326) becomes 



If a is the value of the speed of sound at the point P considered, using the 
energy equation (equation 5), it is possible to write with the approximation 
accept ed (equation 97): 

a2 == _ (-y _ 1) {aVi), (338) 

Therefore V\/a becomes in equation (337) equivalent to the Mach number of 
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the undisturbed stream, Mi. The potential flow equation for a phenomenon 
in which the disturbances can be considered small becomes 


(1 _ M,^) ^ ^ ^ 

dx^ dy- 3z- 


= 0 . 


(339) 


If (t >2 is the potential function that gives the disturbance velocity </> = <#>! + <#> 2 ; 
therefore 

(1 - Mi^) ^ ^ = 0. (339a) 

dx^ dy^ dz2 

The function 0 in equation (339) represents a velocity potential. However 
with the approximation accepted of small disturbances, equation (339) is 
also valid if <t> denotes an acceleration potential, one of the velocity components 
u, V, w, or a property of the state of the fluid, sucli as pressure or enthalpy. 
This can be shown if equation (339) is difl’erentialed with respect to time, 
with respect to the x, y, z coordinates, or by using simple transformations, 
if the state of the fluids is considered. Equation (339) cannot be used in the 
range of Mi = 1, because in this range the first term of the equation becomes 
small and of the same order of magnitude as the terms iu‘glecled. 

The cylindrical coordinate system is usually used when the body consider'd 
has axial symmetry. In this case the x-axis is taken coincident w it h the axis 
of the body, and the meridian plane <^ = 0 is assumed coincidimt with the 
plane that contains the undisturbed velocity. Therefore 


U = III + U 2 

V = Vi + xh (340) 

w = Wi + XLh 


where U\ = V\ cos a, Vi — V\ sin a cos and W\ — —Vi sin a sin ip {a being 
the inclination between the x-axis and the direction of velocity). In general, 
the hypothesis of small disturbances can be accepted only when the angle of 
attack a of the body is small; therefore in this consideration sin a can be 
considered as very small and cos a can be considered as equal to one ; therefore 
X? and xji^ can be considered small in comparison to In this case equation 
(335) can be simplified and becomes 


(1 _ M 2 ») ^ ^ + i 

dx^ 




a/ y* a^p* y dy 


(341) 


Equations (339) and (341), which are all approximate expressions of the 
flow, are not exactly equivalent, because the values of the terms neglected 
are not the same, therefore they do not give exactly the seune degree of approx¬ 
imation if applied to the same phenomenon. 
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Preliminary Considerations on the Solution of the Differential Equa¬ 
tions of Motion in Approximate Form. Equations of Sinks, Sources, 
and Doublets. In the aerodynamics of incompressible flow in order to repre¬ 
sent analytically the flow field around moving? bodies, schemes derived from 
(electrodynamics are used. In this way, by applying the analytical treatment 
developed for some electric phenomena to the corresponding aerodynamic 
phenomena, s(3lutions of giv(en aerodyiiamic problems arc found. Now the 
same schemes, called in aerodynamics sources, sinks, and doublets, can also be 
us('d in cornprcissible flow with some modification of the analytical expressions, 
wlum [hi) hypothesis of small disturbances is acceptt^d. Indeed the flow field 
prcjduced by sources, sinks, or doublets conforms to the differential equations 
(jf the flow in the approximate form (References 33 and 34). If superirnposi- 
tions and distributions of sources, sinks and doublets are coiLsidered, the flow 
field produced still corresponds to a solution of the flow motion equations in 
the approximate form b(3cause the coefficients of the diffi^rential equation (339) 
are constant. "Pherefore the problem of finding a solution when the hypothesis 
of small disturbances is accepted corresponds to the problem of finding a dis¬ 
tribution of sources, sinks, or doublets which can generate a flow which will 
satisfy tiu* boundary conditions that defnu^ the problem. The demonstration 
that the sources, sinks, or doublets conform to the differential e(|uation of 
fnotion in the approximate form can be obtained in the following way. 
Considering ecpiation (339) it is possible to write the equation in this form: 


- ,V) + „= 5!* - 0. 

dx- dv- dz^- 


(342) 


Considering fixed spatial coordinates in place of coordinates moving with the 
body, because the phenomenon analyzed is steady, 

X = j-i + Vil. 


Therefore 


dx 

7l 


V'l 


^ ^ y 

dt dx ‘ 


and equation (342) becomes 

d(- ~ ” Ldj-- ^ ay- ' 

Kquation (342) has, among (dliers, solutions of the form 


(342a) 


<!> = /i (■'• — mO -f fi (x + at) 


(343) 


wl»cre/i aird/j are arbitrary functions of the given argument. Equation (343) 



ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS 


Wi 


represents expanding plane wave fronts which proceed with the velocity of 
sound (Reference 35). 

If the expansion which proceeds with spherical symmetry from a point is 
considered (source or sink), and 

r = + y- + Z“ 


from equation (333a) it is possible to obtain (because iv = dr/dl and the 
derivation with respect to ^ and rj is zero with existing spherical symmetry) 


and therefore 


— = a- 


(344) 

dP 

_ r dr J 

«/> = - 

-/(a/ - r) 

(345) 


as can be verified by dilferentiation. If an expansion from a point which pro¬ 
ceeds with circular s>mmielr> in a plane is considered and 

« /• = \/jr^ + y- 


from equation (341), putting W = dx/dl 

dy- y dyj 


(346) 


and the function <t> is still given by eciuation (345), as can be verified by differ¬ 
entiation; therefore equation (346) represents the motion of a tw o-dimensional 
circular wave diverging from a point in the axis j = 0. 

The function / is again an arbitrary function of the argument ^ = {at — r). 
If /(f) is constant, equation (345) gives the usual source potential. If /(J) is 
zero for all negative values of ^ and other than zero for i > 0, the potential </> 
represents the potential of a disturbance that starts at the time zero at the 
origin (r equal to zero) and is at 

r = at 


at the time 1; therefore it repres(;nts an (expansion which moves with the ve¬ 
locity of sound. The radial velocity changes with r and becomes inlinity at the 
origin. 

^ = (347) 

dr r- r 


Because the hypothesis of small variations of velocity is assumed, the solution 
cannot be used near the origin, but only in those regions in which, for the 
given intensity of the source, the velocity is small. 

For aerodynamic applications it is interesting to study a source system in 
motion with constant velocity. Consider a row of sources placed on the 



THREE-DIMENSIONAL PHENOMENA 


205 


x-axis which begin to flow at difTerent times and move at constant speed. 
The rule will be accepted that, if the position of the sources is x, and the time 
at which every source begins is /, the relation must exist that 


— = Ui = constant. (348) 

dl 

For this condition, if the first source is at (x = 0) and begins at time (< = 0), 
a source at the position x\ b(‘gins to How at th(‘ time U, given by 


^1 

ih 


— h* 


(348a) 


In this case the potential at any point x, v, :, at the time i for all sources at 
the position Xi is given by 


<t>= - 




r] dh 


(349) 


where 


Placing 


r = V (X — xi)‘“‘ + y- + Z-. 

^ = a(/ — /i) — r, and Xi = — iidi 


(350) 

(351) 


from equations (350) and (351) an expression in /i can be obtained: 


fr (a- - nr) + 2/i [a ({ - a/) — //ix] + (^ - a/)" 

- (x‘^ + y-’ + = 0 (352) 

that gives on differentiation 

_ d^ K - a (/ - h)] 


du = 


a (f - a/) - a,x + (a- - nr) h 


(352a) 


Using in eipiation (352a) the solution of the quadratic equation (352) that 
gives the value of t\ and arranging the terms conveniently, equation (349) 
becomt^s 


0 = 






()■+ (l - ^5) (V= + ■•<) 


(353) 


If llie coordinate system is assumed to be moving witli ihe sources system, 
the new coordinate x is given by r + mi/, and if the variable = ui^/a is 
used instead of the equation (354) becomes 


0 = 



/ («') dr 


rr + 




(354) 


(yr + Zi'O 
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The potential <t> satisfies the equation of motion. Therefore, in order to 
detennine the solution of a given problem it is necessary to find a source 
distribution/(J') which produces a flow that satisfies the boundary conditions. 
If the sources placed along the x-axis are two-dimensional sources defined by 
equation (346), equation (351) has the form 


0 = - 






- 


(354a) 


The value of the integral of equation (354) can be imaginary, because 
ur/a- is larger than one; therefore the rule must be held that it is possible to 
integrate only over the real values of the integrand, and zero is substituted 
for the imaginary values. The value of the upper limit of the integral 
represents the end of the source phenomenon given by the expression /($); 
but it is necessary to remember that the sources which correspond to values 
of £ for which the expression under the root is negative must not be considered. 
Physically, the exclusion means that the source can influence the flow only 
in the Mach cone that starts from the source. 

The zone of the fore cone must also be excluded from the integration, since 

no waves of the source systcTU get into it. 
Therefore it is necessary to consider only 

__ \ values corresponding to positive values of 

- {x — ^). If a point P (Figure 149) in the 

I Mach cone is considered, it is found that 

in supersonic flow (dilfering from subsonic 
flow) the point P is readied by waves 
Supersonic produced from the two sides, A and B; 

therefore in eiiuation (354) a factor of 2 

_^ must be added, that can be considered in- 

N. corporated in the expression/(^). 

\ \ When lifting surfaces are considered, it 

IVVv ^7 / ] ” / usually necessary to pass from the use 

y J of sources to the use of doublets. The 

-doubl(;t is composed of a sink and a source 

of the same intensity and of opposite sign, 
Subsonic placed at a distance h from each other. If 

Fig. 149. Supersonic and subsonic distance h decreases and tends to be- 
source, come zero, and the intensity Q of the 

source increases in a manner such that the 
product Qh does not change, the limit of Qh as h becomes zero represents a 
doublet. The use of doublets permits determination of expressions for lifting 
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surfaces as in the subsonic case. The energy equation with the liypothesis of 
small disturbances gives 



Performing an integration by parts and introducing equations of the type 
of eciuation (331), in the approximation accepted 

Pi - p = piViU. (355) 


If a wing is considered moving in a uniform stream and is the velocity 
component along a line parallel to the j*-axis on the upper part of the wing, 
and III is the corresponding component on the lower part (different from 
because the surface is a lifting surface), there exists a potential difference 
behind the wing having the value 

r = I (Hu ~ ui) dx (355a) 

J Xi 


where X] X 2 is I he wing chord, because only along the chord can be different 
from pi, and therefore a„ is dillerent from a/. Kquation (355a) using equation 
(355) becuimes 


PiVir= I {pu—pi)dx. 

J Xi 


(356) 


Kcpialion (356) gives ihe value of the lift for a unit length in the y direction; 
therefore integration along the y-axis furnishes the Kutta Joukowsky law, 
which is also valid for supersonic flow with the approximation accepted. Now^ 
it is possible to show that, with the hypothesis of small disturbances, an accel¬ 
eration potential must exist in the flow, and it is also possible to show that, 
corresponding to the difference of pressure across the lifting surface there is 
an eipially large dill’erence in the acceleration potential. Now because a 
doublet distribution represents a difference of potential, it is possible to repre¬ 
sent the difference in pressure across the lifting surface with a corresponding 
doublet distribution. 

Consider Euler’s eituation (1) or (la). The equation is composed of two 
ecjual terms, the first is given by a gradient (grad P ); therefore the second 
term must also be a gradient, so it is possible to write 

^ = f!:rad (357) 


Therefore a potential function ip must exist which represents an acceleration 
potential. Projecting equation (357) along the a:-axis (see equation 16) gives 


dip _ ^ I dp ^ ^ 

dx p dx dt 


dll 

dx 


(El + as) + 


dll 


, dll 

V2 H- iVi 

dZ 
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or with the hypothesis of small disturbances 

d<P __ y dU 

dx ^ dx 


iP = Viu. (358) 

Therefore, from equation (355) 

Pi — Pu = — (pi) pi. (359) 

Now, the difference of Ihe potential across the lifting surface can be repre¬ 
sented by the potential of a doublet distribution along the surface. Indeed, 
assume that a source distribution of intensity Q exists in the lower part and 
a sink distribution of the same intensity (and opposite sign) exists in the upper 
part of the lifting surface; if the distance biitween the two distributions 
h becomes smaller and approaches zero, while Q increases in such a way that 
Qh remains constant, the difference of potential across the surface is 

<Pu — <pi = Qh. (360) 

The potential ol* the doubli't distribution can b<‘ computed in thus way: Con¬ 
sider a lifting surface placed in the plane r = 0, having a source distribution 
in the plane z = —h/2 and a sink distribution in tlie plane z — +li/2. The 
potential resulting from both distributions can be thought of as arising from 
the removal of a source distribution from z = li/2 and placing it at : = —/i/2. 
Because h is small, 

^ = h (361) 

dz 

where <t>Q is the potential of the source distribution. From ecjuation (358) it 
is found that the velocity potential corresponding to a doublet distribution is 
given by 


(Pi — (P 


(36ia) 


ipdx = k 


Ecfuation (362) permits determination of the flow field represented by the 
doublet distribution. 

Projecting equation (357) along the y- and z-axis (equations 1 and 16), 

^ ^ _ Y 

dy dt ^ dx 
d(p _ dw _ y dw 
dz dt dx 



THREE-DIMENSIONAL PHENOMENA W9 

Since v and w are zero for the undisturbed stream, the components v and w 
at the point x are 



Tlie velocity components v and w do not disappear at infinity behind the lifting 
surface. A free vort(^x system exists bi^hind the lifting surface, the energy of 
which is related to the induced drag, while the How field is defined by the 
potential difference F. 



CHAP TER 



AERODYNAMIC PHENOMENA FOR BODY OF 
REVOLUTION, ANALYZED BY USING THE 
THEORY OF SMALL DISTURBANCES 


The Method of Small Disturbances for a Body of Revolution. To 

study the problem of aerodynamic phenomena around a body of revolution, 
the cylindrical coordinate system is considered the most suitable. The x-axis 
is assumed coincident with the axis of the body, and the y-axis normal to the 
x-axis in the meridian plane in the direction of the radius of tivery circular 
cross section of the body. The meridian plaiu^ is defined by the angle (p 
between the meridian plane which contains tlu* direction of the undisturbed 
velocity and the meridian plane considered (Figure 150). The angle of attack 
a of the body is the angle between the direction of the undisturbed velocity 
and the axis x of the body, in the meridian plane <^ == 0. 



Fig. 150. Body of revolution referred to cylindrical coordinates. 


At every point the velocity V can be divided into three components: along 
the X- €md y-axis, and normal to the meridian plane. The components can be 
defined in the following form: 

210 
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I I ^^2 T/ , S<l)2 \ 

u = ill U2 — III T“ — = Vi COS a -|- -— I 

dx dx I 

V = Vi + V2 = Vi + — = Vi sin a cos (^ + — / (363) 

I 

I T /■ * * I ^02 I 

w = Wi + iV 2 = — Vi sin a sin <^ + - I 

y^<p I 

wliere iii, V\, and W\ arc (^oinponcnis of the undisturbed velocity corresponding 
to the potential of the undisturbed stream, and 02 is the potential function 
which defines the variation of the flow generated by the presence of the body. 
This potential function always (‘xists, because the hypothesis of small dis¬ 
turbances is accepted. Because with the hypothesis accepted a must be small, 
the difl'erential ecjuation (341) of the flow motion becomes, using the defini¬ 
tions of equations (363): 

(1 _ yv/,^) + ^ + + 1 = 0 (364) 

dx* dy- y- dip* y dy 

where, following llu^ considerations of CJiapter 10, in equation (341a), the 
terms v\ and ivi are also considered small (of the same order of magnitude of the 
disturbance velocity components). The solution of equation (364) is of the 
form (Reference's 36 and 37) 

02 = 02^ “h 02^^ (365) 

where 02 ' is a function only of x and y and is defined by the equation (Refer¬ 
ence 33*) 

(1 - ,\/r') ^ i ^' = 0 (366) 

dx^ dy* y dy 


which is the equation that defines the flow for the case of the body with axis 
in the direction of the velocity. In analogy with the phenomena in subsonic 
flow 02 " is given by 

<t> 2 " i-r, y, <f>) = F ( jy) cos <f> (367) 

wliere 

Fijy)^^^'- (368) 

dy 


It can be shown that the function 02 " is a solution of equation (364) in the 
following way: Substituting tlie value of 02 " given by e(tuation (367) in equa¬ 
tion (364), ecjuation (364) biH'omes 


(1 - f 

Ox* Ov- 


y r -f- * ^ 0. 

v-' y dy 


(366) 


* The Irentiiienl ot bodies of revolution with the siiiull dislurbant'es theory, wliioh was 
exteiuled in Tteferenoe .16 and in Hefert‘nee 37 to t>odie.s of revolution with angle of attack, 
WHS given here for the first time. 
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Differentiating equation (366) with respect to y, 

(1 _ M.>) + ^ («?:)+ 1 i- (?*') - -L(s*) . „ 

dx^ \ dy / dy^\dy / y dy\dy / y^\ dyf 

Assuming 

^ = F 
dy 


( 370 ) 


equation (369) is coincident with equation (370); therefore equation (367) is 
a solution of equation (364). 

The potential function that delines the phenonienon can therefore be ex¬ 
pressed in the form 

0 = <^>1 + 02 

or 

0 = 0 / + 02 ^ + 0 / + 02 ^ 

d0o ^ 

= xVi cos a + 02' + y V'^i sin a cos <p H-^ cos (p, (371) 


The potential function (0/ + 0^') defines the phenomenon for the case of 
axial symmetry or zero angle of attack. To determine the effect of the angle 
of attack it is necessary to determine only the variation of the piienomenon 
dependent on the presence of cross How due to the angle of attac'k which is 
represented by the function ( 02 ' + 0i"). The part 0i is assumed independent 
of the angle of attack, and ui is assumed equal to V i (because a is small). The 
determination of the How around a body of revolution can be considered there¬ 
fore divided in two parts. The first part consists in determination of the value 
of the potential function which, with 0 /, represents the phenomenon for 
the body in axis with the undisturbed How. The second part consists in deter¬ 
mination of 02 " which, with 0i", gives the variation of the phenomenon with 
respect to the preceding case when the body clianges angle of attack. 

The possibility of superimposing the effect of the axial flow on the effect of 
the cross flow, which is derived from the hypothesis of small disturbances, 
notably simplifies the problem and permits rapid determination of the aerody¬ 
namic properties of a body at small angles of attack. In equation (364) it is 
assumed that the angle of attack is very small so that ui can be considered 
equal to Vi and constant, and Vi and ivi very small. Ileally ui changes with 
the cosine, and ri and Wi with the sine of the angle of attack; therefore the 
solutions are correct only in a first approximation or for very small angles of 
attack. 


Slender Body with Axial Symmetrical Flow. If tht‘ body has its axis 
parallel to the flow, in order to determine the phenomenon a potential function 
0 * 2 ' which satisfies equation (366) and the boundary condition must be deter- 
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mined. As is shown in Chapter 10 , the potential function (t >2 can be obtained 
as the potential given by a source distribution (equation 354a) (References 33 
and 38). 

Because in equation (366) u\ is greater than a, equation (366) (identical to 
equation 346) represents the motion of a circular two-dimensional wave 
diverging from a center placed in the position y = 0 . The steady flow around 
a body of revolution can be interpreted as a two-dimensional circular wave 
motion with a source at the origin variable with time (equation 354a). In the 
coordinate system moving with the body this representation corresponds to a 
variable distribution of sources along the x-axis. The position of the sources 
and the law of variation of the strength of the sources along the x-axis depend 
on the shape of the body. The problem is reduced to determination of the 
source distribution as a function of the shape of the body. 

The solution of equation (366) is given by the expression (equation 354a) 






V(x - - li-y 


where the term B is given by the expression 


B = VM{^ - 1 


(372) 


(373) 


and the function/(^) is an unknown function of the parameter f. The integral 
is taken over I lie entire interval in which the function in the integral is defined. 

For supersonic flow (Afi > 1 ) the function in the integral becomes imaginary 
when 

{x — — B-y- < 0 , or when ^ > x — By, 

Therefore the limits of the integral are f = 0 and f = x — By, 

Subslituting for the value ^ the expression 

^ = X — By cosh z (374) 

eipiation (372) becomes 
0 

/ (x — By cosli z) dz (375) 

ih-‘ “ 

By 

As discussed in Chapter 10 , the 
limit of differentiation has a physical 
meaning. Indeed, if the body begins 
at the point A{x — 0) and a point P 
is considered (Figure 151), the flow at 
B midersoes varialioiis t hat an* ffeii- 15 ,_ of re,mluHou in mil, 

erated only hy disturbances produced the imdisturhed stream. 
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in the fore Mach cone which starts at P. These disturbances must be repre¬ 
sented by sources placed along the zone AB. In front of A the flow is 
undisturbed flow, and behind B the sources cannot influence the point P. 
The sources therefore must be distributed along a segment that goes from 
{ equal to zero to { equal to AB, where AB is equal to 

= iTp — ypcotgi where cot/xi = V^A/r — 1 = P. 


Cone with Axis Parallel to the Undisturbed Velocity (Heference 33). If 
the function f{x ~ By cosh z) of equation (375) is assumed proportional to 
X — By cosh z, equation (375) becomes 


<^> 2 ' = A"i I (x — By cosh z) dz. 

J cosh*'^ 

By 

Equation (376) permits direct integration 


(376) 


</)2' = Ai — iccosh”*— — Py 

By 


(377) 


where Ai is the constant of integration having the dimensions of a velocity. 
In this case the disturbance velocity components become 


and 



dy 



B cosh z dz. 


Therefore the velocity components are 


(377a) 


(3776) 


d<i> 

a = ~ = 

^' + F. = 

- A , 

cosh 

dx 

dx 



II 

-e-i 

II 


]!— - 

■ 1. 

dy 

dy 




(378) 


Equation (378) shows that the componeiiUs of tlui velocity are constant for 
constant value of x/y, and therefore are constant along every straight liiu* 
that passes through the point x = 0, y = 0. The potential 02 given by equa¬ 
tion (376) corresponds to a ironical phenomenon. Equation (378) can be used 
to determine the pressure distribution around a circular cone with axis parallel 
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to the flow. If rio is the angle at the vortex of the cone (angle between the 
ar-axis and a generatrix) the value of x/y along the cone is given by 


y 

- = tan tjq. 


But v/u at the cone must be equal to tan ryo or 

K, 


tan 7]q = 


r By 


- 1 


Vi — Ki cosh~^ 


and 


By 


K,= 


Fi tan »;o 


V cot^ i;,) — tan r)o cosh' 


cot TJq 

B 


(379) 


(380) 


In order to obtain real values for Ki in equation (380), the value of cot rjo 
must be larger thaiiB, or the value of rjo must be smaller than the Mach angle 
the cotangent of which is equal to H, 

From equations (378) and (380) it is possible to determine the pressure 
distribution and therefore the drag coeflicient for cones at every Mach num¬ 
ber. 

Indeed, with the approximation accepted (equation 355) 


Ap 




(381) 


For every value of rjo and Mi the value of K/Vi can be determined (equation 
380) 

Ki _ _ tan rjo 


Vi / -;-COt TJo 

V cot^ T/o — B2 + tan r;o cosh”^' “ 


and Ui/Vi, th/Vi, are given by 


cosh-‘^:^^ = 

B L 


log. 52^4 


B 


[/(c^.)- _ .]) 


V^ 


(382) 


^‘cosh-*’®^’''’ = - ^c, 

F. B 2 ' 

(383) 

/i:.g|/coF,„ 

Vi y B^ 

(384) 


The system gives a good approximation if the angle of the cone is not very 



2/6 ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS 

large and for Mach numbers not too near one. In Figure 152 some values of 
the pressure coefficient (p — P\)/14p\V^ obtained with this theory are plotted 



M 

Results Obtained Without the Hypothesis 
of Small Disturbances 

--Results Obtained With the Hypothesis 

of Small Disturbances 

Fig. 152. Pressure coefficient versus Mach number for 
cones of different angle. 

as functions of the Mach number. For comparison, the same values obtained 
theoretically without the hypotliesis of small disturbances are also shown. 

The Flow around a Slender^ Sharp-Nose Body of Revolution with 
Axis Parallel to the Direction of the Undisturbed Velocity. Consider a 
slender, sharp-nose body of revolution of given shape (Figure 153). For every 
point Pn of the body the values of and are known, and therefore the value 
of given by 

fn = iPn - Byn (385) 

can be calculated. At the point Pn the additional velocities U 2 and V 2 are 
produced by the source distribution placed along the segment ABn corre- 
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Spending to Jn- is the function that defines the source distribution, it 

is possible to write, using equations (375) and (374) 


V2 


U2 


/' (x — By cosh z) dz 


cosh ~ > 


By 


-/' (x — By cosh z) B cosh z dz 


' cosh ■1 — 
By 


(386) 

(387) 


where /'(f) is the function which represents the derivative of /(f) with respect 
to f. 

If a curve made up of straight segments tangent to the curve is substituted 
for the curve that represents /(f) as a function of f, (Figure 153), along every 



Fig. 153. The delermination of source dislrihuiion for a body of revolution. 


segment of the curve/(f), the value of/'(f) is constant, and the curve which 
represents the function /'(f) as a function of f is a step-shaped line as repre¬ 
sented in Figure 153. In this case a summation can be substituted for the 
integrals of equations (386) and (387) and the velocity at the points Pi, P 2 , 
P„ can be determined. If the straight line AC is substituted for the curve of 
/(f) as a function of f between A andBi (Figure 153),/'(f) is constant in this 
interval; therefore the velocity components at the point Pi of coordinate xi 
= f 1 + By I are given by (equation 378) 


U 2 ,i = — Ai cosh ^ 


IL 

Byi 


^ 2,1 ~ -^1 B 



- 1 


where Ai is a constant. The hypothesis of /'(f) constant corresponds to sub- 





2i8 ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS 

stitutioii for the body ^4 Pi of a cone which passes through Pi. But at Pi the 
velocity must be tangent to the body, and, because the cone that passes Pi 
is substituted for the body in the approximation accepted, the boundary 
condition is given by 

dx Xi Vi + ih 


Since ^2 and U 2 are functions only of Xi and yi, which are known, the value of Ai 
can be determined in the same way as for the cone equation (382). 

For a point Pn of coordinates {xn, yn) the corresponding values of U 2 and V 2 , 
U 2 n, and V 2 n can be obtained in the following way: For every zone of — Ji-i 
between two points P,_i and Bi (Figure 153), in which the value of/'(^) is 
assumed constant and equal to the velocity components Au 2 n and Av 2 n, 
induced at a point Pni^n, yn) by the sources placed between Pv_i and of 
intensity/(f), are given by the expressions 


* cosb't 

Byn 


AM2n = + L 


/' (x — By cosh z) dz 


I cosh‘1 

Byn 


r coeh-i 

= Ai dz = Ai (cosIr* 

L-,—V By„ By. J 


At’2B = 


(x„ - ^iY - 


- - Bw)- 


The total induced velocity components are therefore given by the following 
summations: 


J’sn = - 7 , AiB 


{Xn - iiY 


|/ (crn - A 

y BW ) 


Equations (388) are obtained by considering the effect of every zone in which 
/({) is constant. Now for the point P 2 at Xi and y^ the summation has only 
two terms, and therefore only two constants must be determined, Ai and At. 
The constant Ai is known from the consideration of Pi, and therefore when 
the boundary condition 

Vi _ / ^ 

Vi + Ui \dxJp. Vi 


(389) 
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is imposed at P 2 , using equations (388), equation (389) represents an equation 
in which only the term A 2 is unknown and can be determined. For P 3 three 
constants are necessary, A\, A 2 , and As. The constants Ai and Ai are already 
determined; therefore, from the condition that the velocity must be in the 
direction P2P3 at P3 (eciuation 389), the value of A3 can be determined. 
Proceeding in a similar way the values of all constants can be determined, 
and therefore it is possible to determine the value of the velocity along the 
entire body. From equation (381) the corresponding pressure distribution 
can be determined. For example, if the body shown in Figure 154 is consid- 


y 



Fig. 154. Shape of the body analyzed in the 
numerical example. 


ered, and the flight Mach number is (‘qual to 2, the pressure distribution 
along the body at zero angle of attack can be performed in the following way. 
Six points along the body are chosen: the points 0 , 1 , 2 ,3,4,5. For every point 
the following geometrical (piantities are determined: y„, {dy/dx )n. and gn. 

where for every point is given by equation (385), and B = \^AP — I is 
eiiual to 3. Because the shape considered for the zone 0 — 1 is a cone of 10° 
half angle, the value of the constant Ai/Vi from equation (382) is equal to 

A' = —-S = 0.03079 

"S/col- 10° — 3 + Ian 10° cosh ' — 

V 3 

and 

cosli-' = - 0.05712. 

V. V3 


The pressure coelTicient between 0 and 1 is ecjual to Cp = 0.114. In order to de¬ 
termine the pressure in the point 2 , the value of Ai/Vx must be ealeulated, using 
equation (388). Because x% = 2, yj = 0.3347, ^ = 1.4203, and = 0.6946, 


2 - 0.6946 y j _ l/ 4 _^ 

V3 X 0.33471/ t 3 X 0.3347P 

d? - jl // 2 - 1.4203 Y ~ l // 2 -^~0.6946 \ } 

F, Wii X 0.33471/ ~ ^ ~ \V3 X 0..3347I/ ( 


_ = VT X 0.03079 |/ ( 




ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS 


m 

Uj j / 2 - 0.6946 2 \ 

TT = 0.03079 ( cosh-‘ -p- - cosh-* - 7 =-) 

Vi V V 3 X 0.33471 V 3 X 0.3.3471/ 

, At/ ^ 2 - 1.4203 2 - 0.6946 \ 

-r 77 I cosh“^ “ 7 =- — cosh~^ “ 7 =- ) 

Vi \ (0.33471) V3 (0.33471)/ 


In equation (389) (dy/dx)^ = v^^/W where {dy/dx)i = 0.158; therefore the 
value of A 2 /V 1 can be determined; A 2 /V 1 = 0.02354. In a similar way, the 
values of Az/V\, Aa/Vu and Ai,/V\ can be determined and the values of 
0.01681, 0.01069, and 0.00517 are obtained. From the value of A, the value 
of U 2 /V 1 and therefore of the pressure coclficients can be detenniiu^d. 

Cp, = 0.097; Cp3 = 0.080; = 0.063; = 0.047. 


For a body of revolution of small diameter a direct expression that gives a 
first approximation can be determined for the value of the source distribution 
(Reference 38). Differentiating equation (372) with respect to y, equation 
(387) is obtained; substituting equation (374) in equation (387) gives 




/ X — liy 

r a) (X - 

V (.r - - /iy ' 


(390) 


Now near the axis of the body (the source distribution is at the axis y = 0) 



1 

■'"X ^ 


(391) 


The term/(0) is zero if the body has a sharp nose at the point x = 0. When the 
value of the radius y of the body is small it is possible to assume 


{V2)y = {V2)y^0 


. dy /y = o 


11^ 

y 


but if S is the section of the body, it is possible to write 

dx dx 


The boundary conditions give 

^ ^ »2 
dx + Uu Vi 

and therefore with the same order of approximation, 

fix) ^ ^ 
yV\ dx 


(392) 


(393) 

(394) 


(395) 


fix) = 


F,eK 
2ir dx 


(396) 


or (equation 393) 
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In the approximation accepted, the source distribution is proportional to the 
variation of the cross section of the body and therefore can be determined 
directly from the boundary conditions. The pressure coefficient at every 
point P can be determined by using equation (381) 


(Cp)p 

which becomes 


(Cp)p — 


/ xp - Byp 

_ / (^) <1^ 

V{xj. - 



-Byp 


d^S 




deV{x,.-^Y - IPy, 


(397) 


(398) 


If the shape of the body is defined by an analytical expression, the derivative 
can be obtained in analytical form as a function of f, and therefore 
the value of the pressure coefficient can be obtained in analytical form eval¬ 
uating the integral of equation (398). 


The Floiv around an Open Nose Body of Revolution with Axis Parallel 
to the Direction of the Undisturbed Flow (Reference 39)* The theory 
of small disturbances can be applied to a body of revolution with an open 
nose if the flow that goes into the open nose is supersonic. If S is the sec¬ 
tion at the nose of the body (Figure 155a), at*S the flow can be divided into 
two parts, the internal flow, or the flow that goes into the nose, and the ex¬ 
ternal flow, which wets the external surface of the body. 

If the internal shape of the body or the transformations that the internal 
flow undergoes are such that there is a supersonic flow at the section the 
internal flow cannot interfere with the external flow, because all variations 



Streamline 

L 


M,>1 

M<1 

Si 

jbsonic 


r 



(b) 


Fig. 155. Open nme body of revolntiony with (a) snpersonicy and (h) subsonic flow 
at the entrance. 


in the flow can begin at the section *S when the two masses of flow are separated. 
If the internal flow is subsonic, an external transformation must occur with a 
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strong shock in front of the body (Figure 155/>). Tlie external flow that wets 
the body then has physical characteristics dependent on the internal flow 
transfomiations, and the phenomena cannot be separated. 

If the internal flow is supersonic, it can be represented by a cylinder of the 
same diameter as the nose, and the body can be considered schematically as a 
cylinder wetted by the undisturbed flow that changes section at S (Figure 
155a). To solve the problem it is therefore necessary to determine the poten¬ 
tial function of the supplementary flow velocity, produced by the disturbances 
that are produced at *S. Because the variations of velocity begin at the point 
P, the source distribution must be such that it does not produce any variation 
in front of P, but must produce a variation at P and behind the point P. 
The source distribution must therefore begin at the point 0 determined by 
the relation (Figure 155), 

OPi = UB 

where R is the radius of the open nose. 

The function /($) must be determined by the condition that /($) is zero in 
front of the point 0, and /(f) 0 after 0, where 0 can be considered as the 

origin of the coordinates. 

For determining the value of/'(f) at every point of the axis tlie same pro¬ 
cedure detennined for a shaq) body can be used, based on th(^ principle of 
satisfying the boundary conditions. It is evident that at the point B the flow 
undergoes a finite variation of direction which is much stronger tlian the varia¬ 
tion which occurs at a sharp nose, because at the point B the phenomenon is 
two-dimensional. 

Application of the Equations of Small Disturbances for Flow around 
a Body of Revolution in Yaw. In paragraph 1 of this chapter it is shown 
that if the hypothesis of small disturbances is accijptable for tlui phenomenon 
considered, the variations of the velocity produced by a body of revolution 
in yaw can be obtained by adding to the variations produced by the body 
with axis parallel to the flow some incrennmtal variatioiLs that can be obtained 
from the potential function (</>2 +" <t>i") given by 

<h" = yFi sin a cos ip + cos (p (^399) 

The term Vi sin a is the component of the undisturbed velocity normal to 
the axis of the body, which is assumed coincident with tlu^ x-axis, and <t >2 
is the potential function that gives the variation of the vc^locity produced by 
the body when it is on axis with the flow (References 36 and 37). 

Using for the function <l >2 the expression of equation (375), the potential 
(0i" + <h'^) becomes 
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+ <#> 2 " = yVi sin a cos V? — cos (p B 



m {x — By cosh z) cosh z dz 

, X 

Yy 


(400) 


where m{x — By cosh z) is a function that must be determined in terms of the 
boundary condition. 


Cone in Yaw. For the cone with axis paraHel to the flow the function ^ 2 ' 
is given by equation (376) 

r 

(j >2 = K I {x — By cosh z) dz (401) 

,/cosh”!-^ 
oy 


where K is a constant. It is therefore possible to write 


= cos B cos ^ 


{x — By cosh z) cosh z dz 

X 

Ty 


(402) 


where the constant K 2 must be determined in such a way as to satisfy the 
boundary conditions, but 



By cosh z) cosh z dz 


iyBcosh-^-|-?l/|^^-l (402a) 


and therefore 

0 " = </)/' + 02 " = y Fi sin a cos (P—K 2 Bcos 


r^y u 

> —cosh” 


/^_l’ 

2 

By 2r 

BY J 


(403) 


The value jdx and b(i >2 /by can be determined using equation (403) 

(404) 

and 

= Vi — K 2 B cos ip\- cosh~^ -£ 4 - |/-^ — iT (405) 

by 12 By 2y V By J 

Considering the total phenomenon the components of the velocity are 
given by 


b(j>' . b(j>' 
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and therefore 


iz = Ml — Ki cosh“i ——\- K 2 B COS ip 1 /-^ — 1 I 

By ^ r BY I 

V = ri + B 1 / — I — K 2 B cos (f (- cosh“i — ) (407) 

r \2 By f ^ ^ 

+ -l/— - l)* I 

2yV BY ) j 

The values of u and v are constant for constant values of x/y, and therefore 
are constant along every straight line that passers through the origin of the 
coordinates; the functions (<^ 2 ' + <^ 2 ") represent a conical field. 

If rjo is the angle of the cone, constant for every value of (p (circular cone), 
the value of the constants K\ and K 2 can be determined. The constant Ki 
corresponds to the axial-flow piienornenon and is given by ecpialion (380). 
The constant K 2 must also be determined by imposing the condition that at 
the surface of the cone the velocity must be tangent to the cone; therefore 
the velocity must l3e inclined at r^o, or 


Because the term 


V 2 


Ui + u'2 


- = tan rjo. 
a 


X 

III — Ki cosh~^ — 


tan 7^0 


(408) 


it is evident from equation (408) that the following relation must be valid: 


Vi — K 2 B cos 


V 

II " 

Ui 




- cosh~‘ — 4- — 
2 By 2y 


]/— - 1 ) 
y ) 


KiB cos 




= tan rjo. (408a) 



From equation (408a) the value of K% 
can be determined as a function of rjo 
and of Vi which is a function of the angle 
of attack a, vi = Vi sin a cos <p (Figure 
156). K 2 is independent of the value 
of cos <p. 


Fig. 156. Cone with angle of attack. 
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K, = 


Vi sin a 


2 B 2 


B l/cot^ 
- cot 


(409) 


- 1 + Vl-BHan* 


’?o 


or 


K, 


sin a 


, .cot >70 . B l/cot7^ /- 

cosh-i + - col 7?o _ 1 + Vl - 


tan rjo^ 


Using the symbol f = ^ the result is 
/iTo a 


Fi ^ 

2 

The lift coefficient of the cone is 


^coslr ^ f f— 1 + 


(409a) 


Cl = — / yrfx I II cos ip dip. 


Therefore 


or 


Cl = 


da 


2 cot 


^0 


ttUi 


7x2^ |/~~~ ■“ 1 


2 - 1 


cosh-^ f + f - 1 + Vr - 1 


Some values of dcjjda for different Mach numbers and values of 770 are shown 
in Figuni 157. For comparison dala obtained without the assumption of the 
small disturbances theory are also shown (see Chapter 12 ). The results of 
the two determinations agree fairly well only for low Mach numbers and for 
very small angles of tlie cones. The values obtained for 770 = 0 coincide with 
the values given by ecpiation (426). 


Lift and Moment for Bodies of Revolution in Yaw (very slender bodies 
of revolution). As was shown before, the flow around a body of revolution in 
yaw is given by the potential function 

0' + 0" = 0/ + 02' + 0i" + 02" 


where 02 ' and <t>f are defined by equation (371). 

In the linearized theory that is used to obtain equation (371) the angle of 
attack of the body is assumed small, and therefore it is possible to consider the 




m 


ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS 



Fig. 157. Lift coefficient curve slope versus Mach number 
for cones with different cone anules. 


drag equivalent to the force in the direction of th(^ axis of the body, and the 
lift equivalent to the normal component. From equation (581), neglecting 
all terms of higher order, the pressure variation can be expressed in the form 

Ap = — uopili. (410) 

Now with this approximation the drag becomes independent of the velocities 
corresponding to the potential function 0", while the lift is independent of the 
velocity components corresponding to the potiuitial <!>', The drag of the body 
with small angle of attack then becomes the same as for zero angle of attack, 
while the lift can be determined as a function only of the potential 

Indeed, if the force component in the direction of the x-axis is considered 
equivalent to the drag, and if for the origin of the cylindrical coordinate 
the meridian plane which contains the undisturbed velocity is considered, 
it appears from equation (404) that the variation of pressure derived from 
dip'^/dx is equal and of opposite sign along the meridian planes corresponding 
to 0 and (tt — 0). The resultant of the pressure variations dependent on 0" 
in the direction of the ar-axis is therefore zero. 

When the lift is considered, it can be written in the form 

r ’ pco pv pm 

d<t> I — Apy cos 0 dx = 2piFi I (/0 I U 2 ycos<f>dx (411) 
Jo Jo Jo 
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where U 2 represents the variation of the x component of velocity along the 
surface of ihe body. The lift is not influenced by the part of ii represented by 
d(t )2 /dx, because this part is independent of <p (eijuation 386), and the integra¬ 
tion of cos (p d <p from 0 1 o tt in the equation (ill) gives zero as the resultant 
value. 

The value of the lift can therefore be written in the form 


y cos (f dip dx 


(411a) 


and the moment about the vertex can be (calculated from the equation 


A/ = 2pi 1^] 


xy cos <p dip dx. 


To obtain the values of L and M it is necessary to detennine a function 02 ^ 
that satisfuis the boundary conditions. 

A simple general solution of the problem has not yet been found; therefore 
to obtain numerical results, a st(‘p-by-st( 3 p proci'dure must be used. Some 
analytical expressions can be obtained if additional simplifying hypotheses 
are introduced. 

With the approximation acc(‘pt(‘d before, the flow around a body of revolu¬ 
tion in yaw can be repr(3sent(‘d by four potential functions (/>/, 4)2, 4>i\ and 
</)./'. B(3caiHe th(c potential function 0/ + 4 >i satisfies the boundary conditions 
and produces a stream that is tangent to the body, the potential function 
(</)i" + 4 ^ 2 ") must also produce a flow that must satisfy the boundary condi¬ 
tions. The boundary conditions would Ik* expressed (exactly in the following 
form: 

r.. , 


However siiuce the value 04 ) 2 ^'/dx is very small (small angle of attack), and 
since the iiuclination of the body meridian section {dy/dx)r with respect to the 
x-axis is also small (liypothesis of small disturbances), the boundary condi¬ 
tions can b(3 expressed in the approximate form 

^ M = 0 . (413a) 

dy dy dy 

From din’erentiation of (Hpiat ion (100) 


= + 


(413a) 




~Vi + cos ip JP 


m '{x — By cosh z) cosh- zdz, (414) 
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Therefore if r is the radius of a section of the body, the boundary conditions 
are given by 


1 DO 

Vi sin a = —- = ^ B- 

dy cos (p 


m/(x — Br cosh z) cosh^ zdz, (415) 


f cosh~‘ ^ 
Br 


As in the preceding analysis, it is convenient to use the function ^ = x — By 
cosh z as an independent variable for equation (415). In this case equation 
(415) becomes 


•x- Br 


Vi sin a = 


I / m' iO (x - 

V{x - 


(416) 


In the first approximation, it is possible to assume r to be small and approach¬ 
ing zero, in which case equation (416) beconu^s 

t-Br 


/ • If'' 

^1 Sin a = — I 
r-Jo 


m' (f) (;r - 


(417) 


Equation (417)*can be integrated by parts, and it produces 

sin Of = —xm(0) + Brmix — Br) + J m(J)ryjJ (418) 

but m(0) is zero, because the body begins at the point x = 0. Therefore for 
X = 0 the flow is still undisturbed flow, and if r is small and Br is negligible, 
it follows that 


/ • If 

sin a = - I 
Jo 


dr 

m (x) dx or m (x) = 2Fir— sin a. (419) 

dx 


If S is a section of the body S = 7rr-, it is then possible to write 

VidS 


a — — = m{x) 
TT dx 


(420) 


Equation (420) permits determination of the value of /dx, which appears 
in equation (411a). From equation (401), 


d<l>" 

dx 


— B cos (p 


m' (x — By cosh z) cosh z dz 


(421) 


' coah~* 


liy 


or substituting the value of f for x — By cosh z 

By 


d<i>" 

dx 


B cos 


■[ 


m'ii) {x -^) rff 
ByV{x -0^ - 


(422) 
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With the hypothesis of r approaching zero 

[^], = ^ ^ m' W rfx = ^ mix) 
and from equation (420) 

r (p dS ^ 

L dx Jr Trr dx 

Substituting equation (424) in equations (411) and (4lla), 

L, = piVi^Sha 

where Sb is tlie base section of the body, or 

C/. = 2 a 

wfiere a is the angle of attack of the body. 

Using ec^uation (124) in equation (412) the moment becomes 

M = p,Vi^SJa 


(423) 

(424) 

(425) 

(426) 

(427) 


where the volume of the body is expressed as S„J {Sm is the mean section of 
the body and I the length of the body). 

The moment arm from the vertex is 



liquations (426) and (428) show that a body of revolution inclined at small 
angles with respect to the direction of flight has, in the first approximation, 
a lift that is proportional to the angle of attack and has a center of pressure 
position which is independent of Mach number and of the value of lift. The 
results dre identical to those found in subsonic incompressible flow. 


Lift and Moment for Bodies of Revolution in Yaw, In order to deter¬ 
mine values of and C^, equations (426) and (427) can be applied only for 
very slender bodies of revolution for which dS/dx is a continuous function. 
For different cases it is possible to determine the phenomenon using the value 
of dy given by equation (415) if a step-by-step calculation is introduced 
(Reference 37). 

Proceeding in a similar way as for the analysis of the body of revolution on 
the axis with the undisturbed flow, assume that the distribution of the function 
m({) along the f axis is represented by a given curve as shown in Figure 158. 
At every point Pi, P 2 , and Pn of the body a corresponding value of f can be 
determined. Therefore, the corresponding point An in the curve can be deter¬ 
mined from the expression in = Xn -- Byn- The curve that represents the 
function m between any two points An-i and An is not a straight line, but if 



230 ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS 

the points An-i and An are very near each other an equivalent straight line 
can be substituted with g(X)d approximation for the curve m(J). With this 
substitution the derivative between the points An~i and becomes a constant . 



Fig. 158. Doublet distribution for axial symmetrical body with amjte of 
attack. 


If the substitution is made between all the points A considered, and if in place 
of the actual curve for the function m, a curve made up of straight segments 
is used, the calculation of the function m(^) can be accomplished with the same 
system used for the body on the axis with the How. In the zone between the 
origin 0 and the first point ^i(rivi) curve that gives rn as a function of $ 
can be expressed in the form 

niAi = 


where bx is a constant. Therefore the integral in (‘(luation ( tl5) w hich imposes 
the boundary conditions can be solved and from the value of ri, the value of 
bi can be calculated. 


Vi sin a = — B'% 


(!osh“ zdz 


(429) 


' cofih* 


Hux 


or 


- ^ 

cosh”* —h 

Xi 

ll 

2 

By, 

Byi 

BW J 


In equation (429) the incidence of the body a and the coordinates of the point 
Ax{xu y\) are known; therefore the value of bx can be determined. Equation 
(429a) which gives the constant bx for a cone, is different from equation (409) 
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because ilie boundary conditions are considered in the approximate form of 
equation (413tt). 

For the point I\ an analogous expression can be written if the function m 
between Ai and .42 is expressed in the form 

niAiAi = 62 fe fi). 

liquation (415) for tlie point P 2 becomes 


Fi sin a = — IPhi 


cosh“ zdz 


cosli- zdz 


Indeed, the first integral must extend from ? = 0 to = {x\ — ByO, while 
the second intcigral must (ixteiid from to ^ 2 * Therefore, z must go from 

X 2 — Py 2 cosh z = 0 
to 

^2 — c osh z = {1 
in the first integral, and from 

S 2 — By 2 (‘osh z = 
to 

X 2 — By 2 cosh z = ^2 = -^2 ~ By^ 

in the second. 

By performing tlie integration the following expression can be obtained 
from equation (430): 

F. sin „ - - I j h (««!,- 2^) 

+ - 1 - 5 - 1 /^ - .1 

L %2 f \ Hy-i / liyi ' B-yr J 


•fj - 
%2 


H-yJ^ ) 


where the only unknown value is the value of 62 . The value of the constant 
bn for every point Pn can be determined in a similar way. The general equa¬ 


tion IS 


+ l/(^ - ■]} 


(432) 
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where the values of the constants bu bn-u are determined from the considera¬ 
tions of the preceding points. The values of the constants 6 i, 62 , bn are propor¬ 
tional to the value Vi sin a, and therefore when the angle of attack a changes, 
the values of bi change with the sine of the angle a (equation 429) while the 
values of 6,/fei do not change. Therefore calculation of the constant bn/b\ 
must be made for every Mach number that appears in B. However the results 
of the calculation can be used for every angle of attack for which the theory 
can be applied. 

The lift coefficient can be calculated with equation (411a) in which a sum¬ 
mation of tenns that contain the constants 61 , 62 , and bn can be substituted 
for the value of the integral that contains d(t)''/dx. Indeed, for every point 
Pn, the value of /bx given by equation (421) can be determined by con¬ 
sidering zone by zone every zone in which m' is constant. Therefore the value 
of b<t> 2 ^/bx is equivalent to a summation of the type 



+ B 60 s (p 


S‘[l' 

i* 1 


(Xn — 




- 


BW 



where Xn and yn are the coordinates of the point Pn, and b, and f, are known. 
The function bi^*/bx in equation (433) can be represented as a function of x 
by a step-by-step diagram, and its value can be considered constant between 
every two points Pn-i, Pn« The value of the function y = /(x) that defines 
the surface of the body between the two points can be expressed, in the 
approximation accepted, in the form 


y = (yn-l) + - - (x - Xn-]). (434) 

Xn Xn—l 


The integral that appears in the equation of the lift for the zone of the body 
between the points P„_i and Pn then becomes 



where equation (433) must be substituted for b<t> 2 "/bx at the point Pn. To 
obtain higher precision, it is possible to consider, in equation (435) and in the 
subsequent equations (436) and (437), the value (d<^"/^^)cn-H(n-i)]/ 2 , calculated 
at a point intermediate between Pn and Pn-i in place of the value {b 4 > 2 ^/bx)n 
at Pn. However, if the steps considered are small, the difference is not im¬ 
portant (Reference 39). 
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Using equations (411a) and (435) 



where the point Pat is the last point of the body, and Vm is the radius of the 
surface of reference and usually is the maximum radius of the body. The lift 
coefficient given from equation (437) contains the constants bi/bi which are 
obtained from the boundary conditions given by equation (432). 

Equation (432) shows that the constants bi are proportional to sin a. Equa¬ 
tion (432) can be transformed by using constants hi defined by the equation 



Vi sin a 


2hiVr 
cos ip 


(438) 


The constants hi are independent of th^ angle of attack of the body, therefore 
eejuation (432) that determines the values of the constants becomes 



and the lift coefficient becomes 


(-1- = (yn + yn-i) (a-. - hi 


(440) 

The lift coefficient is proportional to the angle of attack and changes when the 
Mach number changes (because B changes). If the value of / da7)[^n+(n-i)]/2 

is taken for the value of d<l> 2 '/dx in equation (435), equation (440) becomes 
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(yn + yn-l) 


3*11— 1 \ / 




(410a) 

For the determination of the moment given by equation (412) the expression 


must be calculated. Substituting the value given by equation (4.34) for y, 
the expression becomes 


J Xn-l 


+ (y„ - .y»-i) (2x„ + (^)^- (441) 

Substituting equation (441) in equation (412), 

n = 1 n 

+ (yn - yn-l) (2Xn + X„-l)j 

tar 1 

_ 1 _ [/ (£" . - _ i] (442) 

U EPyJ y BW J 

where I is the length of the reference for the moment coefFicient which usually 
corresponds to the length of the body. Substituting the constants hi for the 
constants fct, (equation 438), the moment coefficient becomes 

n» V 

^ 2 cK iTn ^n—>1 To / I \ 


+ (yn - Jn-l) i2Xn + Xn-l) 


r\/ {xn-ii-i) 
U B^Jn^ 


n “ 1 

»■ n -- 

+ (y- - y.-i) (2x„ + x„_j)] ^ hi Q/- 1 


{Xn - tl )2 
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If, to be more exact, tlie average value between the point n and the point n—1 
is assumed for the value of /dx in equation (441), the moment coefficient 
becomes 


n= V 


By\J jLJi 6 L 


+ (y. - y.-,) (2y. + ^.-o] *■ - 


t= 1 


- Kt:,,-)’ - ' +L - ■]} 


(443a) 


If the body is an open nose body of revolution, the calculation of the lift and 
moment coefficients does not change, because the expressions in the integra¬ 
tion in e([uations (Ilia) and (412) do not change. Only the limits of integra¬ 
tion changes and must extend from BRy to infinity, or if the body is of length I, 
to the end of the body that has for its abscissa the point {BRy + 0* is 
the radius of the nose (Reference 39). 

Because the moments are takim with respect to the origin of the axis, that 
is, in front of th(i body of BRy^ it is necessary to transfer the moment to deter¬ 
mine the moment coellicient with respect to any point on the body. 

It is apparent that the approximation of the small-disturbance theory to 
determine lift and moment of bodies of revolution in yaw is smaller than the 
approximalion of the same theory to determine drag for bodies without angle 
of attack. "Phis is so because, for the same shape of body, the disturbances 
increase with tlu‘ angle of attack, and because for practical calculations it is 
necessary to make some other simplifying hypotheses which reduce the preci¬ 
sion of the results. The theory can be applied with good approximation if the 
angle of attack of the body is small and if the body is a thin body of good 
aerodynamic shape. 




CHAP TER 



PHENOMENA FOR CONICAL BODIES — 
HODOGRAPH SYSTEM 


The General Equations of Conical Field. In Chapter 11, by assuming 
the disturbances produced by the bodies to be small, solutions for conical bod¬ 
ies of revolution with and without angle of attack were found. The results are 
approximate and do not take into account all losses .across the shock waves 
which are generated at the vertex of the cone, and do not give the position of 
the shock. It is possible, in some cases, to obtain a solution for the supersoiiic 
flow around a conical body without a limiting hypothesis for the disturbances 
by using the general equations of potential flow. As is shown in Chapter 10, 
the hypothesis of potential flow is exact for a conical body of revolution with 
axis parallel to the flow. 

If the body is an infinite conical body and the flow is a perfect flow, the flow 
must have the same physical properties along every straight line that passes 

through the vertex of the cone. Indeed, 
if two sections of the cone, Si and *S’ 2 , 
parallel to each other, are considered 
(Figure 159), because there is no scale 
effect in a perfect flow, the flow field 
must be geometrically similar and kine¬ 
matically equal in the two correspond¬ 
ing sections; therefore the speed at every 
two points Pi and /A, which are in the 
same straight line which passes tlirough 
0 and which also are in the two planes ti 
and which contain Si and S 2 , must be 
the same and must have the same direc¬ 
tion. The consideration is valid also for 
a cone of finite length if the flow is all 
supersonic, because in perfect supersonic flow disturbances produced down¬ 
stream cannot interfere with the phenomena upstream. When, behind the 
236 
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shock or at the cone, the velocity is subsonic, the consideration can no longer 
be applied to a finite cone, because every variation introduced in the flow at the 
end of the cone can propagate upstream; therefore the phenomenon is a 
function of the position of the section S considered with respect to the end of 
the conical body. In this case, a conical phenomenon does not correspond to 
a finite conical body. 

If, for the study of the conical field, the polar coordinate system is used, 
and r is the radius, rj the angle between the radius vector and the axis of the 
cone in the meridian plane, and the angular coordinate of the meridian plane 
with respect to a plane which contains the direction of the velocity and the 
axis of t he cone (Figure 160), the existence of a conical flow corresponds to 



Fig. 160. Velocity components in con ical coordinates. 


the condition that the velocity components are independent of the value of 
the radius r. If 0 is the flow potential, the potential function for a conical 
field must have the form 

0 = rF (n, (p) (444) 

The components of the vekx^ity along the radius r, (?v), normal to the radius r 
in the meridian plane (p = constant, (r,), and normal to the meridian plane 
(ic), (Figure 160) are 

60 ,, 60 dF 60 1 SF 

dr rdrj drj r sm rjap sm t? dp 

In the equation of potential flow in polar coordinates (equation 333), because 
F is not a function of r, the tenns 

dVr dVt dw 

dr dr dr 


are equal to zero; therefore equation (333) becoipes 


. , vA 62F 2wvt . d'^F , A nA d^F 

sin^ rjil -I-sin rj — + ( 1 — — 1 — 

\ / drj^ drjdp \ av dp^ 
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or 


dW 

d<p 


sin , (l - 

\ d^/ dr} d^ dip \ d^/ 

+ .in , (2 - + «« , „ (1 + s;) - 0. 


(446a) 


Equation (446) shows that tlie phenomenon is dependent only on two position 
variables, r} and <p, and therefore conical phenomena, from the analytical 
point of view, are analogous to two-dimensional phenomena. The velocity 




x(Axis of Cone) 


Fig. 161. Hodofjraph diagram for conical flow. 


at a point P can be divided into two components, the velocity in the merid¬ 
ian plane which contains Pi, (plane of the axis of the cone and of the point Pi), 
and a component w normal to the plane. The component in the meridian 
plane Ls the resultant of the components Vr and lu. For every meridian plane 
<p = constant, along every line g = constant, the velocity is constant in 
intensity and direction, because the phenomenon is conical; therefore for every 
value of 7 } in the meridian plane there is a corresponding value of and in the 
hodograph plane it is possible to design, for every plane ip == constant, the 
diagram which gives the distribution of the velocity as a function of r}. The 
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diagram can be obtained in the following manner (Figure 161). If, in a plane, 
two axes u and v are considered parallel to the x~ and y-axes of the physical 
plane, and a vector equal to is plotted for every value of tj in the plane uv 
(hodograph plane), it is possible to obtain, in the plane w\ a diagram S which 
is the locus of the points Pi, which defines the velocity r, in direction and inten¬ 
sity. Therefore for every value of rf there is a corresponding point Pi in the 
hodograph plane which defines the component in the meridian plane along the 
radius of coordinate rj. Designing, from the point P/, the line Pi Mi parallel 
to the radius OPi, and from 0' the normal to Pi Mi because O'P/ corresponds 
to Pi'Mi corresponds to the component Vr, and O'Mi to the component 
If a and v are the components of t?, along the two coordinate axes, 


ii = Vr cos rj — Vf sin rj 
V = Vr sin 7} V I cos rf 

but for the condition of a conical field from equation (445), 

dVr __ dF __ 
drj drj 

Therefore 



(447) 

(448) 

(449) 


I 

s 


(-130) 


If S is the diagram locus of the points Pi in the hodograph plane, from 
equation (450) it appears that 

\2 


or 




dS . dvt 

~r = H-- 

dr} dr} 


(451) 


Equations (450) and (451) show that the element dS is normal to the direction 
7 } = constant; indeed, if o) is the angle between the normal to the curve 
and the u-axis (Figure 161), then 

dll = — dS sin co 
dv = -F dS cos CO. 


Therefore from equation (450) and (451) it appears that co is equal to ry, and 
Pi Ml inclined at t/ with the u axis, is normal to dS. This consideration per¬ 
mits, in some conditions, determination of the diagram *S in the meridian 
plane ^ — constant by a step-by-step construction, and simplifies the problem. 
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which is reduced to determination of the value of the quantity dvi/ dr} for every 
point P. Indeed, from equation (451) is obtained 


(iS = 



(452) 


Therefore the radius of curvature of the diagram S as a function of t? is equal to 
^ dvt/dr}), and because it must be normal to S, the radius must be in the 
direction of Vr. Now take along the line PiMi that represents Vr, a radius 
PiAu equal to (iv + dvt/dr}) (Figure 162); if the value of (iv + diu/dr}) is 
considered constant for a small variation of r} (equal to Ar;), from P/ a point 



Fig. 162. Conslrudion of the hodoqraph dicujram for conical flow. 


P 2 can be obtained, which gives the velocity for a value of rj cornjsponding 
to (77 + Ar}) (equation (452). Now if the value of the velocity for a given 
value of r} is known, the point Pi can be designed; and if the value of dvi/dr} 
is known, the value of P = Pi'Ai can be calculated, and the point P*/ corre¬ 
sponding to a variation of 77 can be determined graphically. When the point 
P 2 is known, the values of i’r(Cj) {M 2 P 2 ) and (M 2 O') are known; there¬ 
fore if the value {dvt/dr})p^ can be calculated, the new radius P 2 B, inclined 
at (77 + A 77 ) with respect to the axis, can be determined from equation (452). 
The new point P3' along the circle of radius P2B at 77 corresponding to 
(77 + 2 A 77 ) can be determined. The point Pf defines the velocity along 
the radius inclined at (77 + 2 A 77 ) in the meridian plane ^ = constant. Thus, 
proceeding step by step, the entire flow can be determined. Therefore the 
calculation of the flow field for a conical phenomenon can be reduced to deter¬ 
mination of the value of dVt/dr} at every point of the meridian plane. 

Now equation (446a) gives the value of {vr + dvt/dri) as a function of the 
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other quantities and it is possible to transform equation (446a) into an equa¬ 
tion which contains the radius of the hodograph R in place of 

, dVt 

tv -\ -- 

drj 

Equation (446a) after the substitution becomes 

t’A r, 2 V,W dV, . (^ + “) 


ill’') 

\ av sill rj d<p ' 

\ av \ sin r? d(p/ 


b^quation (453) shows that the radius of tlie hodograph diagram is a func¬ 
tion of the velocity components and of the derivatives of the velocity compo¬ 
nents with respect to the variable Therefore the flow field of every conical 
phenomenon can be determined, with the approximations of potential flow, 
with a step-by-step calculation, if the velocity components are known along a 
closed line around the cross section of the body in the zone of the perturbations 
produced by the body. If, for example, the cross section of a conical shock 
wave and the stream Mach number are known, the velocity components 
behind the shock can be determined from the shape of the shock, because 
across the shock only the component Vn normal to the front of the shock 
changes (equation 110), and tluTcfore /v does not change. From the distribu¬ 
tion of the velocity components along the cross section of the shock, the local 
derivatives dtv/d<p and dvt/dip can be determined. Using equation (453), 
the radius of the hodogra{)h diagram in every meridian plane can be evaluated, 
from which the velocity distribution along another surface near the surface 
of the shock, but closer to the body, can be obtained. In this way, the entire 
flow field between the shock and the body can be obtained step by step. In a 
similar way, if the velocity distribution around the body is known, the flow 
field around the body can be obtained. 


Because the radius R used in the 
hodograph plane has the dimension 
of a velocity, as appears from equa¬ 
tion (453), the scale of R in the 
hodograph diagram is determined, 
and is equal to the scale of u and v or 
of v^. The sign of R is determined 
from equation (450); at the point Pi 
the radius R can be plotted along the 
straight line PiCi in the direction 



PiCi or in the direction P 1 C 2 (Figure orientation of the radius of 

163). Because OPi is positive and curvature in the hodograph diagram. 
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Vn represented by NPu is positive in the convention accepted, if R is posi¬ 
tive, it must be in the same direction as Vr', therefore the center of the circle 
must be C 2 . If R is negative, it must be in the opposite direction and the 
center must be Ci. The new point in the first case is P 2 " and in the second case 
is P 2 '. The equations (450) agree with the convention because, if R is positive 
and Ary positive, dv must be positive and dii negative, as happens for dv 2 and 
du 2 ; while if R is negative, dui must be positive and dvi must be negative, 
as happens in the case CiP^^ A different numerical integration can be sub¬ 
stituted for the step-by-step integration considered before, by assuming, for 
the variation of Ary considered, the values ?v, dvt/dr), and dw/dr^ constant; but 
the hypothesis of (tv + dvt/Sri) constant, in the step Ary, gives, in general, 
much greater accuracy than tlie hypothesis of Vt, dvt/drj and dw/drj con¬ 
stant, because (iv + dvt/ dry) is, in general, larger than Vi, and its variation 
is much smaller. 

For some cases of conical flow, use of rectangular coordinates may be more 

convenient. In this case, the gen¬ 
eral e(iuation of potential flow in 
rectangular coordinates given by 
equation (326) must be substituted 
for eijuation (446). The condition 
of the conical field can be ex¬ 
pressed in this form (Figure 164). 
If the origin of the coordinates is 
coincident with the vertex of the 
cone, when the point P considered 
moves along a straight line which 
passes through the origin, the var- 
Fig. 164 . Conical flow in Cartesian coordinates, iations of the velocity components 

must be zero. The variations of 
the velocity components are du, dv, and dw. If P moves along a straight 
line which passes through 0, 

X y z k 

Therefore, the terms du, dv, and dw given by 

du 



du — dx + ~ dy + 
dx dy 


dz 


dz =ii>xxdx + <l>:rydy + <t>xtdz 


can be written in the form 

kdu = <t>rxX + ft>xvy + <l>xz2 = 0 
kdv = <t>yxX ff^yvy “f" 02/*^ ~ If 

kdw = <t>MxX + <t>ny + <t>zzZ == 0 


I 


(454) 
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From equations (454) three of the six second derivatives of <t> can be eliminated, 
and for the solution of a general conical field problem, only three second deriva¬ 
tives of 0 must be determined as in equation (446a). Equation (454) can be 
written in the form 


X y 

~ 0ZX ~ <^XX 0I/X ■" 

z z 


<t>yz — <f>z 


X y 

4^J‘y ~ <t>yy 


(154a) 


<t>Z2 = (t>xx - + 2(l>xy + (t>yy ~ ! 

Z^ ! 

Cone of Revolution with Axis Parallel to the Flow. When the phenome¬ 
non is conical with axial symmetry, all variations of the physical quantities 
disappear in the direction normal to every meridian plane; th(»refore in equa¬ 
tions (446) and (453) all derivatives with respect to ip disappear. For axial 
symmetric phenomenon ecjuation (446) becomes 




“h cos rj — = 0 
dS 


and eiiuation (453) (Heference 40) becomes 

Vt cot 7J + Vr 


Equation (456) can be transfonned in terms containing the velocity compo¬ 
nents relative to the limiting velocity Vi. 

n ^ _ {vt/Vi)colri + Vr/Vi 
Vi 1 - 

but 42 = ^,;2 + v,^, and yy«' is given as a fnnction of \/Vi from equation 
(856) in Chapter 2, 

, 2 


TJierefore 


^ _ 1 = . 
V- 7 - 1 F2 


vl tuyVi- 2 


_ I 'l/ i I eot i? -h I'r/ i I _ 

2 _ v.yvi' 

7 - 1 i - rr/Vr - /vV^V 
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Equation (457) permits determination of the radius of the hodograph dia¬ 
gram for every value of t; as a function of i\IYi and corresponding to the 
ri considered. Because from the value of R{rj) the values of Vr/Vi and Vt/Vi 
for a value of (i; + ^v) can be determined, equation (457) pennits deter¬ 
mination of the complete flow field of the conical phenomenon. If, in the 
hodograph plane, the velocities relative to the limiting velocities are plotted, 
the radius R must also be plotted in the same scale; therefore equation (457) 
gives the value which must be used in the construction. 

The practical procedure can be as follows: the value of Vr/Vi and Vt/Vi 
for a given value of rj must be fixed with criteria that will be discussed later. 
From the values of iv/ Vi and Vt/ Vi fixed for the value of rj considered, a corre¬ 
sponding point Pi in the hodograph plane can be determined. In Figure 165, 
OiNi'y inclined at 77 with respect to the n-axis, is equal to VrlVi; and Ni'Pi\ 
normal to OiNiy is equal to lu/Vi- With equation (457) the value of {R/Vi),, 
can be determined. Along the line Pi Nu parallel to OiNi at P/, a segment 
equal to (R/Vi)^ must be taken, and the point C\ determined [/^ 'C\ = 
(fl/Fi),]- The direction in which the segment equal to (R/Vi)^ must be taken 



Fig. 165. Conslruclion of Ihe hodograph diagram 
for cone of rewluiion in axis with the free stream. 


is determined by the convention discussed tefore, and must be as in Figure 
165 if R/Vi is negative. From the point Ci a circle PfP/ can be drawn 
and a point P 2 (rt + ^v) can be obtained along the radius C 1 P 2 N 2 inclined at 
{rj + At;) with respect to the u-axis. The segment 0'P2 gives the value of 
(T/F 0 , + .„ and the segments N 2 P 2 and N 2 O 1 give the corresponding Vr/V, 
and Vt/Vi components. With equation (457) the value of (R/Vi)^^^^ can 
Ix^ determined. Because the radius must be in the direction of {vr/Vi)^^^^y 
taken along the liin^ ast*ginent equal to (R/Vi)^ ^ the new center of 

the curvature of the hodograph diagram at P/y Cj, can be detennined. Draw¬ 
ing a circle P/P/ with center C., the |>oint (/^a'),, \ along the radius (' 2 P/ 
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inclined with respect to the u-axis at (r) + 2Ari), can be determined. Proceed¬ 
ing in a similar way, all values of Vr/Vi and Vi/Vi for every value of 77 , cor¬ 
responding to the values of Vr/Vi and Vi/Vi for the value of rj fixed at the 
beginning, can be determined. In the practical applications the system of 
calculation can be either numerical and graphic or only numerical by means 
of the following equations, 


Mrt + Ar, = (Vt)^ COS Arj + (R - Vr)r, sill A, 

Mr, + Av == sin At; - (ft - iv), COS Arj + (ft). 

In order to cluxise the value of rj from which to start the construction and 
to fix the corresponding values of Vr/Vi and Vt/Vi, it is convenient to remember 
that, at the surface of the cone, the veli^city must be in a radial direction and lu 
must be zero; therefore if for the initial value of rj the angle of the cone t/q is 
chosen, in order to know the initial conditions, it is enough to fix the corre¬ 
sponding value of VrlVi; then the entire flow field can be determined. To deter¬ 
mine the phenomenon it is necessary only to determine the free-stream Mach 
number corresponding to the value of Vr/Vi fixed at the surface of the cone. 

The determination of the free-stream velocity corresponding to the value 
of Vf/Vi fixed at the surface of the cone dSan be accomplished, considering the 
equilibrium across the shock wave which is produced by the cone. 

If the phenomenon is conical, the shock wave must start from the vertex 
of the cone, and the intersection of the front of the shock with the meridian 
plane must be a straight line. Indeed, if Pi 
is a point on the shock wave, along the 
straight line OPi (Figure 166), the velocity 
must be constant; and because across 
the slux^k at Pi the velocity Vi/Vi 

becomes V/Vi, for every point of the 
line OPi the velocity Vi/Vi must un¬ 
dergo the same transformation. Along 
the line OPi the equations of shock Fig. 166. Determination of the 

must be applied. Let rjs be the polar co- position of the conical shock for 

... « , , j , , j ajrial symmetrical phenomena, 

ordinate of the shcK;k and let iv/V i and 

v,/ Vi be the corresponding velocity components for c = obtained from 
the equations of shock (Figure 166). From eciuations (105) and ( 110 ) of 
Chapter 3 



and from equal ion (124) 


r,/r/ 

1 1 1 / sin t;.s 




Fi 

= — cos rjs 
Vi 


- - (-- 
7 )- I \A/r’sill’»;.s' 



(458) 

(450) 
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because the value of Vi does not change across the shock (eiiuation 151). 
But Ml is given in terms of V\/Vi by equation (85/)); therefore it is possible 
to write 

rr li . 2 

--= __ sin rjs - 

V. Vi 7 + 

or because 



\y-\ 

I ^ 

,7-1 

l\Vr * 

) 2 

sin- rjs 

2 


vv Vi 

— = — (*os rjs 
Vi Vi 


h 

r, 


7 - I /V 


7 + I V"/ 


- (‘Ot rjs 




(160) 


Equation (460) gives, for every value of rjs, a relation between Vr and ?v, 
but the construction of the hodograph diagram also gives a relation between 
Vr and Vt for every value of r)\ therefore from the two diiferent relations the 
condition of equilibrium for which shcK'k and conical flow can exist can be 
determined; from this, the angle of the shock and the free-stream Mach num¬ 
ber can be obtained. A practical way of obtaining the valine of rjs consists in 
determination of the value of v//Vi from equation (160) for some values of r;, 
using for Vr/Vi the value Vr/Vi given by the hodograph diagram for tlu' corre¬ 
sponding value of rj considered. When t he value of v//Vi is e((iial to the value 
of Vi/Vi obtained from the hodograph diagram for the corn^sponding ry, sliock 
and conical flow can exist, and the corresponding vahi(‘ of rj givi^s the actual 
position of the shock; therefore, plotting v//Vi and Vi/Vi as functions of 
the value of rjs can be determined from the intersection of the two curves. 
From the value of rjs and of the corresponding Vr./Vi from (Hpiation (158), 
the value of V\/Vi can be determined, and from equation (856) the free-strearn 
Mach number can be determined. For different treatments of the same 
phenomenon see references 41 and 42. 

Instead of fixing the value of Vr/Vi at the cone and determining from this 
the corresponding Mach number of the undisturbed stream, it is possible 
by knowing the Mach number of the undisturbed stream to start the calcula¬ 
tion by fixing the value of the angle of shock rjs, and from this to determine 
the flow field and the angle of the cone that gives, at the Mach number con¬ 
sidered, the chosen angle of shock. In order to obtain a physical solution, 
the angle of the shock must be larger than the Mach angle. 

The calculation in this case starts with determination of the value of Vr/Vi 
and Vt/Vi behind the shock, from the value of Mi and rjs chosen, with equa¬ 
tions (458) and (459). From the values of and v,/Vi for the value of rjs 
chosen, the entire hodograph diagram i^an be (M)nstm(le(l, and the angle of 
tlu* COUP can be found. The value- of i;,, of the coih‘, which c,orresponds to th(^ 
value rjs of the front of I he slajck chosen, for the Mach number considered, 
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is determined from tlie condition that for ijo the value of vJVi must be zero; 
therefore the radius {R)rio must be on the straight line that passes through Oi. 

From the value of Vr/Vi at the cone, the pressure can be determined as a 
function of the pressure of the undisturbed stream. Indeed, from equation 
(121) the value of the pressure behind the shock can be determined; while 
with equation (85a) the pressure on the body, as a function of the pressure 
behind the shock, can be calculated from the value of V/Vi behind the shock 
and at the body. 

Considerations on the Results of the Cone Calculations. A practical 
example of calculation of a cone is given in Figure 167. The angle of cone 
considered is 30°, and the value of Vr/Vt at the cone is fixed equal to 0.42. 
From the calculations, an angle of shock of 54°12' is found and a corresponding 
Mach number, M = 1.708, is obtained for the free stream. In Figure 167a 
the sliape of the stream lines obtained from the preceding calculations is 
shown. As it appears from the figure and as it is possible to deduce from equa¬ 
tion (457) (/? is negative), when the value of rj increases, the inclination of 
the velocity with respect to the axis of the body decreases; therefore the devia¬ 
tion across the shock is less than the angle of the cone, and the stream lines 
are curved in the zone between the shock and the cone. The velocity moving 
from the shock decreases and the pressure increases; the velocity at the cone 
is less than behind the shock, and the pressure is greater. The compression 
behind the shock is isentropic, and therefore without losses. The shock losses 
are connected only with the variation of pressure across the shock. Conical 
compression is therefore in part isentropic, and therefore is more efficient than 
two-dimensional compression (gives less increase of entropy for the same in¬ 
crease in pressure). 

The angle of deviation across the shock is less than the angle of cone; and 
for a given Mach number, when the deviation across the shock is the maximum 
possible, the angle of the cone is larger than the angle of the corresponding 
wedge. Therefore for. a given Mach number the maximum angle of cone for 
which the shock is still attached is larger than the corresponding angle in the 
two-dimensional case. In Figure 168 the maximum angles for cone and wedge, 
for which it is still possible to have an attached shock, are plotted as functions 
of the Mach angle. When the angle of the shock corresponds to the value 
that gives maximum deviation across the shock for the Mach number con¬ 
sidered, the flow behind the shock is all subsonic. For an angle of shock less 
than the value of maximum deviation, the flow behind the shock can be in 
part supersonic and in part subsonic. If calculations are made, assuming a 
value of the angle of shock larger than the value corresponding to maximum 
deviation, an angle of cone must be found smaller than the value corresponding 
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to maximum deviation; because if the deviation permissible across the shock 
decreases, the corresponding angle to cone must also decrease. Therefore for 



Fig. 167. Example of graphical calculation of the flow around a cone of 30^ angle at 
stream Mach number 1.708, (a) Construction of the hodograph diagram, (b) Con¬ 
struction of the stream lines. 


every Mach number and for every angle of cone, two possible conditions of 
equilibrium exist as for the two-dimensional case, one with a weak shock and 
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aiiotlier with a strong shock. The velocity at the cone is notably different 
for the two cases. 

For the same reasons discussed for the wedge, if the shock is produced only 



Mach Number 


Fig, 168. Maximum angle of cone and of the wedge that per~ 
mils an attached shock versus Mach number. 



M*u/a 

Fig. 169. Velocity at the surface of (he cone versus Mach number for 
cones of different cone angles, {The velocity is given as ratio to the limiting 
velocity.) 
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by a deviation of the stream produced by a body, the shock that is actually 
found is weak, and the flow behind the shock is supersonic, but if the shock is 
generated also by an increase of the back pressure, the shock can be strong. 
In this case, the flow behind the shock is subsonic, but in order to obtain a 
phenomenon represented by the calculations, it is necessary that the phe¬ 
nomenon be conical. Practically, this does not happen, because the necessary 
deviation of the body from the conical shape in the bai^k part (the cone must 
have a finite length) interferes with the phenomenon in front because the flow 
is subsonic; and therefore the phenomenon in the front part is no longer conical. 



Fig. 170. Pressure coefficient at the surface of the cone versus Mach 
number for cones of different cone angles (from Reference 93). 


Usually, when the flow behind the shock is subsonic, the shock obtained is no 
longer exactly a straight shock, showing that the phenomenon is not conical. 

The system of calculation is not direct because it does not permit, for a 
given cone and for a given Mach number, determination of the phenomenon; 
but it is necessary to fix the velocity on the cone and to determine the corre¬ 
sponding Mach number or angle of shock. Therefore, for practical use it is 
very helpful to have indications from systematic calculations for different 
angles of cone and for different Mach numbers. Some results of cone calcula¬ 
tions are shown in Figure 169 and following. In Figure 169 the value of iv/ Vi 
at the cone surface, as a function of the Mach number is plotted for constant 
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value of tlie angle of the cone. In Figure 170, the coefficient of pressure 
(Ps— Pi)/lpV'^ at the cone, and in Figurii 171 the aiigh^s of shock for different 
angles of cone are plotted as functions of the stream Mach numbers. As it 
appears from llui curves, for every Mach number and for a given cone, two 
solutions (ixist. The curves are extended only in a small part of the strong 
shock zone. In order to obtain data for the entire flow field between the shock 
and the surface of the cone, a special diagram can be made using the diagram 
of the shock and the diagram of the velocity in the hodograph plane (Keference 
Tl). For every Mach number of the free stream in the hodograph plane, a 



Fig. 171. Angle of the shock versus Mach number for cones of 
different cone angles {from Reference ^3). 


shock polar curve exists which gives the value of the velocity behind the shock 
as a function of the deviation across the shoc^k. In the hodograph plane, 
from the direction and intensity of velocity behind the sho(^k, the value of the 
angle of the corresponding cone can be obtained with the construction ex¬ 
plained before, and the liodograph diagram that gives the velocity as a func¬ 
tion of rj can be determined. If O'B is the velocity behind the shock for the 
Mach number considered (Figure 172), and the undisturbed velocity is in 
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the direction of the u-axis (ui), the angle 5 between O'B and u-axis is the 
deviation across the shock. From the value of O'B and ry.s the entire hodo- 
graph diagram AB can be determined; and when a line that contains a radius 



Fig. 172. Construction and use of the apple curve diagram. 


passing through the point 0' is obtained, the value of rjo is determined. If the 
point B moves along the shock polar curve, the point A, which gives the value 
of the velocity at the surface of the cone, describes another curve that, from 
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its form, is cedled an apple curve. The two curves, together with a hodograph 
diagram and with some values of the losses across the shock, permit deter¬ 
mination of the flow field between the cones and shock. 

A diagram of this type is shown in Figure 172. The use of the curve is the 
following: given the angle of the cone rjo, the points A andB are determined. 
The normal to BC gives the value of 7 ^ 5 * For every point N, between A and B 
along the hodograph, the segment ON gives the intensity and direction (6) 
of the velocity, while the corresponding value of rj is determined, remembering 
that the nonnal to the diagram AB at the point N must be inclined at 
with the u-axis. To simplify the detennination of the value of r;, some en¬ 
velope curves of points having constant values of (77 — B) are also drawn. 
The values of losses of total pressure across the shock poVpo are also indicated. 
Figures 173 a, b, c, d, show some of the actual diagrams constructed for dif¬ 
ferent Mach numbers. 


V 



u, u 

(d) 


Fig. 173 (rontirtueil). Ej'arnples of prariirol apple rnrre diaiframs. (c) M\ - 
{(\) Ml 3.30f) (from Hefereuce 4V). 
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Experimental results obtained from projectile tests or from tunnel tests 
agree with the theoretical data. Figure 174 shows a comparison between 
experimental and theoretical values of the angle of shock. The determina¬ 
tion was made with firing tests b> Taylor and Maccoll (Heference 42). Shadow 
and schlieren photographs are shown in Figures 175 and 176. 



Fig. 174, ( hmparison between ralculaled and 
experimental values of the aiujte of the shock for 
cones with different cone angle (from Heference ^4l). 


Cone of Revolution with Angle of Attack. The hodograph system can 
also be used for determining the flow around a cone with angle of attack, for 
small angles of attack (References 44 and 45). In this case the shock is no 
longer a cone of revolution with the axis parallel to the undisturbed velocity, 
and therefore tlie flow beiiind the shock is rotational, but for small angles of 
the cone, the equations for potential flow give a good approximation, because 
the dilfereiK^es of variation of entropy between dillerent zones of flow are 
small. The flow field behind the shock, with the hypothesis of potential 
flow, is given by equation (446a). At the surface of the cone, the flow must 
be tangent to the cone; therefore the component Vi must be zero, while the 
component w must be zero at the meridian plane <p = 0 and (p = 180®; the 
plan(‘ contains (lie undisturbed vel<K*ity and thereforij is a planer of symmetry 
nf the filienomeiion. The maximum value of m al the surface of the (ume 
of‘ciirs in the zone of 90® and dep«Mids on the angle of atlack, but for small 
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values of the angle of attack its maximum value is also small, and the ratio 
can be considered negligible with respect to one. With this hypothesis, 
the How field near the surface of the cone is given by the e(piation 

d^F I dF d‘*F 

sin- rf —~ H— sin 2ri -^ + 2 sin^ rjF = 0. (461) 

drf“ 2 drj d“(p 

Equation (461) is a differential equation of the second order of the elliptic 
type and pennits an analytical solution. A solution of llu^ (Hjuation is of the 
type (Reference 46) 

t = A.Q -|- yti cos ip -f- Fi sin ^ 4" * * * (162) 

where Ao, Au andBi are functions of rj alone. For = 0, dF/dip = 0, because 
w = (1/sin rj) (dF/dip) = 0; therefore all terms which contain the sines of ip or 
of riip must be zero, and the equation becomes 

F = Aq Ai cos ip • (463) 

and because along the surface of the cone tj is constant, the functions Aq, 
Au and the like have constant values along the cone. 



(b) 

Fig. 177. The equilibrium condition at the shock for a circular 
cone with anqle of attack. 
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Equation (463) in order to be a physical solution of the problem must give 
a flow field in agreement with the flow behind a conical shock; therefore 
equation (463) must be analyzed in relation to the condition of existence of 
the shock. 

Now consider a circular conical shock of axis OB, and consider a plane 
normal to the axis OB (Figure 177). If OA is the axis of the cone that produces 
the shock and OV is the direction of the undisturbed velocity, inclined at a 
with the axis of the cone, it is possible to demonstrate that such a conical 
shock, in the approximation accepted, produces behind the shock a flow in 
agreement with equation (463). 

If OP is a generatrix of the conical shock, resolve the velocity vector into 
components along OP (component VrX along PB (component r„^), and in 
normal direction to the plane OPB (component wi)\ using the symbols of 
Figure 177, it is found that 

= Vi (!os 0 cos (T + Vi sin 0 sin a cos ^ 

Vni = Vi cos 0 sin <7 — Vi sin 0 cos a cos ^ 

^ Vi sin 0 sin \f/ 

Across the shock the components tv, and W\ do not change, while the compo¬ 
nent changes in intensity and becomes Transfonning the coordinate 
system and referring the velocity behind the shock to the polar coordinate 
system in axis with the axis OA of the cone, the result is 

Vr, = Vr, 

W 2 = Wi cos r — r„, sin r = — sin 0 Vi sin ^ cos r — Vn., sin r (464a) 

where r is the angle between lines CP and BP, in perpendicular direction to 
OP, 

Because the hypothesis is accepted that Wy is small and that can be 

neglected, equation (464a) indicates that the angles r and 0 must be also con¬ 
sidered small and the terms containing r- and 0- can be neglected. 

For ^ = 7 r /2 the value of is maximum, and for this condition (Figure 1776) 

tan i = tan r sin a and tan h == tan r cos <j 

Therefore, the angles i and 6 are small and of the same order as r. But 
(see Figure 177) 

tan = tan v? cos i\ P'A = , and 5 = i cot a sin (p' (4646) 

sin ip 

Therefore, neglecting terms of the order of the result is 

sin 17 = sin <t (I -\ -) cos rj = cos <r — i sin <r cos <p (464c) 

\ tan ip7 
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Because i is constant, the iirst of equations (464) becomes 
Vr, = Vr, = Vifi (rt) + afi (rj) cos 


In the approximation accepted, the flow field defined by the first two terms 
of equation (463) can exist, and the corresponding shock is a circular conical 
shock out of axis with the conical body and with the undisturbed velocity. 

Using equation (463), the flow conditions around the cone can be deter¬ 
mined; indeed, the terms w^/d^ and w (div/dr^) are zero in the meridian plane 
^ = 0, = TT, and are negligible in every other plane ip = constant, therefore 

equation (446) becomes 



— + sin^ rjt [2 - I + sin rj cos rj — 

dip" \ d"/ dr) 


= 0. 


(465) 


If the function F has the form (equal ion 463) 

F = Fq + Fi cos (p 
d^F 

the term- is given b\ 

d<p‘^ 


d^^F 

dip^ 


= — h \ cos ip = — t I"* 0 


and in the meridian plane ip = i) and <p = it 

= Fii + Fu F^^^ = Fo - Fi 

(?;n . _ («;) . + 

\dip"/ \d<p"/r 


(466) 


(466a) 


(1666) 

(466c) 


The first term Fo of e(iuation (466) can be obtained directly; indeed, if in 
equation (466), Fi is zero, ecjuation (465) becomes equal to equation ( t55); 
therefore Fo is the potential function that gives the flow around the cone for 
zero angle of attack, and can be det(*rmined as explained before. When the 
value of Fo = ?v„ is known as function of r) in the meridian plane, from the calcu¬ 
lation of the cone without angle of attack, equation (465) can be written in the 
form 


or 


(1 _ ’•s) f „„, 

\ d^/\dr)‘" / sin-^T/ drj 

/i 1 ^’-^0 

I 1 — — l/t = — iv H-:- — Vi (^ot 7} 

\ av sin’^ ry 


(.167) 


Now suppose that the value of Fo = Vr^ and Fi are known, for r/ = 770 , the left 
side of equation (467) using equation (466a) can be evaluated; therefore, the 
radius of the hodograph diagram, d'^Fjdrf- + F, in every plane ip = constant 
(for example, v? = 0) can be obtained. If a, Vi and Vr are values relative to 
the limiting velocity, is (equation 856) 
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= 



— Vr^ — Vt^) 


llie values of dF/drj and F for t; = t/o + Ary can be obtained as for ilie 
case of a = 0 witli one construction in a plane = constant. Bec^ause 
Fo(,-i-Ar,) (dFo/d7y)(,_j_A»,) are known from the calculation of the cone with 

the axis parallel to the flow, the radius of the hodograph diagrams for 
7} — T)n + Arj can be also determined; and therefore, step-by-step all the values 
of Vr and ?v as function of ry can be (‘valuated; for example, in the plane <^ = 0 
is F = Fo + F\ and dF/dri - (lFo/drj+ dFi/dry, and in the plane (^ = tt is 
F = Fo — Fi and dF/drj = dFo/drj — dF\/drj, 

Another analytical expn^ssion can be preferred for the numerical calcula¬ 
tions; equation 467, in the approximation accepti^d, can be transformed in 
the form 


(' - “V) + 

r,o,, + j 1 ^ ’'-H 

\ (k-) 

\ (io~ “ 


1 - a‘^ -1 


+ 


// ' 2 
«()“ 


1 ,7-1 Fo + Fo' ('Ot ry 

— --j--- r n r 0 ^ 


Sim ry 


1 - 


// ' 2 

I 0 


= 0 (468) 


where Fo, Uo, andFo' are the (piantities obtained at the same ry for the cone in 
axis with the flow, andF' = (dF/dry),F" = d-F/ dry-. 

To determine the position of lh(' sh(K*k and therefore the value of the Mach 
number of the undisturVyed stream and the angle of attack corresponding to 
the chosen values ofFo andFi, it is necessary to consider the equilibrium at the 
shock in the plane <^ = 0 and <p ~ w. For every value of ry in the meridian 
plane <^ = 0 and <^ = tt corresponding values of Vr and Vf have been found 
from the hodograph construction. The equilibrium at the shock imposes the 
condition that along the shock the following relation must exist (eijuation 460): 

— Vt= ~ ~ I rv cot e “1^ (460a) 


where e is the angle of the shock with respect to the direction of the undis¬ 
turbed stream. For every value of ry the value of e can be determined with 
equation (460a), and therefore the value of a given by 

a = rj — <p = 0 

a = €—-ry; <^=7r 

can be determined. Because 

1' I 

— = ?V cos € 

V, 

the corresponding value of the stream velocity also can be determined. There- 
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fore, for every value of rj in the plane ^ = 0 and ^ = tt, a value of a and a 
value of V\ are obtained. 

When V\/Vi and a calculated at = 0 are equal to V\/Vi and a calculated 
at ^ = TT, the values of V\/Vi and a corresponding to the values ofFo andFi 
are determined. The determination can be accomplished by plotting in a 
diagram the value of a as a function of the corresponding value of Vi/Vi (for 
the same value of rj) for ^ = 0° and (p = t; two curves are obtained, and the 
intersection gives the value of a and V\/Vi corresponding to the constants Fo 
and Fi, From the corresponding values of tj the angle of the shock in the plane 
^ = 0® and (p = 180° can be determined. However, this determination in the 
practical calculations is not necessary, because the value of Fo must be equal to 
the value of Vro/ Vi at the cone for zero angle of attack. Now when angle of at¬ 
tack is considered, the value of Fo must be chosen equal to Vr/Vi for the same 
cone at zero angle of attack for the Mi considered, which fixes the value of Mi, 
while the term Fi can be c6nsidered as the term which fixes the angle of attack. 
In this case Vi/Vi is known, therefore the value of a can be obtained directly 
from the analyses of the shock equilibrium only in one of the two planes 

^ = 0, ^ = TT. 

The angle <t of the shock produced by the cone at small angles of attack, 
in the approximation accepted, is equal to the angle rjs of the shock produced 
by the same cone at zero angle of attack, for the same stream Mach number. 
Indeed, from equations (464) and (466), and from Figure 177, at the surface 
of the shock the result is 

^Vi = Vi cos 0 - + /3Fi sin <r cos p 

= Fo (<r + i cos v?) + Fi {a + i cos (p) cos v? (468«) 

and because i and Fi are small of the order of w 

Tr, = Fo {(j) + i Fo' (a) cos ip + Fi (a) cos tp 

or 

Fo (<7) = Vi cos CT (4686) 

and Vi0 sin <t = i Fo' (a) + Fi (a) (468c) 

Fo (a) corresponds to the radial component of the velocity at the coordinate a 
for zero angle of attack; therefore from equation (458) it must be 

(T = v* 

The ratio p/a is given by equation (468c) 

P _ Fq' (g) + Fi ((T)/a 
a Vi sin c + Fq' (a) 

But Fi (a)/a is independent from a (see equation (468); therefore, in the 
approximation accepted p/a is constant for a given cone and a given stream 
Mach number, while Fj/a is a function of the coordinate tj and is also constant 
at the surface of the cone and independent from the angle of attack. 
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CHARACTERISTIC SYSTEM FOR 
THREE-DIMENSIONAL PHENOMENA 


The Characteristic System for Axial Symmetrical Phenomena 
(Potential Flow Theory). 


The Equations of the Characteristic System. The dilTerential equation 
of potential How in cylindrical coordinates has been given in Chapter 10, 
equation (335). When the phenomenon has axial 'symmetry (the body con¬ 
sidered is a body of revolution with its axis parallel to the undisturbed flow), 
the phenomenon remains the same in every meridian plane. Therefore it is 
possible to consider the variation of the flow properties in only one plane, 
because no variations occur in a direction normal to any meridian plane. 
If X is the axis of symmetry and y is the axis normal to x in the meridian plane, 
and ii and v are the components of the velocity along x and y, the equation of 
potential How is 

(l _ + (l _ i!* + !’. 0. (469) 

\ aV dx‘‘ \ aV df dxdy y 


Equation (469) for potential flow of axial symmetrical phenomena is of the 
same type as equation (58) considered in Chapter 2 for two-dimensional 
phenomena, 6Uid differs only by the last term v/y. 

For equation (469) it is possible to repeat all the considerations made for 
equation (58). Equation (469) can be of hyperbolic, parabolic, or elliptic 
type. The type is determined by the value of the expression 


(l _ (i — — 1—1? 

\ ap) V a*/ a* 


(470) 


If equation (470) is less than zero, equation (469) is of the hyperbolic type, 
and some characteristic surfaces can be delemnned in the flow. If the phe¬ 
nomenon has axial symmetry, the surfaces are surfaces of revolution. In 
every meridian plane two families of characteristic lines can be determined 
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from the intersection of the characteristic surfaces with the plane considered 
(References 47 and 48). 

The characteristic lines can be determined in the same way as for two- 
dimensional phenomena (Chapter 2, paragraph 8). Using the parameters 
defined by the following expressions: 

// = !-- \ 

a* I 

/ 

a- 1 

> (171) 

K — I 


the inclination of the characteristic lines is given by (equation 60) 


\ds/l II 11 

Xs = ^ ~ Vh-^ - IIL 

\dj-/u II II 


\ m 


or if fi is the Mach angle and 6 is the inclination of the velocity direction with 
respect to the axis of symmetry x, 


= 

Kclx/i 

— ( 
\dx/n 


an {B + ix) 


tan {B — ju) 


\ (473 


Along every characteristic line a variation of the flow properties CK^curs which 
can be detcnnined in a way similar to that in Chapter 2. 

The variation of the velocity components along the characteristic line can 
be written in the form (equation 71) 


”” \dx 


dr dv} 

K^x. dyj 


Remembering that du/dy = dv/dx (potential flow) and transforming equation 
(474) in a similar way as for equation (74), the following expressions can be 
obtained; 
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du + X^dv H- dx = 0 

H 


first family 


) second family (476) 


du + \\dv H- dx = 

II 


liquations (475) and (476) define the variation of velocity along every char¬ 
acteristic line. While an analytical solution of the two equations is not known, 
the differential ecjuations (475) and (476) permit the step-by-step calculation 
of the variation of the flow properties along every characteristic line and there¬ 
fore permit numerical determination of the flow phenomenon. Equations 
(t75) and (476) can be transformed into ecjuations which permit easier numeri¬ 
cal computation. The equations can be written in the following form 
(Reference 13) 

— — tan (/x -[-* Q) I 

dx \ 


dr r 

* + Th 


first family 


= tan (6 — /x) 


* //, I \ dv , r 

— -h tan (0 4” /x) — 4- 

dx dx Hy 


second family 


I sing equation (76) and reiTKTnbering that 


(477a) 

(478) 


(478a) 


// = t 


= 1 - (os^ 0=1- 


the following equations can be obtained from (I77tt) and (478a): 
dV fsin 0 — tan (0 + /x) cos 0”j 

V Lcos 0 4“ tan (0 + g) sin 0J 


rsin 0 — tan (0 + /x) (’os 0”| 

Lcos 0 4“ tan (0 + g) sin 0J 
da:’ r sin 0 sin- /x If 
y Lsin^ jjL — cos- 04 L(T)s 


y Lsin^ fjL — cos- 0j L(T)s 0 4- tan (0 -I- g) sin 0 J 

where the minus sign is for equation (477a) and the plus sign is for equation 
(478a), but 

sin 0 — tan (0 T g) cos 0 sin 0 cos (0 T g) — sin (0 T g) cos 0 — 


cos 0 4- tan (0 f g) sin 0 cos 0 cos (0 + g) 4- sin (0 -f g) sin 0 


= + tang 
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r sin 6 sin^ /X 1 r_ 
Lsin- fi — cos*^ Lc< 


Therefore, placing 


cos 6 + tan (6 + g) sin 6J 
— _ sin ju tan n sin 6 
cos (6 ± m) 


1 _ sin 6 sin- /x c< 
in 6j (sin- u — cc 


, cos {6 4 - n) 
6) cos M 


/= + 


sin II sin 6 tan n 
cos (g 6) 


sin /X sin S tan /x 
cos {$ — fl) 


cMiuations (477) and (178) become 

-y = tan (/X + 0) 
ax 


— dd tan M 


tan (6 


-f" dd tan /X 


/ — = 0 


dx A 
m — = 0 

V 


first family 


seiiond family 


(482a) 

(483) 


(483a) 


Kquations (482) and (483) are similar to ecfuations (77a) and (776) because 


tan /X = 


Vm-‘ - J 


and differ only by the term Idx/y or rndx/y. 

Equations (482) and (483) can be used for practical numerical applications 

by substituting finite differences for the differential terms anddE. If the flow 

* quantities are known in two points A and B 

][ V (Figure 178), the values of 6 and n are known 

g in points A and B. Therefore the tangent to 

the characteristic line of the first family at A, 

inclined at an angle (pa + ^a) (equation 482), 

and the tangent to the characteristic line of 

the second family at B, inclined at an angle 

^ ^ (equation 483), can be drawn. The 

two tangents meet at a point C; if the distance 

between A and B is small, the tangents 

r.. j i- r JL can be substituted in place of the character- 

Fig. 178. Construction of the ^ ^ ^ o • n • • t 

characteristic rut. islic lines. If infinitesimal terms of order 
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higher than dS and dV are neglected, the quantities /x, 6, I, m, and y in equa¬ 
tions (482) and (483) can be considered constant and equal to the values at 
A and J3, respectively. Therefore, applying equations (482a) and (483a), the 
values of AK and M along AC and BC can be detemiincd, and V and 0 at C 
can be obtained. When the values of dc, Fc, and jic have been determined 
in the first approximation, a second approximation that considers also second 
order terms can be obtained by using the average of the values at A and C, 
or at B and C, for the inclination of the characteristic lines and for all values 
of the quantities that appear in the coefficients of equatioas (482) and (483). 
Equations (482) and (483) can be transformed into expressions >vhich are 
more practical for numerical applications. For practical use it is better to use 
a nondimensional coefficient, dividing V by the limiting velocity Vi, 


Equations (482) and (483) can be transformed into equations with only one 
unknown quantity. 

Indeed 

dVA = Fc - Fa 

dVfi = Fc — F/j = Fc — Fa + Fa — F/f = + c/Fa + Fa — F/? (484) 

do A — — ^A 

dBn = Oa — + dSA- 

Therefore, combining equations (482a) and (483a), the first approximation is 
IF^ VF 4 

(tan M/f + “ tan /xa) rf^A = 1 — —- {Oa — Ob) tan fis 

H B *1 B 

+ (xc - x„) (xc - Xa) ^ (485) 

yn yA Wb 


= tan /XA ddA + — (a*c - Xa) 
w A yA 

Oc = Oa + do A (radians) 


IFc = IFa + dIFA 


• y 

sin* He — — 


-0 

\Wc^ / 


(from equation 856) 


Equations (485) to (489) permit a numerical step-by-step determination of 
the flow around every body of revolution for supersonic flow. For different 
systems of numerical applications, see References 49 and 50. 

Consider now the case in which a discontinuity of curv^ature of the profile 
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of the body must be analyzed (Figure 179). Because a variation of direction 
occurs at A, the velocity along AC must be different than the velocity along 
AB. The effect of variation of the velocity direction at A is transmitted in a 
zone of ilow which is behind a characteristic line of the first family “a'’ which 
stwts from A; therefore, the flow in zone I of Figure 179 is not influenced by 
the variation of direction that occurs in A, the disturbance affects zone II, 

and in zone III the disturbance is com¬ 
pletely transmitted. The line “a” can 
be designed in terms of the values V/Vi 
and 6 of zone I. ('onsider now another 
characteristic line of the first family “6” 
near the characteristic “a”, and con¬ 
sider from a point N of “a” a charac¬ 
teristic line of the second family; this 
characteristic liiui crosses the charac¬ 
teristic line “/>” at a point N\. To 
determine the variation of velocity 
along the line N!\\, eipiation (t83a) 
must be used in which the last term is 
dx. Consider the variation of abscissas 
along the characteristic line. Now if M 
moves along “a’’ in the direction of the point .4, N' moves along “6”, and 
the difference between x\ and x v, decreases and becomes zero when is at A; 
therefore the third term of equation (483a) in dx y becomes smaller when 
N moves toward A, and at A disappears. In A in order to pass from 
the characteristic line “a” to the (4iaracteristic line “/>” eipiation (483a) 
becomes 



(he flow around a corner in a body of 
revolution. 


dV 


+ do tan /Li = 0. 


(490) 


Equation (490) is equal to equation (776) for two-dimensional flow; therefore 
the expansion around the corner at A is regulated by the same law as the two- 
dimensional case. The same considerations can be applied for deviation with 
shock. These results permit determination of the flow in zone II in the fol¬ 
lowing way: the variation of direction 6 that occurs at A is divided into smaller 
steps Ad. For every small deviation AS considered the velocity V and direction 
of velocity 0 at A are known (equation 80 or equivalent table); therefore the 
tangent to the characteristic line “6” at A can be drawn. Now from the char¬ 
acteristic line “a” the characteristic line “6” corresponding to the first step 
AS can be calculated because from a point N of “a”, and from A a point Ni 
along “6” can be obtained. From Ni and a point L of “a” a point L\ can be 
determined, and therefore the entire line “6” can be determined. From line 
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“6” the line “c” corresponding to the next step of expansion M can be deter¬ 
mined, and in similar way all other characteristic lines can be computed. 


Application of the System of Characteristics to Determination of the 
Flow Properties along a Pointed Body of Revolution. Bodies of revolu¬ 
tion that can be analyzed with the characteristic system can be divided into 
three groups: sharp nose bodies, bodies that have an open nose, and bodies 
that represent a supersonic duct, such as nozzles for circular supersonic tunnels. 

When a sharp nose body of revolu¬ 
tion is analyzed, tlu^ calculations can 
be conducted in the following wav 
(Figure 180). At the nose of the 
body the phenomenon is conical be¬ 
cause; the nose in any case can be 
considered a cone of very small height 
ON, and therefore lht‘ calculalion 
can be started b> delermining llu; 
conical flow field al the nose. From 
the cone calculations the character¬ 
istic tine A()h\) corresponding to the 
conical phenomenon can b(‘ de‘ter- 
mined by using eeiuation (182). In- 
de(Ml, for ev(*ry value of rj 

value of M/y, and dn„ are known, and , , l ^ y 

- „ 1.1. . 1. , I of the flow around a sharp nose body of 

tluTcfore th(‘ inclination of the char- 

acteristic line between two points/^o 

and .4o can be drawn, using the average value of the inclination with respect 
to the x-axis given by 

+■ “h MA(i 



180. Practical method of calculation 


Proci‘i‘ding in a similar way the line can be drawn. From the point Bo 
the tangent to the characteristic line of the second family can be also drawn 
(equation 488). The tangent meets the body at B\, At Bi the direction of 
the stream i» known because it is given by the boundary conditions; 
therefore, using equation (488a), the velocity Wn, can be determined, using 
the corresponding values at/?o for the coefTicients of equation (488a). If the 
variations bet weiui Bo and Bi are large, a second approximation can be cal- 
(‘iilated. From B\ tin' tangiMit to tin; characteristic line of the first family 
can b(‘ drawn, and fnun a point (\) on the liiu^ AoFo the tangiMit to the char- 
a(‘teristic line of the vSe(‘ond family (*an be drawn. I'sing e(|nation (488) the 
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point Cl can be determined. In a similar way, all the points Bu Ci, Di, Eu Fi 
can be determined. 

For the point Go the calculation is slightly different. Go is determined from 
the point Fi. Because Go is a point on the shock, the equation of shock must 
be used, in place of equation (483a). For calculating the shock front from 
the point Fi the following considerations must be made: when the expansion 
lines that are generated from the body meet the shock, the shock decreases 
in intensity and changes direction. The variation of entropy across tlie shock 
changes, and therefore the flow becomes rotational. Assuming the effect of 
the rotation negligible, the equation of potential flow and the equation of shock 
can be used for determination of the shape of the shock. Because the Mach 
number in front of the shock is known, it is possible to construct a diagram 
that gives the direction of the slux^k €, the Mach number M 2 , and therefore 
the velocity W (relative to Vi) behind the shock, as functions of the deviation 
across the shock. Because the deviation across the shock decreases, it is 
sufficient to construct this diagram for values of 5 less than across OFo. From 
this determinatioo it is possible to calculate the point Go. If IF/,, and 
are, respectively, the velocity and the direction of the velocity at Fi, the value 
of the velocity Wof that corresponds to a deviation across the shock at Go 
equal to can be determined. For the deviation S = and for the law of 
this shock the gradient dWe^Jcld can be determined. The value is given by 
the tangent at the point d = to the curve that represents IF as a function 
of d. If a variation of direction dB occurs from F\ to Go along the characteristic 
line FiGu, the direction of the velocity at Go must be + dd\ therefore the 
deviation across the shock at Go must lie 5 = + dd, and the corresponding 

velocity must be 

V^6o= + dd^ 

\ dd /Sfi 


The variation of velocity from Fi to Go becomes 


dW = Woo - IFp, = Wsf, + 
Therefore, equation (482a) becomes 



IFfi 



— tan fjLFi do — 


A — X Fi 
y^i 


Ifi = fl. 


(491) 


All other terms of equation (491) are known, and therefore the value of dO 
can be determined. If dd is determined, the value of 8 can be determined 
from the expression 

8 = de+ Ofi (192) 


and therefore the value of f corresponding toG« can be fcmnd, and the line Go//o 
can lie designed. 
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If Cl is the first known point of the line BiCiGq the tangent to the character¬ 
istic line of the first family can be designed, from Ci. Therefore the point Co 
can be determined on the body. At Ci the direction of the velocity is known; 
therefore in equation (483a) the term dB is known, and from (^qualion (483a) 
the value of dW can be determined, and tlu* tangent to the characteristic line 
C 2 D 2 can be designed. The point D 2 is found from the points C 2 and Di, Pro¬ 
ceeding in a similar way, the entire flow around the body can be determined. 
If the length of some steps becomes too large, intermediate points (Gi) can be 
considered, assuming linear variation of the flow properties bt^tween Go and G 2 . 

In Figure 181 an example of the calculation of the velocity of the flow at a 
few points around a body of revolution is shown. The calculation has been 



Fig. 181. A numerical example of calculation of the flow around a 
sharp nose body of revolution at M - 3.07. 

performed for a Mach number equal to 3.07. The first part of the body is a 
cone of 30°; therefore the calculation starts with determination of the conical 
flow. From the calculation of the conical flow field the angle of the shock is 

7 ;, = 39° 25' 

and for the points 1, 2, 4, 7, 11, and 16 the following properties are obtained: 


Point 

0 

V 

e 

W 

M 

X 

y 

1 

30 ° 

30 ° 

0.6400 

32 ° 28 ' 

6.000 

3.462 

2 

32 ° 

28 ° 

0.6414 

32 ° 20 ' 

6.220 

3.880 

4 

34 ° 

26 ° 13 ' 

0.6438 

32 ° 6 ' 

6.509 

4.380 

7 

36 ° 

21 ° 40 ' 

0.6477 

31 ° 44 ' 

6.876 

4.982 

11 

38 ° 

23 ° 

0.6516 

31 ° 22 ' 

7.390 

5.753 

16 

39 ° 25 ' 

21 ° 49 ' 

0.6560 

30 ° 58 ' 

7.902 

6.173 


From the values of 6 and p the first characteristic line inclined at an angle of 
(ji + 0) can be determined, and the positions of points 1, 2, 4, 7, 11, and 16 
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can be obtained from the position of the point 1 , and therefore the values of x 
and y of the last two columns are obtained. The angle of the conical shock is 
39° 25'; therefore for M = 3.07 and for values of inclinations e decreasing from 
the value of 39° 25', the variations across the shock of the How properties have 
been detennined. For every value of € a value of Mi and a value of 8 are ob¬ 
tained (equations 126 and 125). From M^, equation (856), the value of W 
is computed, and W and € as functions of 8 have been plotted, and the value of 
dW/d8 has been determined and plotted as a function of 8. From the point 

2 the tangent to the characteristic line of the second family has been drawn 
inclined at an angle of —4° 20' with respect to the j*-axis, and point 3 on the 
body has been obtained. At 3 the direction dti of the bcxly is 28° 20 '; the posi¬ 
tion is Xs = 6.700, ys = 3.843; therefore, using e((uation (t83a), the velocity 
W at point 3 has been determined: 

—= 1 - (28° 20 ' - 28°) tan 32° 20 ' 

0.6414 180 

sin 28° sin .32° 20 ' tanJ^° 6.700 - 6.2 20 

‘ cos (28° - 32° 20') 3.880 

is shown to be equal to 0.6517, which corresponds to a value of g equal to 
31° 21'. 

Designing the tangent to the characteristic line of the second family from 

4 inclined at an angle of (26° 15' — 32° 6 ') with respi^ct to the x-axis and from 

3 the tangent to the first characteristic line inclined of (28° 20' + 31° 21'), point 

5 is obtained, the coordinates of which are x-, = 6.979 and yr, = 4.333. In 
order to determine Wt and ^ 5 , equation (486) must be used; thcreforcj 

(tan 32° 6 ' + tan 31° 21') {6, - 28° 20') 

0.6438 

= 1 _ _ (28° 20' - 26° 1.5') — tan 32° 6 ' 

0.64.38 180 

6.979 - 6.509 sin 26° 15 ' sin .32° 6 ' tan 32° 6 ' 

4.380 cos (26° 15' - 32° 6 ') 

_ 6.979 - 6.700 ^ 0.6517 ^ si n 28° 20' tan 31° 21' sin .31° 21' 

3.843 ^ 0.6438 ^ cos (.31° 21' + 28° 20') 

Therefore 6^ is obtained. 

Using in a similar way equations (486) to (489), gr, and are obtained. 
If greater accuracy is required, the points 3 and 5 can be recalculated using 
the average values between 2 and 3 for the coefficients, in order to obtain a 
second approximation at 3, and the average values of 3 and 5 or of 4 and 5 in 
order to obtain a second approximation for the point 5. 
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In a similar way all other points to point iT^have been determined. Between 
16 and 17, point 16a has been extrapolated by assuming linear variation along 
the characteristic line, and point 22 at the shock has been determined. Point 
16a has the following properties: x^a = 8.100, y^sn = 6.442, Wi^a = 0.6586, 
Oua = 21° 46', juifia = 30° 43'. The position obtained for point 22 on the shock 
is X 22 = 8.500; y 22 = 6.962. For determination of the flow properties at point 
22, equation (491) has been used. From the calculations of the shock law, it 
is shown that for a deviation across the shock equal to dua (21° 46'), the ve¬ 
locity W behind the shock is = 0.6553, and dW/dd is equal to —0.585 
if 8 is in radians; therefore the following expression has been written: 

0.6553 0.585 ^ o iof 

1 =-—- do — tan 30 43 dB 

0.6586 0.6586 

_ sin 30° 43' tan 30° 43' sin 21° 46' 8.500 - 8.100 
cos (30° 43' + 21° 46') 6.442 

022 is equal to 20° 58', and U = 0.66.36; €22 = 38° 25'. 

In similar way, all the other points have been determined. In order to 
determine the pressure on the body, the ratio p/p,/ for the value of W at 
the point considered must be determined; the value of pi^/ pn' for the point 16 
on the shock can be obtained from the value of Wu^ equation (856), and the 
ratio pirt/pi is given by the law of shock; therefore 

R = JLEil 

Pi Pq P 16 Pi 


Application of the Characteristic System 
Body of Revolution or to a Circular Ejfusor, 
Determination of the Shape of a Perfect 
Effusor, The system of characteristics can be 
applied in a similar way to an open-nose body of 
revolution (Figure 182). At the point A the flow 
undergoes a finite variation of direction which 
is a variation of comprevssion; therefore at A 
a shock wave is formed. Because at A the phe¬ 
nomenon can be considered as two-dimensional, 
the flow at A can be determined, and the tangent 
to the shock front AB can be designed. Assuming 
that at D the flow has the same properties as at 
A, with equation (491) the flow properties at B 
can be determined, and from B the flow at 
C can be determined with equation (483a), 
because dd from B to C is known. When the 


to a Slender Open~Nose 


y 


A 



X 



Fig. 182. System of calcula’ 
lion of the flow around an open 
nose body of revolution* 
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velocity atB is determined a second approximation can be obtained; assuming 
a continuous variation of the flow properties from A to B, the properties at D 
can be determined from an intermediate point E between A and B, and from D 
it is possible to recalculate B. The successive calculations are identical to the 
calculation for pointed nose of revolution. For accurate calculations some 
points 7, 0, etc., must be inserted between the points D, C, and L obtained as 
intersections of the characteristic lines with the body. In Figures 183 and 184 
a practical calculation is shown. 

In Figure 183 the characteristic net is shown for Mi = 1.525. At 1 the shock 
is determined with the two-dimensional law. Point 3 is determined from 2, 
in which the flow is considered eijual to 1. Interpolating a point between 1 



Fig. 183. Example of the practical characteristic net for an open nose body of 
revolution at M - 1.525 (from Reference 51). 


and 3, points 4, 5 and 6 are determined. In Figure 184 the shape of the shock 
wave and the shape of the streamlines are shown. For comparison, also the 
shape of the shock obtained experimentally is shown (Reference 51). 

With the characteristic system the flow into a circular supersonic effusor 
can also be determined if the flow properties at a section of the effusor are 
known. The problem is the following (Figure 185): The flow in section Si 
is known; therefore for every point P of section Si the intensity and direction 
of the velocity and the velocity of sound are known; the shape of the effusor 
between sections Si and S 2 is fixed, and the flow at S 2 must be determined. 
The system of calculation is not very different from the system used for a 
pointed nose of revolution. If the flow is supersonic at section Si, the char¬ 
acteristic lines can be designed for every point P of section Si and the velocity 
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at the points Q, obtained by the intersection of two characteristic lines, can 
be determined. Because there the direction of the velocity is known, the points 


o Experimental 



Fig. 18i. Shape of the shock ware and of the streamlines for an open 
nose body of revolution at M ^ For comparison, the shape 

of the shock obtained from experiments is shown {from Reference 51)» 

at the walls can also be determined. Therefore the system permits deter¬ 
mination of the entire flow field. Some complications occur for the points on 
the axis. In equations (482a) and (483a) the last tenn Idx/y or mdxly becomes 




Fig. 185. System of calculation of the Fig. 186. The flow conditions at the 

supersonic flow into a circular tube, axis of the channel. 


indeterminate (0/0) at the axis, because y and 6 become zero. However, the 
indetermination in the numerical calculations can be eliminated if some points 
near the axis are considered. Indeed, if B is a point on the x-axis (Figure 186), 
the value of IT at JB must be determined from the value of the flow at A, 
while point C must be determined from D andJB. At A equation (483a) exists: 
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and because yA is other than zero, the equation is determinate. At the axis 
6 must be zero; therefore along AB the variation of direction must be A0 = 
6a» If the variation of velocity in intensity and direction are avssumed constant 
along ABy because A and B are near each other, 

n « = U ,1 + — Ax (493) 

dx 

fin 

Sh = eA+ ^ A.r = 0 (491) 

dx 


The value of dS/dx can be determined from equation (491) because Ax is 
known, and therefore the value of dW /dx in equation (483a) can Ix^ deter¬ 
mined. Therefore the usual procedure can be used for the point B, 

For the point C the same equation (t82) applied at B must be used, but 
because the equation is indeterminate at B, the equation must be applied at 
C where dc and Vc are not known. But 


dc ^ AS = 



Therefore, assuming dS/dx and dV/dx constant along BC, at C equation 
(482a) becomes 


1 dW , do sin dc tan gr sin gr; t 

-— tan CM---— 

Wn + AW dx dx cos (mc + Qc) Jc 


im 


But sin dc = dc because dc is very small, and as a first approximation 
Wb ^ Wc and mc ^ m«. 


Therefore equation (495) can be written in the form 

1 * Afl A^ (an M/y sin Mfl Ax 

— Air — tan mb A0 — -- - - 

Wfi cos M/y yc 


(496^ 


Equation (496) with equation (483a) along DC permits determination of the 
values of A IF and Ad. Knowing the value of AVF, a second approximation 
can be obtained using the value of (1F« + A IF) and the corresponding Ad and 
d in equation (496). Near the axis the variation of direction for small varia¬ 
tion of velocity is large; therefore the calculations require small steps. 

The system of characteristics also permits detennination of the shape of a 
perfect effusor or of an effusor that has uniform velocity at section S 2 (Figure 
187). If the velocity at Si is the Velocity of sound, a small expansion A^ can 
be considered at Po, and therefore the characteristics lines at Po after the 
expansion can be designed, because the first characteristic line is straight if 
the velocity at Si is uniform. 
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At Po a finite variation of direction can be introduced (the effusor in this 
case is the shortest possible) (Figure 187a), or a wall with gradual curvature 
can be assumed (line I\Pn of Figure 1876). If a finite variation of direction d 
occurs at 1\ the expansion 6 must be analyzed considering a finite number of 



(a) 



(b) 


Fig. 187. System of calculation of the shape of a per- 
Jed effusor. 


small increments AS. At /V the expansion occurs with the Iwo-dimensional 
law; Iherefore for every increment AS, the velocity and the Mach angle can 
be determined at Po as in the two-dimensional case (Chapter 2). Therefore 
the tangent from Po to tlie characteristic line corresponding to each increment 
AS can be drawn. The flow properties at Pi are known; if uniform flow and 
A/ = 1 are assumed to exist in the minimum section, the velocity along the 
characteristic line l\P]Q corresponding to an infinitesimal expansion at Po of 
is determined, because the velocity along PoPiQ is constant. From tlie 
points Pi and Po, the point P 2 can be determined and the properties of flow 
at P 2 can be calculated. In a similar way all other points of the other cliarac- 
teristic lines can be obtained. Fvery characteristic line that starts at /^» 
crosses tlie axis at a point Q in which the flow properties can be determined. 
When a point Qn is attained at the axis at which the Mach number is equal to 
the required design Mach number, the expansion from Po is stopped. Then 
from Po the wall shape which gives uniform flow at the end of the effusor must 
be determined. 

If Ihe expansion occurs gradually along a given wall Po/^, (Figure 1876), 
llu* (*aI(Mjlations can b<‘ madt^ in similar manner. From Ihe point /^ tln' char- 
a(*leristi(' of the sec'ond family that meels llie wall (‘an be drawn, and at the 
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wall the intensity of the velocity can be determined, because the direction 
is known. When the required design Mach number is attained at the point 
Qn on the axis, the wall no longer has an arbitrary shape. From the point Pn 
on the wall that is on the characteristic line of the first family that passes at 
Qn, the correct shape which gives uniform flow must be detennined. If R is 
the end of the curved wall of the effusor, the shape PnR must be determined 
in such a way that it gives a velocity at R and along QnR equal to the velocity 
at Qn and parallel to the axis. If the velocity along RQn is uniform, the char¬ 
acteristic line which starts from Qn must be straight. Therefore from the point 
Qn, the tine RQn can be immediately determined. For every point S of this 
line the characteristic of the other family can be designed, and therefore from 
4,he points T of the characteristic line PnQn and from the points S of the tine 
RQn, the flow in the zone PnRQn can be determined. If the flow properties 
in the zone PnRQn are determined, the stream line that passes through Pn can 
be designed. This stream line fixes the shape of the effusor. The |)oint R is 
also determined in terms of the mass flow that goes into t he effusor, because 
the mass flow at Si is known, and the density at RQn can be determined by 
using isentropic expansion. Other stream tubes between PoQ, Pn, and RQn 
can be designed and the ratio of the end sections of tlie stream tubes can be 
used in order to have an idea of the precision of the calculations. 

The Characteristic System for Axial Symmetrical Phenomena 
(Rotational Flow Theory). When a curved shock of some intensity exists in 
the flow, the flow behind the shock must be considered rotational because the 
variation of entropy is not constant along the shock. In this case, in place of 
the characteristic system for potential flow, the characteristic system for rota¬ 
tional flow must be considered. While consideration of the presence of rotation 
in two-dimensional phenomena requires a much longer system of calculations 
than for potential flow, and therefore the higher precision is expensive, in the 
tliree-dimensional case the system of calculation for rotational flow is not much 
longer than for potential flow because the procedure is a step-by-step proce¬ 
dure for botli cases. 

The determination of the dillereiitial equation for rotational flow can be 
obtained in a manner similar to that for two-dimensional phenomena. A 
special stream function ^ can be considered defined by the equation (Reference 
1 ^); 

_L_ 

(1 — 

1 

xps ~ ~ y/’ (I — 11 ‘ 

where n and v are the ctjuipoiieiils along the y and y axis of the vehK ity \V in 
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the meridian plane of the body of revolution, and W is the velocity at the point 
considered measured with respect to the limiting velocity 

w = -^ (498) 

VI 

The speed of sound is also measured with respect to Vi 


c = 


a 

Vi 


(499) 


Therefore, u, W, and c are nondirnensional numbers. The use of K/ as a unit 
of measurement is not necessary but the calculations are notably simplified, 
because Vi is constant. Prcx^eeding in a manner similar to that for two- 
dimensional phenomena (Chapter 5), the following expression can be obtained 
from the continuity ecpialion: 


d 

a ((!x — 11 „) 

4- 

V ( ?’x- Uu) 

dx 

_ 1 - \V^ J 

_ 1 - J 


— (I - + = 0 . 

From these two equations the following equation can be obtained 


(500) 

(501) 


d 

n — 
dx 


Vx - ll„ 


Lr (I - 


+ r 




Vx 




Lrd - 1F^).-^J 


= 0 . 


(502) 


Equation (500) is automatically satisfied by ecjiiation (497) but equations 
(501) or (502) are satisfied only when 


-=/(^). (503) 

y (I — 1F“)7 -i 

__7 

Since (I — lF^)7-i along I he stream lines is proportional to the loc^al pres¬ 
sure, it can be concluded that for three-dimensional symmetrical phenomena 
tlie vortex strength, along each stream line and between two discontinuities, 
is proporlional to the pressure moment yp relative to the axis of symmetry. 

liquation (503) is a function only of the stream function therefore, 
proceeding in a manner similar to that of Chapter 5, the following differential 
equation can be obtained: 
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Equation (504) is similar to equation (469), and calling 

ij2 

1 - - = // 

1 - - = L 




( 505 ) 


(1 _ H-i): 

y 




/(lA) = N 


the following expression is obtained (Heference 51): 

+ 2AVxv + I4yy + N =0 (506) 

which is an equation similar to the equation for potential flow and differs 
only in the term N. Because the inclination of the characteristics lines Xi and 
X 2 is independent of the term N, the values of Xi and X 2 are idiiivtical for poten¬ 
tial flow and fo^ rotational flow: 

Xi = = tan (0 + m); X 2 = = Ian {6 - /*) (507) 

From equation (506) the following ecpjatiori can 1 k‘ oblained as for potential 
flow: 


xj/jx + tan {6 


/V 

= 0 

^xx + tan (6 + iJL)\pxy + — = 0. 


(508) 


The term N contains the expression / (^) defined by equation (503) but 

(\(^) = (I - H'*)7^1 = ■ 

When n is the normal to the stream lines, and 


(509) 


curl V X V I , ., \ (is 

-= _ grad aS =- 

d' gyli gyH dn 

because the entropy is constant along every stream line, 

_ y - 1 1 dS 1 


fixP) = 


2gy « 


(510) 


(511) 


Substituting equation (511) in equation (508) and perfonning the diCFerentia- 
tion of equation (497), equation (508) becomes 

dW , djT , . dx <LS sin’/i n r . c 

— — tan IX d6 -/ H—^---- = 0 firsl family (512) 

W y dn gyH <^os (pi + fl) 
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sin^ fjL 


14 ^ dx dS 

-h tan ixdS - m - 

W y dn gyH cos (9 — jjl) 


= 0 second family (513) 


Equation (512) is similar to equations (482a) and (483a), and differs only in 
the term which contains the entropy, and can be used in the same manner. 

In practical applications, the same nu¬ 
merical system proposed for the potential ^ 
flow can be used: if the flow is known in two 
points A and B, near each other (Figure 
188), the tangents to the two characteristics 
at A and B can be designed, and assuming 
the characteristics coincident with the tan- 
gent, the point C can be determined in the 
first approximation. Along AC equation (512) ^ 

must be applied and along BC equation (513) 
must be applied. The terms containing dS/dn 
in eciualions (512) and (513) are not known of a 

mid must be determined for the calculations, acteristic system for rotational 
If S is known at A and 71, assuming a linear flow. 
variation of entropy between A and B in a 
normal direction to the stream lines, it is possible to write 

^ =_-____-_;_(514) 

dji , ^ PA , ^ sin 



(xc ~ Xa) 


+ {xc Xfi) 


cos {pA + ^a) ^'OS {9h — Pb) 

Equations (512) and (513) can be combined with equation (514) and equations 
(516) to (519) can be obtained when the following parameters are introduced: 

/ = {xc - Xb) sin pB cos {pA + Ba) 

e = {xc — Xa) sin pA cos (Sb — pb) 

Wa Wa 

(tan PB — tan pa) dOA = 1 — 


(515) 


Wb 


Wh 


- {6a - 6b) tan mb + {^c - xb) — 

JB 


WByA gyR 


Wa 

f sin2 PB + e —sm-'/XA 


Wb 


dWA 

Wa 


= tan Pa ddA + 


(xc - Xa)Ia 


f+e 

Sb ~~ Sa ^ sin^ pa 


sm-' pc 


yA 

== + ddA 

IVc = 11 A + rfll A 

V11/ ^ 

c 


yf^9 f+e 


-1) 

\Wc^ / 


(516) 

(517) 

(518) 

(519) 

(520) 
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Sc = 5 a + (Sb — Sa) ~ —^— ( 521 ) 

/+ e 

Ekjuatioiis (516) to (521) are similar to equations (486) to (490), and equations 
(516) and(517) differ from equations (486) and (487) by the last term which 

contains the entropy. 

For numerical calculations a system anal¬ 
ogous to the system for potential flow can 
be used, which permits a step-by-step calcu¬ 
lation for determining the flow field. For a 
general point, equations (516) and (517) must 

Fig. 189. Delerminalionofapoinl 

of the body. value of dB is known as the direction is known; 

therefore equations (512) or (518) must be 
used. If a point C on the body is analyzed (Figure 189), the entropy at C 
is the same as at ^4, because AC is a stream line. Therefore the value of dS/dn 
for equation (512) along BC is given by the eipiation 
' i^B ~ S,\) cos (Bb — jU/j) 
dn (xc — Xb) sin /hb 

For a point on the shock an equation similar to equation (491) must be used. 
The expression rfA5/c/5 which represents the variation of AS across the shock as 
a function of the variation of the deviation 
across the shock must be determined. The 
expression dAS/d8 can be determined di¬ 
rectly, because for a given M for evi^ry 
value of 5 the value of variation of pressure 
and density across the shock, and therefore 
the variation of entropy AS, can be deter¬ 
mined. If is the point that must be calcu¬ 
lated and AB is the shock (Figure 190), 

xu ^ n X n 1 xi * 90 . Determination of a 

assuming that the flow at B has the same 

direction as at C {Bb = Be), the variation of 

entropy AS^^ and the velocity behind the shock corresponding to a 
deviation across the shock 9c can be determined. Because the direction at B 
is different, the value of IF at B is different from and th(^ variation of 
entropy is different from AS^^., but if the slopes of the curves W as functions 
of 5, and of AS as a function of 8 are known, it is possible to write 

ASb = AS<>^ 


dAS\ 

~jr} 
d8 / 6c 




( 522 ) 
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then the equation of the variation of d along BC becomes 


Wee - Wc , 
- 1 - 

Wc 



— tan Me — 


(xb - Xc) 

yc 


Ic 


With equation (523) the flow at the pointB can be determined, because when 
is known, the deviation 5 across the shock is determined and is determined. 



Fig. 191. Example of (a) a practical characteristic net, and (b) results of 
the calculations for the internal flow on a circular conical inlet at M - i.6 
(from Reference 5i). 


In Figure 191 a practical determination of the flow along an internal cone 
is shown (from Reference 51). As is shown in Figure 191, the shock increases 
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in intensity moving towards the axis and becomes a normal shock at the axis. 
This phenomenon does not depend on the particular boundary conditions 
chosen, but is general for supersonic flow in circular channels. If a shock is 
produced at the wall of the channel, the shock increases in intensity moving 
from the wall toward the axis, becoming a strong shock near the axis (the flow 
behind the shock is subsonic), and a normal shock at the axis. The zone in 
wliich a strong shock exists increases with the increase of the intensity of the 
shock and it is zero only for infinitesimal compression waves. The tendency 
for the disturbances from the walls to converge in the zone of the axis is 



Fig. 192. Diameter of the central zone of the shock, that gives 
subsonic flow behind the shock, as a function of the angle of the 
internal cone for M = 1.6 {from Reference 51). 


important for circular supersonic wind tunnels. In Figure 192 the extension 
of the strong shock as a function of the angle of the internal cone is given for 
a free-stream Mach number equal to 1.6. 


Characteristic System for Three-Dimensional Phenomena without 
Axial Symmetry, 


The General Equations of the Characteristics for Three-Dimensional 
Phenomena. The differential equation of potential flow in cylindrical 
coordinates is given by equation 


(l — ^ 4- A _ - ^ ^ _L A __ 1. ^ 

\ av dx^ \ aV dy 2 ^ a^/y^ d<t»^ dxdy 

a* y d<t>dx y d<f>dy y\ ^ a*/ 


(524) 


where u, r, and w are the respective velocity components along the x-axis 
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(coincident with the axis of the body), along the y-axis (normal to x in the 
meridian plane) and in a direction normal to the meridian plane, respectively, 
and (f is the angular coordinate of the meridian plane. Equation (524) is an 
equation with si^cond order partial derivatives of the hyperbolic type because 
V is larger than a. Therefore characteristic surfaces exist which are the 
singular surfaces of the Cauchy theorem. (See Chapter 2, Reference 3.) 

If the equation of the singular surfaces is 

y =/(x,^) (525) 

equation (525) must be satisfied by the relation 

"■ + (l22 + x HJ ~ = fi (526) 

where 


(527) 


or 






1 

ail = 1-,; 

(I 22 — 

1 -; 

1 1 

a44 = 1 "t~ ~ 

a" 


a- 


— 2ar 


~2rw 1 


a,2 = - ; 

(hs — 

; -- ; 


a- 


d' y 


— 2uw 1 


( w- 

\ 1 

ai3 — “ - - ; 

(hii = 


) - 

a- y 


\ a' 

/ .y- 

'2 ^ ^ 

//- + 

1 

1 

2uw f^' ., 

y- d' 


d^ 

a- y~ 


O 0 0 ' ^ 

a- y a- v- 


hut 


fx' 


-1 


; and -— - 


f ' 


- . - , - - , - 

|/^i + //- + 1 + //■' + 1 + //' + 


f 

J if 


(529) 


are the direction cosines of the normal n to the surface (equation 525) at 
a generical point, while u/V, v/V, and w/V are the direction cosines of the 
vehx^ity ; therefore dividing equation (528) by the factor 

f ' •> 

1 +//^+ 


and multiplying by the factor pnxiuces 
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Therefore it can be concluded that the characteristic surfaces defined by equa¬ 
tion (525) are the envelope surfaces of the Mach cones, with vertices at the 
points from which the disturbance in the flow begins to propagate. The 
surfaces divide the region of undisturbed flow from the region of flow in which 
the disturbance is propagated. For every line contained in a plane normal to 
the x-axis, two families of characteristics surfaces pass, the normals of which 
are symmetrically inclined with respect to the direction of the velocity. 

For numerical application of the characteristic systi^rn in three-dimensional 
flow, the intersections of the characteristic surfaces with the meridian planes 
and with the parallel planes can be considered, and then the variation of the 
velocity prop<^rties along the intersection lines can be dc^termined (Reference 
44). With the equations of the intersection lines, it is possible to proceed with 
a step-by-step proce^ss and to delennine the flow properties in the entire field 
if the initial conditions are known. The initial conditions can be determined, 
for example, if the front part of the body considered is a pointed body of 
revolution or an open-nose body not- necessarily of rtwolution. For this case, 
the shock at the lip follows the two-dimensional law, and tlierefore the sys¬ 
tem used for a body of revolution with axis parallel to the flow can be ap¬ 
plied. When the initial conditions at a characteristic surface an^ know n, in 
order to determine the flow^ field, the law of variation of the flow properties 
along the intersection of the characteristics surfaces with parallel and merid¬ 
ian plane must be determined. 

If ai is the intersection of a characteristic surface of a given family with a 
meridian plane, the variations du, dv, and d{yw) along the line will be con¬ 
sidered. If d(7j is an element of the curve which has the components dx and 
dy along the x-axis and the y-axis, respectively, 

da = (pn + Pnf/) dx 
dr = (pi 2 + P 2 ?fx') dx 
d{yiv) = (p ,3 + P23/x') dx 

where 



d^<b 1 r f dy 

Pik = - and /x = f 

dXi dXk dx 


(532) 


and XtOr x^is one of the three independent variables x (subscript l),y (subscript 
2 ), and z (subscript 3). For analogy with the characteristic system for a body 
of revolution with axis parallel to the flow, call the expression fj 


r f _ \ 


(dy\ 
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lAV _ 

/>12 = — “ /> 22 Ai ; 

ax 


d iyw) . 

Pl3 — -;- ~ 

ax 


du X dv ( 

Pii = Xi + Xrp22« I 

ax ax 1 

Substituting equations (53*3) in equation (524), the equation becomes 

Uii — Xi —- + XiV^ 22^ + ^^12 “ XiP22^ + (X22P22 

"h ^*131 —^ “ — X 1 P 23 + W 23 P 23 + ■ a,i4 UzzPzz — 0. (534) 

L ax J y 

Adding and subtracting equal terms to equation (526), the equation becomes 

P 22 (^^llXi“ — ^ 12 X 1 -|- ^ 22 ) ~ tti3p23Xi -|- tt23P23 a^zPss = 

- Xitti3 (kp22 + P 23 ) + «23 (P^k + P 23 ) + ^33 (PsS “ ^^P22). (535) 

Now consider a parallel plane, x = constant, and call n the intersection of the 
same characteristic surface with a parallel plane x = constant. 

TUvn 


Therefore 


(rfri)" = (rfy)“ + (yd<p)-; y = y dip/dr^ + 

ori dip dydr 


l>l>n + />23 = .y 1/ 1 + ^ 
r V-1 


Pm - ^>22 = y 


Placing 


V y^L dr, drj 


= y 


1/' ^ Is 


A = - (/44 

V 


-- (U23 — Xi(/i3 — «(/.33) + ^33 --—- 

Ti rfri 


and substituting equation (535) in equation (534), the following expression is 
obtained: 

du , , ^ X dv , d iyw) , . . 

«ii — + (ai2 ttiiXi) — + ai3 —-— + A + /ii = 0. (539) 

dx dx dx 

Equation (528) with the new symbols becomes 

«iiX“ — UioX + <122 + UiaX/j — (hizk + Uzzk' — 0 (540) 

and is an equatioii of the second order in X or fe. liquation (540) has two 
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solutions, Xi and X2, which are the inclinations of the intersections with a 
meridian plane of the two characteristic surfaces of different families that pass 
through every point. For every point the following conditions exist: 


ip = const. 


= Xi, 



= k 


du 


an 


dx 


+ {kuiz + X2«ii) 


A’ 

dx 


+ «13 


d (yw) 
dx 


A Hi = {) 


(541) 

first family 

(542) 



a„ + {kau + Xian) j’ + a., + A + B, ^ i) 

dx dx dx 


(543) 
second family 

(544) 


where B 2 corresponds to Bi for (X2 must be substituted in place of Xi in equa¬ 
tion 538). 

Using the condition of irrotationality or proceeding in a similar way as in 
the preceding consideration, an expression can be obtained for the variation 
of the velocity along the intersection of the characteristic surface with the 
parallel plane x = constant. The expression is 


da , . , s dr , d (yw) . . , 

013 — + (023 “ ka^s) — + 033 . + /I + fii = 0 . 

dip dip dip 

ill = 1 / 1 + Xi*^ “ (— kun + O 12 — XiOii) + Oil 7“1 * 
' LOO"! UCTiJ 


(51'S) 
(516) 


For the surface r2, the term Ci changes in a manner analogous to the term Bi 
Equations (541) to (546) are general for three-dimensional problems and 
can be used whenever the initial conditions of the flow along a characteristic 
surface are known. To explain the practical system for using equations (541) 
to (546), the following application is considered. 


Application of the Characteristic System for Three-Dimensional 
Phenomena. A body of revolution in yaw with a pointed nose is consid¬ 
ered, and a shape made up of truncated cones is substituted for the shape of 
the body. In order to determine the flow around such a body, the expansions 
around the corner made by the truncated cones, and the flow along the trun¬ 
cated cones must be determined. It is assumed that the flow around the first 
part of the body, that in the excunple considered, is a cone of revolution in 
yaw, is known. If OA is the first part of the body (Figure 193) and a varia¬ 
tion of direction occurs at A, the deviation produces a disturbance in the flow 
which is transmitted in a zone of flow behind a characteristic surface which 
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starts from the circle A A' of the body. The propagation occurs with a series 
of Mach cones having vertices along the circle AA\ and, when the entire dis- 


O. 



Fig. 193. Characterislic system for body of revolution 
with angle of attack, expansion around the corner. 

lurbance is propagated, the velocity at AA^ has a new direction tangent to the 
body ARA'B'. The characteristic surface behind which the disturbance is 
transmitted can be determined. Every meridian plane ^ = constant inter¬ 
sects the characteristic surface along a characteristic line that passes through 
the point A (Figure 193) of the body and is defined by the equation 

y = yA + Xi {x - xa). (547) 

The slope of the curve that corresponds to the coefficient Xi can be determined 
from equation (540). Because the body considered is a body of revolution, 
at the section AA', f{<p) = 0 (the characteristic surface for x — xa passes 
through AA' for which y = constant). Therefore equation (540) becomes 

UiiX^ — ni2X “f" U22 ~ 0. (548) 

Therefore Xi at AA' is known in every meridian plane. 

If the body is not one of revolution, the line A A' is a known intersection of 
the characteristic surface, and therefore the value of k can be calculated and 
the value of Xi can be obtained from equation (540). When part of the line 
AA' is not in the same plane x = constant, the intersection of characteristic 
surface and the body can still be determined because the characteristic sur¬ 
face is made up of Mach cones. Their intersections with the body give 
a line that permits determination of the value of k. 

Assuming x -- Xa — x\ — Xa small, in equation (547) Xi can be considered 
constant in every meridian plane between xi and Xaj and therefore the value of 


m 


ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS 


y for every value of ^ for the plane x = Can be calculated with equation 
(547), and the intersection of the characterrstic surface with the parallel plane 
X = Xi can be determined. If NM is the intersection of the characteristic 
surface with the plane x = Xu the value of y at M and N is known from equa¬ 
tion (547). Therefore the value 

can be calculated, and the new value of Xi(<^) along NM can be determined 
with equation (540) because the flow in front of the characteristic surface is 
known. The tangents NL and MI to the characteristic surface at N and M 
can be designed. So, proceeding step by step, the complete characteristic 
surface of the first family can be determined. 

Consider now a second characteristic surface On along which a disturbance 
produced by a variation of direction AS at A is transmitted. The equation of 
On near A can be written in the form 

i y = yA + Xii (a: - Xa)» 

But at A 

kA = (//)a = 0 

because the characteristic surfaces On and Oi meet along A A'. In the meridian 
plane (p = 0, which is the plane of symmetry for the flow phenomenon (the 
plane that contains the undisturbed velocity) 

IV — 0 

therefore, X is known in terms of the components ii and v (equation 540), and 

uv ay/ 

2 — - +- 

^ y2 ^ ^2 

tan 6 — — 
u 

a 

sm fx = — 

V 

If du and dv are the increments in the plane (p = 0, du and dv at A are also 
known, because the value of ^ at ^4 along On is given, and du and dv are given 
by the two-dimensional law, from considerations similar to those given in 
page 266 equation (490). Consider now a point N along the characteristic 
surface Oi in the plane ^ = 0. At iV the values of Xi and X2 are known; 
therefore in the plane ^ = 0, the tangent to the second characteristic surface 
corresponding to X2 can be drawn. Because the tangent to the surface On at 
A in the plane ^ = 0 is known, the point N\ which is the intersection of the 
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two tangents, can be determined. At TV' the component w is also zero and 
using the symbols 


All — Uy'. -— llN 

Av = Vn—^a - Vn 
du = — Un- -+ Wat' 


(551) 


dv ^ — vn '-—+ rjv' 


from equation (542) is obtained 

dll + \2.dv + — — {xn> — a*A') + An + \iAv = 0 (552) 

nil 

dll \\dv —-t —~ (j'y' — 2 *^) = 0 (553) 

nil 

where dii and dv are tlie variations of velocity along the line AN', The 
terms X 2 , A, and an in equation (552) are the values at the point N, while 

the t(Tms Xi, A, B\, the an in e([uation (553) are the values at the point A on 

On. The values of the coefTicients/i and iii at the point A ofOn are the same as 
at the point A of Oj because dw/d<p does not change from 0i to On. Therefore 
the term d(yiv)/dr does not change. In this way it is possible with equations 
(552) and (553) to determine the flow at the point N' in the meridian plane 
= 0. 

It is necessary now to determine the (low properties in the other meridian 
planes along the characteristic surface On- The characteristic surface On 
corresponds to a small deviation of tlie stream along AA' which is constant in 
all the meridian planes. Therefore the value of dv/du at A' is known and is 
ecpial to the value at A. At A', fe is known (for a body of revolution k is zero) 
and IV has the same value if A' is considered on the surface Oi or on the surface 
Oi I, because w is tangent to the characteristic surfaces. Thus passing from Oi 
to On the component w cannot undergo any discontinuous variation. There¬ 
fore, the quantities d(wy)/dip, d(ytv)/dr along AA' have the same known value 
in all the characteristic surfaces Oi, On, On, that exists at Oi. Using equation 
(545), in which k is known (in this case is equal to zero), the value of dv and 
du at A' can be determined, because dv/du is known and all the coefficients 
that appear in equation (542) are known and correspond to the flow properties 
at A' in Oi in the meridian plane considered- 

If the flow at the point A' of tlie.surface On is detennined, the value of the 
tangent to the intersection of On with the meridian plane can be determined^ 
using equation (548), or in the general case, using equation (540) and a point 
M' in the plane, x — xn' — constant can be determined. The point M can be 
found on Oi and along the characteristic line of the other family from M' in 
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the meridian plane, and by determining the variation of the flow along A', 
M', MM', and iV'M', the flow in M' can be calculated. 

yM' = yA' + X (ip) (xw - xa') (554) 

where, in this case 

Uii X^ (ip) ■— ai2 X (ip) + ^22 = 0 


and On, ai 2 , and 022 are the coefficients corresponding to the point A' of On. 
Along A'M' equation (542) must be applied where dx = Xm' — xa', du = um' — 
Ua', dv = Vm‘ ~ Va', d(wy) = (wy)M' — {ivy)A>, and the coefficients of the ex¬ 
pression are calculated at the point A'. 

Along MM' equation (544) must be used where da, dv, d(yw), and dx are 
the differences between corresponding values in M' and M, while k is given 
by the equation 



Along M'A^' equation (545) must be used in a similar manner. From the three 
equations, the values of Um>, Vm^, and ivm' can be determined and another point 
L' along A'A^' can be determined, as the value of dv/dr, and d(yw)/dr between 
Ml and N\ are now known. Proceeding in a similar way, the entire expansion 
around the corner AA' can be determined. 

In order to determine the flow properties along the straiglit part of the body 
AB, the following considerations can be made (Figure 194). If, from a point 
N of the last characteristic line that starts from A, the characteristic line of 


Fig. 194. The determination of the flow along 
the cone of the body with constant inclination, 

the opposite family NB is designed in the meridian plane, a point B is deter¬ 
mined on the body for which the following relations can be written: If dl is 
the distance along the body between A and B and f is the inclination of the 
body on the.axis, then from the definition of w, v, and u 



j / N d (yw) , , d (yw) , 

d (yu))^. const = ■ \ • dx H- dy. 

dx dy 
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Therefore 


yaWn = yA^U + d (yw) 

d (yw) = (— cos f + — sin A dl, 
\d(p d<p ) 


(556) 


The quantities dujdfp and dv/d(p must be calculated at the point A of the same 
meridian plane as B and therefore are known from the preceding calculations. 
Thus, the value ynWn can be determined. 

In the meridian plane ^ = 0, u? is zero; the Ixiundary conditions give the 
relation 


and from equation (544) 

dv/i , ^ 

— = tan f 

dun 

(557) 

diiB + Xidvn 

+ ' (xh — a*v) = 0. 

ttii 

(558) 


Therefore un and Vfi can be determined, and the tangent at B to the character¬ 
istic line <7i can be designed. 

From B the flow at a point B' in the meridian plane ip can be determined for 
the same distance dl, because two equations can be written that give the varia¬ 
tion of velocity components along BBi (equation 557) and along NiBi (equa¬ 
tion 544), which with equation (556) permits the determination of the flow at 
Bi. l^roceeding in the same way, the entire flow around the body of revolution 
can be determined. 




CHAPTER 



PRESSURE DRAG OF SUPERSONIC WINGS 


Introductory Considerations. In Chapter 7 the aerodynamic character¬ 
istics of supersonic profiles as functions of their geometry were considered; 
therefore the aerodynamic characteristics of the rectangular wing of infinite 
span have been determined. In general, for wings of finite span and of various 
plan form, the aerodynamic phenomena are different and more complicated 
than those of the two-dimensional profiles, and it is not possible, at present, 
to make a theoretical analysis with the same approximation obtained for two- 
dimensional profiles. When wings of finite span are considered, the liypothesis 
that the theory of small disturbances can be applied is usually accepted, and 
it is also assumed that the wing is very thin. With these two liypotheses the 
drag at the zero-lift condition, and the lift-curve slope of wings for diflerent 
plan forms have been determined. In the following xiaragraphs, some consid¬ 
erations on the relation between the plan fonn of the wings and their aerody¬ 
namic characteristics will be developed, and the pressure drag for wings of 
different shape will be determined. 

Wing Plan Form Which Eliminates Tip Effects In the aerodynamics of 
subsonic flow, it is ^hown that when a wing of infinite span is considiired, and 
the flow is assumed perfect, the drag obtained is zero; however, for a wing of 
finite span in a perfect flow a drag exists. This drag, which is called induced 
drag, is a consequence of the lift of the wing, and depends on the aspect ratio 
and plan form of the wing. The induced drag is the only drag that can be 
found in a perfect flow. In aerodynamics of supersonic flow, a drag is found 
even if perfect flow and wings of infinite aspect ratio are considered. This 
drag is dependent on the shape of the profile and on the lift (equation 266). 
When a wing of finite span is considered, a different value of the drag is gener¬ 
ally found; however, with special configuration of the wing tips, it is possible 
to obtain a wing of finite span with the same drag characteristics as the 
infinite-span wing (Reference 25). 

Consider, for example, a flat plate of infinite length (Figure 195), and on 
the wing two points, A and fi, along the leading edge. If the flow on every 
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point of the span is supersonic and some small transformations are produced 
along the leading edge in the zones CA and BD, those disturbances are trans¬ 



mitted in the flow in a zone defined by (he envelope of Mach cones, with vertex 
along CA and BD at the points at which the disturbances are produced. The 
zones of the wing influenced by the disturbances are the zones CAEH and 
DBFG, where the lines AE and BE are the intersections of the Mach cones 
from A and B with the wing. (Consequently in the zone AEFB no variation of 
flow characteristics occurs for the disturbances produced along BD and CA. 
If the disturbances arc produced at points of the wing in the zones BFDG and 
CAHE, for example along MN, the disturbances are still inside the zone 
defined by the envelope of Mach cones with vertices along CA or BD (Figure 
195), and cannot affect the flow in the zone AEBF. Therefore if the part of 
the wing outside t he zone AEBF is eliminated and the wing AEBF is consid¬ 
ered, that wing must have the same flow characteristics as the wing of infinite 
span, and consequently the same pressure distribution. The lines AE and BF 
change with angle of attack of the flat plate but are all outside a line AE' or 
BF' inclined at the Mach angle with respect to the chord; therefore on the 
flat plate AE'BF' the pressure distribution found in Chapter 7 (page 118 or 131) 
exists. 

The pressure for the trapezoidal flat plate is constant on the entire upper 
surface and on the entire lower surface; therefore the focus of the profile for 
the trapezoidal wing moves from the 50 pier cent station of the chord in the 
direction of the leading edge, because the center of pressure of the triangular 
zones AA'E' and BB'F is at 3^ of the chord from the leading edge. Its position 
can be easily determined as a function of the angle of the line AE'. 

The piossibility of cutting the plate along the lines AE' and BF' is dependent 
on the aspect ratio considered. When the aspect ratio decreases, the distance 
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E'F' decreases and becomes zero for a given value of the aspect ratio. This 
value is the minimum for which the criterion considered can be applied. It is 
evident that the value of the minimum aspect ratio is a function of the angle 
AE'A', and therefore of the local Mach number considered. 

If a wing with thickness is considered, the differences in the phenomena 
are small because the wing thickness is usually small. The differences can be 
evaluated because the pressure in the zones AA'E and BB'F can be determined 
with the two-dimensional theory. 

The phenomenon discussed before depends on the general property that, 
in supersonic flow, small disturbances cannot be transmitted outside the Mach 
cone. Consequently the physical properties of the flow at every point depend 
only on the disturbances produced in the fore Mach cone from the point, and 
alterations produced in the phenomenon, in every zone outside the fore cone 
from a point, do not change the physical properties in the point considered. 

Infinite Sweptback Wings. In all the preceding analysis, the wing of in¬ 
finite span and the w ing with trapezoidal plan form considered have the leading 
edge and the trailing edge perpendicular to the direction of the stream; there¬ 
fore in the zone of the wing, the stream lines are plane and are contained in 
the plane perpendicular to the leading edge. Now the two-dimensional theory 
can be applied also to the flow around an infinite wing with constant cross 
section, when the leading edge is inclined with respect to the direction per¬ 
pendicular to the undisturbed velocity. In this case, the streamlines are no 
longer plane, but the phenomenon must be the same in every plane perpen¬ 
dicular to the leading edge; therefore the component of the velocity in the 

direction of the leading edge w must be constant 
in the entire flow and independent of the shape 
of the wing. If X is the angle of sweepback (Fig¬ 
ure 196), the component iv is given by 

w = V 1 sin X. (559) 

The phenomena for the sweptback wing of infinite 
span in a perfect flow can be assumed to be ob¬ 
tained by moving the wing in the direction of the 
leading edge with the velocity le, in a flow moving 
in a direction perpendicular to the leading edge 
with a velocity Vi cos X. Because the compo¬ 
nent w does not produce any variation of pres¬ 
sure, the phenomena must correspond to those for a straight wing at a veloc¬ 
ity Vi cos X. However, the component w must be considered when viscous 
forces are analyzed in the boundary layer. 

The possibility of resolving the undisturbed velocity into two components, 



Fig. 196. Infinite swept- 
hack wing less inclined than 
the Mach tvave. 
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normal and parallel, respectively, to the leading edge, shows that the angle 
of sweepback of an infinite wing is equivalent to reduction of the value of the 
undisturbed velocity from the aerodynamic point of view, and, since the 
temperature of the flow is not affected by such resolution, the effective Mach 
number that must be considered is reduced by adoption of an angle of sweep- 
back. The resolution of the velocity into two components permits determina¬ 
tion of the pressure forces for the infinite sweptback wing, from the lift and 
drag coefficients corresponding to the section of the wing in the plane perpen¬ 
dicular to the leading edge. The Mach number that must be considered in 
the determination of the coefficients of the forces is (Mo = Mi cos X), where 
Ml is the Mach number of the undisturbed flow. The angle of attack of the 
wing must also be measured in the plane perpendicular to the leading edge. 
The pressure drag detennined in this way has the direction of Vi cos X; there¬ 
fore to obtain the component of the force in the direction Vi which gives the 
pressure drag for the wing, the drag determined before must be reduced in 
proportion to the cosine of the angle of sweepback. 

If and C/>o are, respectively, the lift and drag coefficients corresponding 
to Ihe angle of attack of the wing measured in the plane perpendicular to the 
leading edge for the Mach number (Mo = Mi cos X), the lift is given by 

L = - Ctops Fr'cos^ X. (560) 

2 

Tl)e profile drag in the 1 1 direclion is given by 

Dp = i Co^i ps cos^ X. (561) 

If C;, and Cj) are the coefficients of the sweptback wing determined in the usual 
way, and C/ is the corresponding friction drag coefficient, 

Clo cos2 X = Cl 

and 

+ Co. (562) 

The phenomena for sweptback wings can be divided into two groups: the 
phenomena for wings with low angle of sweepback, for which (Mo = Mi cos X) 
is larger than one, and the phenomena for wings with large angle of sweepback, 
for which (Mo = Mi cos X) is less than one. 

For the first group of wings, the coefficients and C/)o must be determined 
in terms of supersonic aerodynamic theory, while for the second group the 
normal component is subsonic, and therefore the flow phenomena must be 
considered, using subsonic theory. 

For the first group, applying the small-disturbances theory (the variation 
of pressure is proportional to the deviation, and the term that contains rp 
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is not considered), it is possible to obtedn (by equation 243), the following 
(Reference 25): 


Cdo = 


VMl* cos* X 


=r«*+i (F2+A) 

- iL 2 J 


(563) 


Cu> = 


V Ml* cos* X - I 


(564) 


From equations (564) and (562) the fineness ratio of the wing can be deter¬ 
mined: 

— — Cqq cos^ X + Cy _ Cpg cos X C/ 

L Ciocos*x Ctg '^Ctocos'-X 

or using expressions (563) and (564) 


D 

L 


1 r V Ml* cos* X - 1 
oc _ 4 cos ’ X 


V + - (/^2 + ^^2) COS xl + 


rv V 


(565) 


Assuming C/ constant, the angle of attack a that gives the minimum value of 
D/L of equation (7) is given by 


^opt 


■fi 


Vmi* 


COS' 


cos* X 


* X — 1 1 

+ i(F2 + D,) 


(566) 


and tlie corresponding minimum value of D/L is 



- I 4- 2 


Ml* 


(F, + D,). 


(567) 


For the infinite straight wing with the same approximation, the value of 
iD/L)^,g is given by 

= |/2C/VMi* - 1 + 2 {F, -1- D,). (568) 


For average values of friction drag coefTicient, a small diminution of (Z>/L)„„„ 
is obtained by using a wing with an angle of sweepback. When the Mach 
number is very high, in which case the importance of the tenns dependent on 
the form of the profile decreases, the value of (D/L),nin is no longer decreased 
by the angle of sweepback. 

The second group of wings corresponds to an angle of sweepback for which 
(Mo = Ml cos X) is less than one (Reference 52). Since 


Yl 

Vo 


cos X; 


Vi 

— = sin At; 
a 




a 


the second group corresponds to the condition 

cos X > sin g. 


( 569 ) 
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For this condition the leading edge of the wing is inclined with respect to the 
direction of the velocity more than the Mach wave (Figure 197). In this case, 
the flow phenomena on the wing are of the subsonic type and must be con¬ 
sidered with subsonic or transonic theory. The drag of the wing is given by 



Fig. 197. Infinite sweplhack wing more in¬ 
clined than the Mach wave. 


subsonic law, and shock losses can occur only if Mo is very near to one. If 
Mo is near one, the shock does not occur near the leading edge but along the 
profile, as happens for profiles in the supersonic zone of the transonic region. 
If Mo is small, no shock losses can be verified, although V\ is supersonic. 

It is natural that the absence of shocks is derived from the hypothesis of 
infinite wings, because when a wing of finite span is considered, the shock 
losses appear immediately in every case. Indeed, at the tips of the wing, 
the component 1 1 sin X takes part in the aerodynamic phenomena, and the 
pressure distribution at the tips depends on both the two components; then 
the supersonic quality of the flow appears again, and, three-dimensional phe¬ 
nomena must be considered. 

Determination of the Source Distribution for Symmetrical Wings of 
Finite Aspect Ratio at Zero Angle of Incidence. The determination of 
the pressure distribution and of the pressure drag for tlu'ee-dimensional thin 
symmetrical wings can be obtained by using the theory of small disturbances. 
Consider a stream with supersonic speed V\ and a wing of symmetrical cross 
section placed in the stream at zero angle of attack. The presence of the wing 
produces a variation of the stream velocity; therefore in the zone of the wing 
three components, ii 2 , ra, and of the vsu’iation of the velocity with respect 
to the undisturbed velocity, can be considered. 

Let 02 be the potential function of the additive flow that has the velocity 
components uo, ^ 2 , and along the x-, y-, and z-axes; and assume that the un¬ 
disturbed flow is in the x direction. The accepted approximation of the small- 
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disturbances theory defines the potential function 02 by the following equation 
(equation 339): 

(1 _ M.‘) = 0. (570) 

dx^ dy^ dz^ 

The potential function 02 must give a flow that in order to satisfy the boundary 
conditions, must be tangent to the wing. Assume that the plane of the wing 
is placed on the plane xy and that the thickness of the wing is measured along 
the 2 -axis (Figure 198); then consider a cross section of the wing in the plane 


z 



Fig. 198. The boundary conditions for a threC’ 
dimensional wimj. 


xz and a general point P of the contour of the wing in this cross section. The 
stream must be tangent to the wing at P; therefore the components of the 
speed in the xz plane must give a resultant tangent to the cross section at P. 
Using the subscript P to indicate that the quantity is considered at the point 
P, the boundary condition can be expressed in the form 


W2F 

Vi + U2P 



(571) 


where X/* is the slope of the cross section at P. With the approximation 
accepted, the term u^p can be neglected; therefore (Figure 198) 


W2P 



(571o) 


Since the thickness of the wing is small, (the small-disturbance theory is ac¬ 
cepted in the analysis) the value of the velocity W 2 p at P can be assumed, with 
good approximation, practically equal to the value m.p^ of the velocity calcu- 
culated at the point Po of the same coordinates x and y but in the plane z = 0 
(the approximation can be accepted because Zp is small); therefore in equation 
(571) the value of calculated for the coordinates xp, yp and 0, which can 




PRESSURE DR\i; OF SUPERSONIC WINGS 


299 


be determined more easily than the value of w^p at PixpypZp), will be used. 
In order to determine the potential function that satisfies the given bound¬ 
ary conditions, a source distribution in the plane z = 0 will be considered for 
the upper surface and another of opposite sign for the lower surface (Refer¬ 
ences 53 and 54). 

If f and 7j are the coordinates of a source of intensity C in the plane z = 0, 
the potential of the source is given by equation (354): 

- (572) 

V(x - - IP [(y - nP + P] 

wliere 

li = Vmp - 1 . 


Therefore the potential of a source distribution of area d^drj and coordinates ^ 
and rj, in the plane (z = 0), is given by 

d<i>, = . (573) 

V (.r -^p- [(.y - r,p + z^] 

The source distribution of intensity and area that exists at the 
position rj of the plane z = 0, induces at a point P of coordinates x, y, and 
z, a velwity, the component of which along the z-axis is given by 


//’y* 


= - . 

dz' ' { (X - ^P - H- [(.V - r,P + Z^J 


(571) 


If the point P is outside the area in which the source distribution is placed, 
when z is equal to zero ivp is ecpial to zero; therefore the source distribution 
C d^drj at (^, rj, 0) does not induce any vertical component of the velocity 
at every point P of the plane z = 0 outside of the area d^drj. 

If the point P is in the zone of the plane in w hich the source distribution 
C dfd^ is placed, when z goes to zero, the denominator of equation (574) lends 
to approach zero, because (.r—J) and (y — rj) have infinitesimal values; 
therefore the limit of eipiation (574) for z approaching zero can no longer be 
evaluated directly from equation (574). In this case, the value can be deter¬ 
mined in the following way: consider a point P, slightly above the plane 
z = 0, in the zone of the source distribution [Figure 199]. The zone of the 
source distribution, that can induce a velocity at a point P of coordinates 
{x, y, z) in supersonic How, is the zone contained in the fore cone that has its 
vertex at P, its axis parallel to the velocity, and its semiangle equal to /x. If 
the point P has the projection Po in the plane (: = 0) (Po is inside the ele¬ 
ment d^drj considered), tlu^ part of the element d^drj I hat can influence P is 
the part conlained in /h/loPo4|, where HiAoBdA] is the intersection of th(‘ 
plane (z = 0) wiHi tln^ fore cone from P, Because t h(‘ (Mine is a cinnilar cone 
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with its axis parallel to Vu the intersection is a parabola the coordinates 
of which are defined by equation (575): 

[(y - = (x - (575) 


z 



Fig. 199. The induction due to sources placed 
in the fore cone from the point considered. 


The potential at P of the source distribution contained in HiAoliuAi is given by 


<t>=-c d^' 


V{x - n- - IP [(y- r,')"- + p] 


(576) 


' ^ VBiAo 


where the limits of integration of the double integral of equation (576) are 
given by the values and rj' defined by equation (575). However 


f __ drj' __ 1 ^ _ 

J IP [iy - vr + li Vcx - ir - ipp 


Since (y — rj') is negative along Box4o and positive along H]Aq, using the limits 
of integration defined by equation (575), t is found to be the value of the first 
definite integral of equation (576). Since 


then 


or 


= 


V" 


Xa, = Xp — lizi 


Xp - Bzp p 

Tr(^' = — -[xp — Bz — Xa^ 


ih 


= »f»2 = irC. 


(r>77) 
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If the value of z approaches zero, the value of w does not change; therefore 
the induced velocity at Pq is equal to 


=" t(1 (378) 

The value given by equation (578) is the total vertical velocity. Indeed as 
has been shown before, the source distribution on zones far from P does not 
produce induced velocity iv at the point Pq. 

Since the value of ivp is fixed by the boundary conditions (equation 571a), 
eiiuation (578) gives the value of the intensity of the source distribution which 
satisfies the boundary conditions. 

The pressure distribution on the wing is given by equation (355), which 
can be written (not considering the terms of higher order) as 


Cp 


P - Pi 



2ll2 _ _ 202 x 
1 1 “ >1 


(579) 


where the potential function is given by equation (573) and the value of the 
constant (I is given by tlie boundary conditions (equations 578 and 571a). 
The horizontal component of the perturbation at any point is alTected by 
all source elements in the field and therefore must be determined by integra¬ 
tion over the entire fore cone from that point. 


Delermination of the Components along the a:-A xis of the Distur¬ 
bance Velocity Induced by Source Distributions of Constant Intensity 
and Different Plan Form, In the preceding paragraph, it was siiown that 
the intensity of the source distribution that produces a flow which satisfies 
given boundary conditions is projxirtional at every point to the slope of the 
cross section in the plane (y = constant). From the source distribution, the 
X component of the velocity must be determined in order to determine the 
pressure distribution (equation 579). The x component of the induced velocity 
at a point can be determined as the sum of all velocities induced by all source 
distributions that exist in the flow. Indeed with the approximation of the 
small-disturbances theory, the coefficients of equation (570) are constant; 
therefore superimposilion of different potential distributions is possible. 
Consequently determination of the pressure distribution for a given wing can 
be made in the following way: Every wing can be assumed to be constituted 
by an envelope of a finite or infinite number of planes tangent to the wing. 
For every flat surface of the wing the value of dz/dx is constant; therefore the 
corresponding intensities of the sources are constant and known. For every 
plane surface of every plan form the corresponding induced velocity in the 
direction of the 5 c-axis can be determined in the entire flow; therefore from 
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the sum of all velocity induced from all source distributions at a given 
point, the pressure at the point can be determined (equation 579) (Refer¬ 
ence 53). 

If the profile of the wing in the plane (y = constant) is obtained with straight 
lines, as are the diamond-shaped profile and the trapezoidal profile, the num¬ 
ber of planes that constitute the envelope of the wing is finite. Then the value 
of 02 x is given by the summation of a finite and small number of terms, and 
it is possible to obtain an analytical expression for the pressure distribution 
and for the total drag of the wing. If the profile has a continuous curvature, 
the value of </) 2 x is given by an integral, that in some cases can be evaluated 
directly, or can generally be evaluated by substituting for the continuous 
line of the profile a polygon with a finite number of straight segments. 

Detennination of the pressure distribution on a wing is therefore reduced 
to the problem of determining the x component of the velocity, </> 2 x, for a given 
plan form of a source distribution of constant intensity. In this paragrapli 

indications for dtitermining this compo¬ 
nent <i> 2 x will be given. 

The induced velocity (/) 2 x produced by 
a given plan fonn of source distribution, 
in general, can be determined with su¬ 
perimposition of source distributions of 
simple form of a given intensity, as will 
be shown later; therefore these simple 
forms will be considered first. 

infinite Rectangular Plan Form. An 
infinite rectangular surface of inclination 
dz/dx — X (Figure 200) can be repre¬ 
sented by a rectangular source dislribii- 
tion of the intensity (equation 578) 

TtC = W2 = XFl 

The component of the velocity along the 
x-axis can be determined by the two- 
dimensional theory and is given by equation (101) (see page 42). 

fi* = — = — Fj cos X —^— tan /x*. 

(X)s X cos X 

Therefore 

fhx = th — — XTi tan jit* cos X 

where /j* is the Mach angle corresponding to the veKn^ty component normal 
to the leading edge of the wing, and 


y 



Fig. 200. Source distribution for 
infinite two-dimensional flat plate. 
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tan fi* == 


Vm*^ - 1 ’ 


If 


tan /X* becomes 


and 


- 1 = : tan X = k; n = - 

B 


Ian = 


cos X = 


Vi + 

1 


Vi + k^' 

Therefore llie value of <^x can be wrillen in the form 
^ - XK, - w 

<P2x “- - - -= .. . . — • 

V«2 - bV 1 - 

H’lie pressure cofiflicient Cp be<H)mes 

B - Pi ^ _ 2X_ 

- n- 

2 


Cp = 


(580) 


(581) 


(582) 


wliere X is tlie slope in the plane {y = constant), and not the slope of the pro- 
lile in Ihe plane perpendicular to the leading edge. 


Injinile Triangular Plan Form, ki > B, Any triangular surface can be 
obtained from the sum or ditferences of triangular surfaces having a side of 



the triangle in the direction of the x-axis (Figure 201a). If the inclinations 
of the two sides of the triangle OA and OC are of opposite sign (Figure 2016), 
the source distribution can be considered as the sum of two source distribu¬ 
tions of the type considered before (Figure 201a) of the same intensity, and, 
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in general, with different values of the angle A". If the inclination of the two 
sides is of the same sign (Figure 201c), the source distribution can be con¬ 
sidered as corresponding to the difference of two source distributions COB 

and AOB, of the same intensity and 
sign. Therefore from the analysis of 
a source distribution of the type of 
Figure 201a, the value of <t> 2 x for the 
source distribution as in Figure 2016 
and 201c can be detennined. For 
the analysis of the plan form as in 
Figure 201 a, two cases must be con¬ 
sidered: the case in which the angle 
Xi is larger than (x/2 — jui) (Figure 
202 ), or using the definitions of 
equation (580) in which 

ki > B ; n > I 




Fig. 202. The induction in a point of the 
flat plate due to a triangular source distribu¬ 
tion (nx > 1). 


(where ki = tan X, B = cot and n = kx/B), and the case in which Xi is less 
than {t/2 — gO, or kx < B. 

Assume at first kx > B; the plane OBC can be represented as a source dis¬ 
tribution in the plane : = 0 extended in the zone OCB and of intensity 


ttC = w = XiV]. (588) 

Consider a point P on the zone OCB (Figure 202). If PH and PF aie the 
Mach lines that pass through P, the only part of the source distribution that 
can induce a velocity at the point P is that in the zone OHPF. Therefore the 
potential function 02 at P can be written in the form (equation 576) 


02 — — 


XV 

TT 


where 



(584) 


and Zp in the approximation accepted is assumed equal to zero. Indeed, in 
the zone HP 10 for every value of rj = rji the integral with respect to J must be 
extended from D to E where 

io = kirj 


and 


= xp B {yp — ri) 
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{B = cot /ui and HP is inclined at /xi with the .x-axis), while in the zone IPF 
for every (rt = rj^) the integral with respect to $ must be extended from M to 
G, where 

= kiT) 


and 


f(7 = Xr - B (rj - yp), or fr; = Xp + B (yp - rj). 


The integrals with respect to rj must be extended from r; = 0 to rj = yp for the 
first part, and from rj = yp to r; = yp for the second part. Since F is on the line 
defined by 

X = kxy 

and on the line PF defin(‘d by (f ~ Xp) = B (yp — rj). 




Xp + Byp 

k\ + B 


(585) 


The expression in the integral (equation 584) becomes infinite for ^ = Xp — 
B(yp — rj) and Zp = 0. By perfonning the integration and determining the 
principal values, the following expression can be obtained: 

— h 

coslr' -^ dr, (586) 

B I yp — rj ; 



where \yp — rj\ indicates the absolute value of (yp — ry). The x component of 
the additive velocity at P b(‘comes 


— — — 
dx 



____ _ . dr^ __ 

V(.r/> - kiT})" - B- (yp - 7/)“ 


(587) 


and performing the integration, since in the case considered, ki > B, 

,c,slr' . 

TT - B~ B (xp - kiyp) 


If the symbols Jh = k]/B and 


kiyp 

Xp 


are introduced 


where 


COSll'^ - 

TrBy /- 1 ni (1 - a) 

fJl > 1 > (T 


[cosh~^ a = loge (a + Va- — 1)]. 


(588) 


(589) 

(590) 


Equation (590) shows that is a function only of the ratio of the coordinates 
of the point P\ considered, and not of the absolute value of the coordinates. 
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<^ 1 , is constant if the value y/x or the value of <r remains constant, thus it is 
constant along every straight line that starts from 0. The phenomenon con¬ 
sidered is conical. 

The source distribution considered before produces also an induced velocity 
outside the surface, that can be determined (Figure 203). If the point P 


O 



* Fig. 203. The induciion in points outside of 
the flat plate due to a triangular source dis~ 
tribution (ni > 1). 


considered is placed between the Mach wave (a = ni) from 0 and the inclined 
side of the triangle in the plane 7 = 0, (tr = 1), P = {xr, yp), the potential 
function for P 2 is given by (see equation 584) 


where 


Therefore 


or 


<^2 — — 



• Bil/p - rj) 


f ri)d^ 


Tp - By, 
ki - 



_ 1 _ 

V {xp — kiriY — B* {yp — Tj)'* 


<t>'2x 


w 1 


C08h“' 


kiXp — IPyp 
B (kiyp - Xp) 


(591) 


(592) 

(592a) 


or 


where 


w 


vB Vn,* - 1 


C08h~‘ 


ni‘ — a 
«i (<r - 1) 


(592/)) 


/ll > (T > 1. 


If the point considered is between the Mach wave froni 0, OD’, and the side 
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of the triangle parallel to the x-axis (P = P 3 ), the upper limit in the integral 
in equation (591) is [_xp + B(yp — tj)], but the induced velocity <^ 2 ^ is still 
given by equation (592), and the value of yp is: 


Therefore 


where 


x p + By p 

ki -{- B 


<l>2x 


J_ 

’r/i VMl- - I 


cosh’ 


— a 

(— or + 1) 


(395) 


A/i > 1; 0- < 0 < /q. 

Assuming a positive and assuming for ki tlie absolute valu(‘, ecpiation (593) 
becomes 


4>2x 



cosh“^ 


ni‘^ + <T 

fii (a + 1 ) 


(593a) 


Outside the Mach wavt^ D'O or DO no influence c^an exist in the flow^ from the 
source distribution BOC; tlierefore <t> 2 r is e((ual to zero. E([uati()ns (590), 
(592/>), and (593) give the value of </) 2 x in the plane r = 0, but will be used also 
for determining the pressure at points P{z 9 ^ 0) of the profile because in the 
hypothesis of small disturbances the hypothesis of thin wings is included; 
and the saitie approximation accepted for the i component of the induced 
velocity is accepted for the x component. From equations (579), (590), 
(5926), and (593a) the pressure distribution can be determined. 


Infinite Triangular Plan Form, k\ < B, If the angle Xi is less than 
(7r/2 — ju), or if k\ is less than B (Figure 204), tliree possible positions for 
the points P can be considered. If the point P is in front of the Mach wave 
ODy that starts from O (P ecpial to Pi), the effect at Pi of the limitation 
of the surface OBC along the line OB is zero because the fore cone from Pi does 
not intersect the line OB. The flow can be considered as two-dimensional, and 
</> 2 x is given by eciuation (581) 

=- 7 ”--; "1 = /ll < <T < 1 - (594) 

«V 1 - n{- B 

If the point P considered is between the Mach wave OD (a = fii) and the side 
OB of the triangle OBC (<t = 0) (P = P 2 ), then the induced velocity at the 
point P, can be considered as produced by two source distributions: the source 
distribution P 2 HOL that produces a velocity distribution at P 2 given by equa- 
lion (594), and the source distribution HOf of the same intensity and of oppo¬ 
site sign as the source distribution considered before. The source distribution 
1101 produces an induc(‘d velocit y at Po givtm by 
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where 


02/ 


izjf!) r _ 

T j V (Ty> - kiTjy - (ry - yp)'^ 

J Vli 


- Byp 
ki ~ 


and ki < B. 


H 



Fig. 204. The induction due to a triangular source 
distribution (rii < 1). 


( 595 ) 


Performing the integration in equation (595), because ki < B, 02 x becomes 


02x' = 




nr 


Ui (1 — O') 


Therefore the induced velocity at P 2 is given by 


where 


7 V r, 1 a - Th^ 1 

--== 1-c,os ^- 

BVi - TT th (1 - (7)J 

i) < cr < Ih < I 


(596) 


(597) 


If the point P considered is between the Mach wave OD' and the side OB 
(Figure 204), (P = P3), the induction at P3, is given by the source distribu¬ 
tion OFG, and the x component of the induced velocity is given by: 


02z = 


/ o 

_ 

V (XP - ki 

^il 


dv 


vY - {yp - r,y^ 

w 


7rP\/1 


cos 




— (T 

fh (I ~ (t) 


(598) 
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If yp’i is assumed positive and (cr > 0), and for ki tlie absolute value is con¬ 
sidered, 


<t>2x 


w 

TrB \/1 _ 


= COS~^ 


<J + 

Jh (1 + (f) 


(598a) 


where \ni <1, rii > o- > 0. 


Superiniposition of Triangular Source 
Distributions. Triangular Surface Sym~ 
metrical with Respect to the x^Axis. 
From the determination of <f) 2 x for a tri¬ 
angular source distribution with one edge 
in the direction of the undisturbed stream, 
the value of for any kind of triangular 
source distribution can be determined. If 
tlie triangular distribution is symmetrical 
with respect to the x-axis and ki > B (Fig¬ 
ure 205) the induced velocity at a point 
inside the surfaces is given by 


O 



Fig. 205. Superimposition of 
two frianffular source disfrihu’ 
I ions y /ii > 1 and ni = fh. 


<t>2x 



cosh~^ 


nr — O' 
Hi (1 - a) 


-j- cosh~^ 


nr + a 

III (1 + (t). 


• (599) 


Indeed, for the source distributions BCO mid B'CO equatioiLS (590) and (593a), 
respectively, must be used. Transforming cosh“^ a into log (a + a- — 1) and 
performing the operation in parenthesis, C(iuation (599) becomes 


<t>'2x 


2w 

- I 


cosli“‘ 



(599a) 


where /q > 1 > tr, and ki > B. 

If the point is outside the source distribution BOB' but inside the 
Mach waves starting from 0, equations (5926) and (593a) must be used for 
determining the induced velocity. 


<t>2x — ~ ■ 


W 




^ 'eoslr* 

1 Ui I fT 4- ^ 


+ coslt"* 




-^1 


(600) 


and performing the operation in panuilheses 

- I'oslr'(600,,) 
ir/U - I y o’ - I 

whv're 1 < a < //i. 

If the distribution is symmetrical, Xi — \o, and k\ is less than B (t'igure 206), 




m 


ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS 


O 



Fig. 206. Super imposition of two tri¬ 
angular source distributions, rh < I and 
rii = Th. 

w r 

</> 2 z =-- /- ^ TT - CO 

ttBVi - n{^L 
or using the transformations 

COS~^ a ± COS~^ — (X)S~^ 


and the (fyir for a point Pi for which 
<r is less than one but greater than n\ 
(point Pi placed between the edge of 
the wing OB and the Mach wave OA 
from 0) is still given by equation 
(594), because the other side of the 
wing does not interfere with the flow 
outside the Mach wave from 0. If a 
is less than tii (point Pi inside the 
Mach wave OA), <tyix is given by equa¬ 
tions (597) and (598a) 

_i O' — nr , O' + 1 

i 1-[_ (.Qy 1 -- 

III (1 — O') rii (i + (t)J 


M + V(i - «2) (1 - /a)-] 


and sin”^ a = ] cos~^ (1 — 2oi^) 


<hx 


w 

jtBVi - rii* 


TT — 2 sin~^ 

! rii^ — 


1 - 0-2 J 


(601) 


where 0 < cr < Ui < 1. 

Using equations (599) and (601), 
the X component of the induced ve¬ 
locity for a triangular symmetrical 
surface can be determined; therefoni 
with equations (571a) and (579) the 
value of the expression CpB/\ can be 
determined as a function of a and rii. 
In Figure 207 the value of CpB/\ as 
a function of a for different values of 
m is given. For rii less than one, the 
part of the wing between {a = 1) 
and (<r = rii) has a constant pressure 
coefficient (the phenomenon is l,wo- 
dimensional). For (ui = 1) and 
(X = t/2 — g) tlie pressure (coef¬ 
ficient becom(*s infinite at (o- — 1) 
(leading edge-of tln^ wing). It is 


tan X = ki 




Fig. 207. Pressure distribution in an isosce- 
tes triangular flat plate for different values of 
a I {from Reference 53). 





PRESSURE DRAG OF SUPERSONIC WINGS 


31i 


evident that in this field the small-disturbances theory can no longer be applied. 
For III h^ss than one, the diagram of Cp as a function of a presents a slope 
discontinuity for {a = rii ). The discontinuity depends on the assumption that 
IJL is constant in the entire flow, and therefore that the expansion does not 
occur gradually across infinitesimal conical waves, but across only one wave 
with discontinuity, and there is no physical counterpart. If the integration 
of the pressure is made over the surface between {a — 0 ) and (a = 1 ), the value 
of th(‘. integral is constant and independent of Ui, when rii is less than one. 
Therefore the drag in this field is inde¬ 
pendent of the value of the angle X of 
the surface. 


0’2—I^2 


IJnsymmetrival Triangular Surface. 

If the triangular surface considered is 
unsyrnmetrical, and Xi and X 2 are of 
opposite sign (Figure 208), </) 2 x in the 
entire flow can be obtained in a similar 
way as for the symmetrical wing. If Xi 
and X 2 are greal(;r than ( 7 r /2 — g) and 
the point P is insid(^ the surface (or < 1 ), 

<t> 2 x can be determined from e((uations (590) and (598). 




2 02 = 1 

P] \ 0',=! 


Fig. 208. Superimposition of two tri- 
ariifular source distributions, ih >1, 
112 > 1, and n\ 9 ^ n>. 


02j 


IV 

ttH 


r coslr > 

L V nr — 1 ^0 (1 — o^i) 


+ 


Vn,: 


cosh" 


^2*' 


cr2 fl2^ 
fl2 (cr2 + 1)- 


(602) 


where 


ki ^2 


/ 7 i = — ; Ih = —; ki = tan Xi; = tan Xo > 0 ; 
B B 


(Ti = <72 = Ui > 1; 712 > 1; 0 < (7i < 1. 

X X 


If (72 is expressed as a function of < 71 , 


^2 _ 7?2 

<72 — — <7l — — (7i 


(t) 2 x becomes 

</>2x = 


1 


cosh“* 


nr - (71 


tB L\/— 1 /»1 (I - 0-1) 

+ - —1— cosh- 

v — 1 + ftiJ 


( 603 ) 
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When 1 < (71 < riu the value of <l> 2 x is given by 


— r ,_i_. cosii-* ^ 

ir/iLVHi^- l fli (<7i - 1) 


n\‘ — (Ti 


L= cosh-- 


\//io*’ — 1 ni + 112(71 

When 111 < 1, Th 2 < 1 if P = Pi, or (Figure 209) ^ > (Ti > rii 


If 1 > (70 > ih and P = P 2 


If 0 < (7i < Hi, and P = Pi 


hV\ - 


/{Vi - 11^ 


w r TT 

irB _ Vi - 


(T, - nr 


\/l — ^9 (1 ~ o-i) 

+ cos- 

V I - Uo- ^^ 20^1 + ni_ 


(605a) 


When Ml > 1 and m < 1 (Figure 210) four dilfenait zones must be considered 
for the point P. 


_ O _ 

/ 

//m M\ \ 

/P 2 /P 4 P 3 \p\ 

/ / \ \<^.=1 

<72=1 02=02 

Fig. 209. Superimposition of 
two triangular source distribu¬ 
tions, fii < \, 712 < b and 

Th 9 ^ n2. 





Vn 

M ' 

1 

'M 

\ 

\ 


P 

02 = 712 3 

P 2 \(7i=l 
B 

rii 


(Tl 2 = 0 


Fig. 210. Super imposition of two tri¬ 
angular source distributions, rh > 1 and 
n -j < I. 


If 1 < (7i < rii and P = Pi, </> 2 x is given by the equation 


1 ^ 
'LVn.- - I 


coslr- 

ni (ffi - 1) 


VT^ 


1 1 (Tl + 712771 

-"1 — -!-1_: 


~ COS ’ ^-^ 

J 772(7) + 77,1. 
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If 0 <( 7 i<l<ni and P = P 2 , (t> 2 x is given by the expression 


=- - cosli"^ 

ttB L V - 1 


nr - (Ti 

Hi (1 — (Ti)J 

+ cos-' 


V 1 - Ai ,2 


fi2cri + riu 


If the other side of tlie wing is considered OB'C, and for the point P a positive 
value of a is considered, where P = P^ and > do > 0, 

W r TT 1 i — ^ 1^2 

(;os“^ - 


_ W [ TT 

^ IvT- 


a/ 1 — m 


fll — 


— cosh 


- 1 


-1 ni 4~ 0^1 

ni (di + 1)_ 


While if I > d 2 > fh or P = P 4 , 


<^2. = - — (610) \ 

TT B a/ 1 — flo" A. p (7j = l 

P P N. 

When the inclinations of the two edges of the trian- An--^ 

gular surface are of the same sign, the source distri¬ 
bution can be considered as a difference of two 

source distributions similar to the distribution con- 2 ii Superimposi- 
sidered in the second and third paragraphs; therefore Hon of two triarujular 
the following expression for <^ 2 x can be obtained source distributions of op- 


(Figure 211). If 


posite sign. 


_ IV r 
~ 71 


fhz ^ fh ^ O'! — —^ 

X 

ni > di > 1 or P = Pi, 

, ^ . cosir' - ~ 

AZ/ir “ 1 (^* ~ 

I . . 


v" M , " - 1 


ni7h2 - dl l 
Thai — A/iJ 


If ni > 1 > cr > - or P = /> 2 , 
tl2 


- -'5r^i=coslr' 

TrLVni^ - 1 


111 (1 - (Tl) 


/ 4 ) 1 

na- ~ 1 


cosh-' 

— /li_ 
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When the points P3 and P4 are considered, (P4 has < 0; then^fore the abso¬ 
lute value of (T is considered for the point P4) <kx at P3 and P4 becomes 




P3 


= — — — } cosh“^ 

TT L V nr - 1 


ni— (Ti 


ni (1 - (Ti) 
1 


_cosh"^ 

V n2‘- - 1 


nin2 — ( 7 i 


(<^2x) 


P4 


— r 1 

TT LVfli^ - 1 


I _i fh* + O'! 

cosh ^ - 

ni (<ri + 1) 


_ cusir' . 

V n2“ — 1 ^^20^1 + ni_ 


If ni < 1 < Th and ni < <ri < 1, 

(fyix = ~ 

If ni < 1 < th and — < o-i < ni, 
Th 


w 


bVi 




<t>2i 


_ _ o) r_^ 


cos ^ ——-- 


If Ml < 1 < Th and > <ri > 0, 
ri 2 


</>2* — 


= - 


1 


cos 




L Vl - nr Vl - rii (1 - ai) 

1 


(X>slr 

Vn2^ - 1 - llnax. 


2 tll — (J\ 
1 — 


(613) 


( 613 «) 

(614) 


BtLVY^ nr VI - nr "i (> “ <^i) 

_ -.L= cosh - 
Vn2‘‘^ - I 


(615) 


(615a) 


If the point is on the negative side of the y-axis where P = P4, assuming cri 
positive, <t)2x becomes 

fcos-* _ eosh-‘ 


<t> 2 x = 


Bit \ ni (1 + (Ti) 


ni + /i20-i/ 


(6156) 


It is interesting to observe that the value of 02^: in this approximation is a 
function only of the slope of the surface in the plane (y = constant), and is 
independent of the slope of the surface in the plane (x = constant); therefore 
the same induced velocity and the same pressure distribution are obtained if, 
for example, a flat surface OAB and a double wedge OA'CB' with the same 
plan form and cross section slope {dzfdx = X) are considered (Figure 212 ). 


Plan Form of Any Shape. With proper composition of triangular and two- 
dimensional flat surfaces, every plan form can be considered. For example, 
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if a surface ABC is analyzed (Figure 213a), the surface can be represented 
with two source distributions: the triangular source distribution CDB of in- 



Fig. 212. The equivalence between frianqular 
flat plate and double wedqe surface. 


tensity corresponding to the slopes of the surface ABC, and a source distribu¬ 
tion BAD of same intensity and opposite sign. 

If the surface ABCDE is considered (Figure 2136), it can be represented by 
the composition of a source distribution AFE and by source distributions of 
opposite sign BFG, CCff, DUE. In the 
zone ABI, if /i/ is a Mach wave from B, 
no induction produced by the source dis¬ 
tributions of iK'gative sign exists. In the 
zone BICL, the distribution BFG of oppo¬ 
site sign than the distribution AEF must 
also be considered. In the zone LCDM the 
distribution AFE and the distributions 
BFG and CGH must be considered, while* 
for points in the zone DiVlE (he distribu¬ 
tion DEH must also be considered. Every 
other plan form can be considered in a 
similar manner. 



V, 


Discussion of the Necessity for Anal¬ 
ysis of the HyfKJlhesis of Zero Lift. 

On page 297 the hypothesis was accepted 
that the wings considerexl must have a 
symmetrical profile and zero angle of 
attack. The results of the preceding 

paragraph permit discussion of the ne- 213. Super imposition of several 
cessity for that hypothesis, and analysis source distributions of simple shape. 









316 


ELEMENTS OF AERODYNAMICS OF SUPERSONIC FLOWS 


of the possibility of applying the preceding system of calculations to some 
cases of wings with lift. 

In the preceding analysis it was found that the flow field around a wing 
corresponds to the flow given by a source distribution of intensity propor¬ 
tional to the w (M)mponent of the induced velocity in 
the plane 2 : = 0. In order to detennine the pressure dis¬ 
tribution on the wing, it is important to know the iv 
component and therefore the source distribution con¬ 
tained in the plane 2=0 and in the fore cone of every 
point of the wing. It is not important to know the 
distribution of the w component behind the wing be¬ 
cause a source distribution in this zone cannot induce 
any velocity in the wing. Now if the wing has sucli a 
plan form that it can produce a variation of flow veloc¬ 
ity in some zones outside the wing, contained in the 
fore Mach cone from any point of the wing, it is neces¬ 
sary to impose the hypothesis that the wing is symmetri¬ 
cal and has zero angle of attack. Indeed in this case, only for this condition, 
the IV component in the plane (2 = 0) is zero outside the wing. The hypothesis 
is no longer necessary if the wing does not induce any velocity in the flow 
contained in the fore Mach cone from every point of the wing, and outside 
the zone of the wing. If that happens, lifting surfaces can also be considered 
with this system. In order to clarify this concept, consider a triangular wing 
(Figure 214). If the wing has a value of X larger than (7r/2 — ju), an induced 
velocity exists in the zone ACE. If the wing has a symmetrical profile and 
zero angle of attack, the value of X is equal for the uppiT and lower surfaces; 
therefore the source distributions on the wing for the upper and lower surfaces 
have the same intensity. The value of <t> 2 x and the corresponding value of the 
pressure induced by the distributions that represent the upper and lower sur¬ 
faces are equal at AEG, and no discontinuity occurs across the plane (2 = 0 ); 
therefore no vertical component exists in this zone. If the wing is not symmet¬ 
rical or has an angle of attack, the values of X of the upper and lower surfaces 
are no longer equal; therefore the corresponding source distributions that 
represent the wing are different. In the zone ACE different values of 
and consequently different values of the corresponding pressures are found 
when the upper side or lower sides of the plane 2 = 0 are considered. Across 
the plane 2 = 0, a discontinuity of pressure is found at ACE, This discon¬ 
tinuity of pressure can exist if a solid plate exists at ACE, but cannot exist if 
there is no plate at ACE, in which case a w component must exist in this zone. 
This w component corresponds to a source distribution in the zone ACE, 
which cannot be determined directly from the shape of the body, and therefore 


A 



Fig. 214. Triangular 
diamond-shaped profile 
wing. 
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in this case the system cannot be used. If the flow in front of the wing is not 
influenced by the wing, the discontinuity of pressure no longer exists, and the 
system can also be used for phenomena which are not symmetrical with respect 
to the plane ( 2 : = 0). 

If, for example, a triangular wing as in Figure 214 is considered, but X < 
7 r /2 — g, variations in the flow begin along the edges of the wings AB and AC, 
and therefore the upper part of the phenomenon cannot interfere with the 
lower part of the plienornenon in the zone of the wing. At the trailing edge of 
the wing, BC, a discontinuity of pressure can be found if the phenomenon is 
not symmetrical, and therefore a w component will exist in the actual phe¬ 
nomenon. However the corresponding source distribution cannot change the 
flow condition on the wing, because any source can change the flow only in 
the Mach cone with its apex in the source. The system of using source dis¬ 
tributions on the wing gives the actual pressure distribution with the same 
order of accuracy as the simplifying hypothesis accepted. 

Tlu^ possibility of analysis of nonsymmetrical phenomena witli the system 
of sources and sinks distribution dismissed before can be easily deflned if the 
concepts of supersonic leading edge and supersonic trailing edge are used 
(Heference 54). 

A wing has a leading edge that can be called supersonic if the tangent to 
every point of the leading edge in the plane of the wing is in front of the Mach 
wav(^ {ki < B), b(^cause in this case tlie component normal to the leading edge 
is supersonic. A leading edge can be called subsonic when the tangent to 
every point of the leading edge is behind the Mach wave {ki > B). 

In the same way, a trailing edge can be defined as supersonic when the tan¬ 
gent to the trailing edge is in front of tlie Mach wave. A 


For example, for the wing show n in Figure 215, the part 
of the leading edge AB is supersonic, while the part BC 
is subsonic. The part of the trailing edge DC is subsonic, 
while the part DE is supersonic. 

Using the preceding definitions, it is possible to con¬ 
clude that nonsymmetrical phenomena can be analyzed 
with the method of sources and sink distributions only 
if the leading edge and trailing edge of the w ings are all 



supersonic, whereas if the leading edge or the trailing edge 
are in part or complelely subsonic, only symmelrical 
phenomena can be analyzed. 


Fig. 215. Super¬ 
sonic and subsonic 
leading and frailing 
edges. 


Siiperimposition of Source DistributioiiH of Different Type and Its 
Application lo Pra<*lical Problems. The pressure distribution on wings of 
different, shape can he determined with the superimpe^sition of the sour(*e 
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distributions considered in the preceding paragraph. Some examples of the 
practical use of the method will be given in this paragraph to explain the use 
and to demonstrate some interesting aspects of the phenomena for three- 
dimensional wings. 

Profile Drag Distribution along a Chord of a Symmetrical Sweptback 
Wing, In the first paragraph of this chapter the infinite sweptback wing was 
considered, and it was shown that if the angle of swe(‘pback is larger than 
{t/2 — /x), where g is the Mach angle of the undisturbed stream, no pressure 
drag can be found for the wing, with the hypothesis of perfect flow. In 
practical cases a pressure drag will exist at the tips of the wing; therefore if 
a sweptback wing symmetrical with respect to the planes (z = 0) and (y = 0) 
is considered, a drag for the dilferent profiles of the wing will be obtained. 
In this application the wing will be considered as two half wings, ec^ual and 
symrnelrical with respect to the plane (y = 0). The profile of the wing will 
be considered as the section of the wing with lh(‘ plane (y = constant), and 
will be assumed to b(‘ of a constant sha{)e, eitluT a diamond-shaped profiU^ as 
in the first part* of the paragraph, or a circular-arc profile, as in the second 
part of the paragraph. To simplify the prohltMU, tlu^ heading and the trailing 



fx 

Fig. 216. Diamond-shaped sweplhaek ivimj. 


edges will be considered straight lines. The wing will be c()nsid(‘n‘d (extended 
to the point C of Figure 216 ((' is at infinity if the chord of th(* wing is constant); 
if the wing has a tip, for example along the line the ellVc*! of the tip can 
be considered independently. 
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If the wing has a diamond-shaped profile (Figure 216 ), the wing ABDC 
can be represented as three source distributions of constant intensity and 
triangular plan form. The first source distribution has the plan form AEG 
and intensity 

TCi = = XiKi (616) ' 

where Xi is the slope of the segment AB. The second source distribution has 
the plan form BCE and intensity 

TTCo = ivo = (X2 — Xi)Fi (616a) 

where X2 is the slope of the sc^gment BD. The third source distribution has 
the plan form DEC and intensity of source 

TTCa = iCs = — X2F1 ( 6166 ) 

The induced velocity </)2i at every point of the plane z = 0 is given by equations 
( 599 ), ( 600 ), or ( 601 ) as a function of the position, or of the value of the angle 
of sweepback of the triangular source distribution. The pressure at every 
point can be immediately calculated with equation ( 579 ), in which the <j>2x 
is the sum of the three inducted velocities produced by the three source distri¬ 
butions considered. 

For example, if the inclinations Xi of the leading edge AC, X2 of the line of 
the maximum thickness B(', and X3 of the trailing edge DC, are larger than 
{ir /2 ~ g), four different possible positions yi, y2, ys, and must be considered 
for the profile. If y = yi, four different zones must be considered along the 
profile. In the zone FG the inclination is Xi, and the induction is produced 
only by the sour(‘e distribution A EC, since the zone is in front of the Mach 
line BBi from B. The induction in this zone can be determined with equation 
( 599 a) in which ivi is given by equation ( 616 ). In the zone GH, the inclina¬ 
tion still is Xi but the induced velocity <t>2x is produced by the source distribu¬ 
tion A EC, ( 02 x 0 » by the source distribution BEC of intensity C2 (equation 

616 a) (02x")‘ 02x' is calculated w ith equation ( 599 a), and 02x" is calculated 
with equation ( 600 a), where a new value of a must be determined by assuming 
t he point B for the origin of coordinates. In the zone HI the induced velocity 
is still produced by the source distributions ACE and BEC, but the inclination 
of the surface is X2, and the induction produced by BCE must be calculated 
with equation ( 599 a). In the zone IL the induction is also produced by the 
source distribution DCE of intensity C3 (equation 6166 ), that can be calculated 
with equation ( 600 a) (the value of a in this case must be evaluated from the 
point D), and must be added to the induction determined as in HI, If the 
profile MNO is considered (y = y4), because the profile is behind the line DD2, 
at every point of the profile the induction produced by all three of the source 
distributions exists, and therefore <p2x = <hx + <hx' + 02x'"* For intermediate 
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positions and ys, the induction is given in some parts by the sum of two 
inductions and in some parts by the sum of three. 

If Xi, X 2 , or X 3 are less than {tt/I — g), in place of equation (599a), equation 
(601) must be used in the analysis. When the pressure coefficient is deter- 
" mined in every point of the profile, the drag coefficient of the profile and the 
profile drag distribution as functions of y can be obtained. 

For the case considered the drag coefficient can be obtained analytically, 
while for other cases it can be obtained either analytically or graphically 
(Reference 55). 

If the front part of the chord of the profile corresponding to ABC is assumed 
equal to (1 — r)r, and the part corresponding to BDC is e((ual to re, where c 
is the chord of the profile, the force corresponding to the zone Fll of the pro¬ 
file at (y = yO can be expressed in the following way: 


Cn. = 2 


where 






The coefTicient 2 ii\ equation (617) depends on the fact tliat the upper and 
lower surfaces are considered at the satne time. But <i>zJ is given by eejuation 

(599a) _ 

^ , _ 2(01 1 |/ »i~ ~ c' 


= - 


where 


V_ [ 


k\ = tan Xi; 


or if I is the coordinate of the profile with respect to the leading edge F, 

O’! — ■;- 

kiyi + ^ 

u’l = - XiTi 

and 


2 (1 - r) 

where r is the percentage thickness of the profile. <^ 2 x" is given by equation 
(600a) 


</> 2 x" = - 


kB Vnj* - 1 


cosh“^ 




(618n) 
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where 


0-2 


k2y\ 


hyi + ^ - (1 - r)co 

and Co is the root chord of the wing, (cr must be calculated with respect to the 
point B,) 


_ k2 


and 


X-i — Xi — — 


2r (1 - r) 


but 


(619) 


Jx = —dau dx = —^2 

(Tl“ (72^ 

and in the first integral of equation (617) for Xf 

(Ti = 1. 

For X//, 

kiy 

Gj{ —-- 

(1 — r)co + k^y 

In the second integral of equation (617) corresponding to X//, (T 2 = 1, and for 
Xg, <J 2 = ^^ 2 ; therefore eciiialion (617) becomes 


^ivi 


" (1 - r)ro -\-km 


Cm — 


(1 


—- / cosh-l/^^ 
- ry wIkVrh-- I = i f 1 


(7i 


“ d(Ti 


__ 2T%yi _ \/ n2^ - 1 ^ . 

r (1 — r)“ 7r/ic V nr — 1 / 1 <72“ — 1 (72“ 

l/ «T2 = 1 


(620) 


In a similar way the drag C 02 in tlie part HI and in the part //>, given by the 
three smiree distributions, ean be evaluated, Iweause ]IL is inclined at X 2 , and 


X 2 = — —. Therefore 
2r 


Cm = - 


+ 


2T%y, 


(1 — r)r Tclicy/ni- — 1. 


^r'^hiyi 


~ co + kzyi 

cosh“^ 

_ kyn 

(1 — r)co + I^iI/j 

' *3^1 4 - rco 


1/^ 


“ — (7i“ d(Ti 


(1 — r)r“ tBco^I 




-br 


— d<T2 


2T%yi 


^,2 (To- r- tBco\^ ny - 1 


'•ff =W,'» 

cosh“^ 
= 1 


— 1 d(T3 
r <T3- - 1 


(620a) 
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cosh-‘ 1 / ~ ^ Iq Vni'^ - 1 + vW -<ri^ 

f 1 — (Tl^ O-l'^ <7i \/(ri 4- I 


log, (1 - (Ti) + log, 2[ni- — <Ti + V(ni'= - (ri4 {n{^ — 1)] 


= AVi (6206) 


r (72- - 1 0-2- 


1 “1“ 1 I a/ — 1 -f- th~ — O'*)" 

- log -- . - 

<^2 V 0-2 + I 


H - log {(72 — 1) + log 2 [th- - <72 + a/(7*2- - <72-) (712- - 1)] 

^<72 

= Q (72 (620 c ) 

and 

N<ri for (<7i = 1) is (vV<7i = log, 2), wliil(> Q(72 for (<72 = ih) is {Q „2 = log, 27 ( 2 ). 

Therefore for a profile between (y = 0) and (y —- y^d) the total drag coellieienl 
of the profile referred to the chord Co is given by 

— __ \ _ ((1 _ (M - _ „ 71 _ A7 _ I,... <)^ 


?-) ■ (iVir - 

r- (1 - r)- I V„,2 - 1 V 


r (1 — r) 1^2 — r- log 2 


7i2 

Tzl 

2 A L 


r)A3 + /• 2n2 — lofjj 


— 1 


(1 - r)“ ihX (621) 


where Ni is given by equation (6206) for 

ki 


ki + (1 — r)- 


A ^2 is given by equation (6206) for 


Nz is given by equation (6206) for 




^ 3 + — 


Equation (621) can be applied for 
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rco ^ (1 — Qcq 

k2- B k, - B 


0 <y < 


ko - B 


. yoi 


h - B. 


(626a) 


For y = 0 


-irB (1 — r)r\/^ 


—j— - Iok('12 + V^H2‘ — lY 
- 1 \ / 


7rr„r2 (I - r)- | 
ii-r — I L 


(L- < y < 
k, - B k. - B 


J\\r ~ Nor {] — r) ~ r' log 2 


- *1 


(I - r) ^3 + - lofl 2 +— ■ (I _ ry log 113 } (629) 

J Vn -y - I \ 


when* Qi is given by equation (620r) for 


- (1 - r)'- 


_I£!L_ < y < (Lju[)£? 

A’2 - B ■ ki- B 


the drag eoeflieient is given by 


2T'’.y \ 

---- V 

TrCiir- (I - r)-) 


AV — r (I — r) /Vj — r- log: 


J\/ni- — 1 


V ny - I 


A'aCl - r) - 


log 2 + r log 2ni 


=? , [ 0 - 

/3“ - I L 


r)Q 2 — r (1 — r) log 2^/3 — (1 — r)“ Io» 


where Q 2 is given by e(|unti()n (620r) for 


^2 - 


For tlie condition - - - < y < —— 

ki- B Jfei - B 




^24 
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or 


rco 

h - B 


<y < 


Cg 

ki - B' 





Ir^y 


ircgr'^ (1 — r) 




yVV — r (l — r) N 2 — log 2 


rii 


IV//i2 _ I 


+ “ 7 ==== r(l ” - r (i - r) loK 2/(3 - (I - r)- lot; 2 

V Da^ - 1 L 


( 632 ) 


(633) 


Ify > 

C« = 


ki - B 

2T-y 


WCgT^ (I — r) 

+ 


I /Vir- 


r (I — r) No — r“ log 






a/ f?r — 1 


+ 




_Zh _j _ “ 
Jh^ - I 


(I - r)Q 2 - r (1 - r)Q:i - (I - r) 


Mog2 j 


where Q 3 is given by exiuation (620() for 


(634) 


(635) 


(7F3 = 


k, - 


Co 


In a similar way, analogous expressions can be obtained for (^3 < B) or 
(k 2 < B) or {ku k 2 , h < B), 

In Figure 217 the drag-coefTicient distribution along the span for a swept- 
back wing of constant chord is shown. The profile is a symmetrical profile 
with (1 — r) = r and the angle of sweepback is 60°. The calculations have 
been made for M = 1.40, M = 1.80, and for M = 1.90. For all three Mach 
numbers ^1 = ^2 = h > B, The values of C/>/r^ where r is the percentage 
tliickness, are plotted as ordinates, and the values of y/c are plotted as ab¬ 
scissas in the diagram. As shown in the diagram, the drag decreases notice¬ 
ably and tends to approach zero for large values of y/c. The variation of the 
drag coefficient along the span becomes lower if the value of B becomes larger, 
and the Mach wave from the vertex approaches the leading edge of the wing. 
For comparison, the values of Cd/t^ for a two-dimensional wing of the same 
cross section are also shown. 

In a similar way, analogous calculations for different types of profiles can 
be developed. In order to give an example of the system of calculation for 
wings with profiles of gradual curvature, the following simple case will also 
be examined. A sweptback wing symmetrical with respect to the plane 
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(y = 0)» witli constant chord and symmetrical circular-arc profile is considered, 
and the variation of the profile pressure drag distribution along the span is 
determined. The wing considered (Figure 218) has the leading edge behind 
the Mach cone from the vertex. The flow around the wing considered can be 



Fig. 217. Profile drag along ihe span of a diamond-shaped 
swepthack wing of constant chord for different Mach numbers. 

represented by a potential function given by superim posit ion of different 
source distributions. Initially a source distribution is considered, having 
triangular plan form, constant and finite intensity C, proportional to the in¬ 
clination Xi of the profile at the leading edge. Then an infinite series of source 
distributions is superimposed, having the same plan form and intensity 
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— (d\/dx) dx, in which d\/dx is the variation of the direction of the tangent to 
the profile at any point C of abscissa a*, along the profile. Every distribution 
of the series has the vertex along the chord AB at the corresponding point C. 



Fig. 218. (Circular-arc profile swepthack witup 


Finally another*source distribution is superimposed, having triangular plan 
fonn and intensity proportional to — Xi, and starting at H, The distribution 
turns the flow^ in the direction of the plane (r = 0) behind the wing. If the 



Fig. 219. Geomelrical parameters of a circular-arc profile. 

profile AB is thin, the intensity of the triangular source distribution that starts 
at every point of A can be determined in the following way. If R is the radius 
of the circular-arc profile (Figure 219) and 2a)o is the angle at the center corre¬ 
sponding to the profile, 
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~ = H sm a)o; - 
2 2 


R — R cos coo 


or because wy is small (thin profile) 


c 

2 


= Roi(i\ 



X — CO — C0() — 


X 



rfX ^ _ U ^ _ 2X1 
dc c' c 


X — R (cOy Co) J Xi — COq 



Xi 



c 


Tor every point P alon^^ a profile at a dislanc e ji from the center, at a position 
^ along th(i chord, the (coordinates are (Figure 218) 


= ^ + kiyi 


y = yi- 

f hereforc* the induction at P given by the source distribution of constant 
intensity prcjportional to Xi is given by (ecpiation 599a) 


w h(‘re 


</>2x' = 



coslr^ 



f + ^lyi ’ 



(636) 


"Fhe induction at P given by the source distribution of constant intensity pro¬ 
portional to d\/dx starting at a point C, of coordinates {Xc, 0), is given by 



II 

- 1/ 
('y7r/l V Ur — 1 ' 

n{^ — (72“ 
1 - ,7./ 

when 


<7 *2 — , < i 

^ + ^iVi - Xc 


or by 





d<t>,/' _ 

- IXil 1 , ] 

---— * 1 / 

//1,2 -1 

when 

dx 

y -■/ 

CowBVni^ - 1 r 

- 1 
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<h/ = 


- IXifeiyiFi 
CnwB y/ — I 


,slr> 

' 1 — (T2^ 

<*<r? = Ml - ” 

oosh-> . 

r 0-2^ - 1 .T2‘- 


(636a) 


The limit of integration = ui depends on the fact that the source distribu¬ 
tion at C cannot interfere with the flow at the point P if g 2 is larger than ni 
where (g 2 = rii) corresponds to the condition that CP (‘oincides with the Mach 
wave from C. If the point P is in such a position that the source distribution 
proportional to — Xi existing at B can interfere with P, or if 


the value of (t> 2 / becomes 

02x =--1- 

C{}TrB\ Tii^ — 1 




c<)slr‘l/^!jIJ^’^^ 

1 — 0-2“ (T2“ 


— 1 day 

(72“ — 1 (72“ 


and the induction </) 2 x"' must also be considered: 

The integral that appears in equation (636a) can be evaluated, and the fol¬ 
lowing expression can be obtained for the pressure coefficient at a point P 
of the profile: 


TrBVrii^ - 1 


2yiki 


{N 2 - Ni) -I- A (639) 


where 


and if an > rii. 
If <Tb < Ml, 


^iVi . _ kiyi 

^ + ^lyi - Co { + kiyi 


N 2 = log2ai; A = 0. 


Ar + 1 1 _V — (7/^^ + V — 1 (7^ — 1 I ^ ^ 

iV 2 =-log, -;;===--- log, ((7/, - 1) 

V(7B+1 2<7b 


+ log, 2 iii^ — (tb -C ~ 1) (ni^ — (tb^) • 




PRESSURE DRAG OF SUPERSONIC WINGS 


329 


while 


A 


cosh~* 



(642) 


Ni = - ^ - 1 + V - a,2 


<ri 


V(Ti+ I 


2(Ti 


log, (1 — Cl) 


for every condition. 


+ log2 ni‘‘ ~ ci+Vim'^ - 1) (ni^-ci^) 


(64.3) 



Fig. 220. Pressure disiributlon along the chord of a 60° swepthack 
wing at M = 1.60 for different span stations {from Reference 55), 



Distance from Root Section, Chord Lengths 


Fig. 221. Profde drag distribution along the span of a 60° sweptback 
wing with a symmetrical circular arc profile 10 per cent thick (from 
Reference 55). 


Some values of Cp/t have been calculated for {M — 1.4) for a wing with 60® 
sweepback, and the results are shown in Figure 220; while Figure 221 shows 
the profile drag distribution along the span for the wing considered. 
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If the wing has a tip of different form as, for example, in Figure 222, the 
calculations can be developed in two steps. In the first step the induction on 


ABDE is determined by assuming 



problem the profile of the wing wil 
metrical with respect to the chord. 


existence of a source distribution corre¬ 
sponding to the wing ACB. In the 
second step the effect of a source distri¬ 
bution of opposite sign than tlie source 
representing the wing in the area DEC 
is evaluated. The source DEC can 
change the plienomenon only in the zone 
DE'E. {DE' is a Mach wave from D.) 

Drag of a Diamond-Shaped Profile 
Triangular Wing with Zero Lift. 
Equations (599a), (600a) and (601) w ill 
be used in this paragraph for delermi- 
nation of the profile drag foi a Irian- 
gular plan form wing. To simplify the 
be assumed diamond-shaped and syrn- 
The wing that will be analyzed is shown 



Fig. 223. Geometrical parameters of a diamond-shaped profde 
triangular wing. 


in Figure 223, and in the first part of these considerations the drag for the 
wing moving with the sides OB and OC as leading edges will be considered. 



PRESSURE DRAG OF SUPERSONIC WINGS 331 

and later the drag for the wing moving with the side BC as leading edge will 
be calculated (Reference 511). 

For the determination of the potential function that satisfies the boundary 
conditions, it is convenient to consider two source distributions of constant 
strength. In the zone OBAC tho strength of the source distribution is 

wWi = TrXiIi 

where Xi is the slope of the profile in the parts OAB and OAC, and in the zone 
ABC, the strength of the source distribution must be 

TW 2 ' = 7rX2Fi. 

However, for simplicity of calculation it is convenient to consider the source 
distribution ivi exUmded to the entire zone OBC, and therefore to consider in 
the zone AB(j the source distribution 

TTlVi = TT (X2 — Xi) F]. 

In the analysis the following geometrical parameters will be used (Figure 

22:1): 

ku tangiMit of the angle between the y-axis and the leading edge 

langent of the angle between the y-axis and the line AB of the maximum 
thickness of t he profiles 

I —r, position of the maximum thickness along the chord in percentage of 
the chord 

For the wing three possibilities must be considered: 

1. The Mach wave from 0 is less inclined with respect to the ar-axis than the 

lines OB and AB 

2. Tlu^ Mach wave from 0 is more inclined with respect to thex-axis than 

the leading edge OB but l(‘ss than the line BCj 
5. The Mach wave from 0 is more inclined than either of the lines OB and 
AB, 

Because the tangent of the angle luTween the Mach wave and the y-axis is 
given by 

B = Vm- - 1 


I he three coiKlilioiis correspond to 

1. B> ki> ki 

2. ki> B> ki 

3. kx > ki > B 


or, using tlie parameters ;i| and ih (hdined hy 


kx 

B 


B' 


tlx = 


atid n 


(64t) 
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1 . 1 > Th > riy 

2. Ail > I > Aii 

3. Ail > fh > 1 

If 1 > Ail > rh 2 , the wing drag can be calcnlated by determining three dif¬ 
ferent contributions to the value of the induced velocity <t) 2 x- the drag 
dependent on the induction produced by the source distribution proportional 
to ivi over s.i (area of the zone OAB), the induction produced by the source 
distribution proportional to Wi over Sn (area of zone AB('), and the induction 
produced by the source distribution proportional to u '2 over sh. The source 
distribution proportional to uh docs not induce velocity in the zone OAB 


\ 


( 645 ) 



Fig. 221. Triangular wing with supersonic leading edge. 


because AB is more inclined than the Mach wave from A,l > a/ 2 . For 1 > a/i 
> Ai 2 the drag of the zone of the wing OAB (Figure 224) can be determined with 
equation (601); therefore the first part of the drag coeflicient is given by 


Du 



4 Xi“ 

BW-^n{^ 




(616) 


where .Vyi' is the area OBBu and sa^ is the aiea OAB\, If a point B" along AB 
is considered, the area of the zone OAB^' is given by 




(1 - r)c 


y„. 


XT (1 - ry 


I - 


whwe Xt is llie total area of the \vinf<; llierefore 


(6-fT) 


dx — s-r (1 — r)'-’ — 

(I - ray- 
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Using equation (647), equation (646) can be written in the form 


Dll SXr ^ ^ 


where 


fi’i (n, r) = 


(I 7 /•)- 

VF- Vi; 


ri 

r* 


/ 

TT . 

b 

1 


-sin ' 

/- 

/ 

[2 

y 1 - (tF 

f 0 

L 

-j 


d(T 


(1 - ^r)2 


(648) 


(649) 


The second part of the drag, depending on tlie induction of the source 
distribution, proportional to wi over the ar(‘a sn in which the slope is X 2 , is 
given by 

D21 8X1X2 f 


1 


:Pi 


V i~.S*7- 


Btt 


G (riu 0) - G (riu r) 


(650) 


w here th(i expression G(/h, 0) rc'prescaits the value of the integral (649) extended 
to the total area .sy that (‘orresponds in ecpialion (649) to the condition r = 0. 

The third part of the drag can be obtained in a similar way, and since the 
intensity of the source is proportional to (X 2 — Xi) and acts over the zone of 
the profile inclined at X 2 , it is given by 

^ ^ G. in,, 0). (651) 

1 Bt St 

-pit i-Sr 


The valiK^ of Gi(Ai, r) can be obtained by determining the real part of the in¬ 
tegral (619) with an integration by parts, and is 


Gi (n, r) = ^ -3—— cos Gi -\—-- + sin~^ (pn)l( 

Vl-rwL2 Jj 


(652) 


and (n (n, 0) is given by 


Cn (/i,0) = 


Substituting the thickness of t he profile for the slopes Xi and X 2 of the profile, 
and using tlic following relations 




2rl - r 

X 2 = - F i 
2" r 

I 


( 653 ) 


Xj — Xi — — — 


2rr (I - r) 
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or using the percentage thickness t 


Xi = 


2 (1 - r) 


X2 Xi — 


2r (1 - r) 

the drag coefficient for the case considered beconu^s 

2r2 


Co = 
wliere 


wB (1 ~ r )-/\/1 - 


1 -1.1 

: COS ' n + 


nr 


\/1 — r-nr 


+ sin-’ (rru) 


Jj(654) 


Ui < 1 and 0 < r < 1. 

The value of Co for the value of n eipial to zero, heconies 

•) 

r“ 


Co = 


B (1 — r)r 


(655) 


which corresponds to the drag coefficient for a straight wing in the approxi¬ 
mation accepted. 



Fig. 225. Draff coefficient of a diamond-shaped profile frianffiilar 
wing with supersonic leading edges, as function of the majimum 
thickness position, for different vatues of sweephack (from Beferencc 5,3 ). 


In Figure 225 the values of CoB/ii^ as functions of (1 — r) for different values 
of n are shown. The minimum drag coefficient is obtained for a straight wing 
(n = 0) and the maximum thickness at 50 per cent of the chord. The last 
result is dependent on the assumption of the small-disturbances theory, and 
as shown in Chapter 7, is no longer exact if a more accurate analysis is made. 
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If ni > 1 > Hi (Figure 226) the drag can be determined in the same way 
using for the front part equation (599a). 


On 


-PiFiV 

2 


8Xi^ . 

-T- (riu r) 

UTT 


where 


Ct 2 {riu r) = j -? cosli""^ V— - — da. 

V 1-^2 


(656) 


(657) 


The se(H)nd part ol the drag dependent on the source distribution uu/t in Uie 
zone ABD, is given by 

1)21 8X2X1 

1 


:Pi 


VV-’nv 


Bit 


[^2 (ui, 0) - G 2 [riu r)]. 


(658) 


' tan ’B 



ltan"'k, 


The third part of the drag dependent 
on the source distribution in the 
zone ABD is equal to the value cal- ' 
culated for the first case given by q 

e(ination (651) ^ i • 

rig. 22 o. 1 riarufular wimj wuh subsonir 

Dn 8 X 2 (Xj — Xi) V/y / leadituj edije and supersonic line of maxi- 

^ o ). mum thickness. 

-piVr«r ^559) 

The integral of equation (657) can be evaluated by using integration by parts, 
and for nii < 1 the real value is 


Cn (n, r) = - 

1 + r 


log,. /) 


r cosh~*n 


Vn^- - 1 - 1 


+ 


V1 — /•'-/»- 


tan* 


y/\ — r'n- 


\n+Vn^ - I ~ 


rn 


(660) 


TJie condition r«i < 1 is eiiuivalent to the condition rki < B, but 


r= 

ki' 


Tlicrefore rrii < 1 corresponds to < B, whicli is true for the case considered. 
For r = 0, equation (660) becomes 


„ , log, n , . I 

Gi (n, 0) = —=?=•= + sm ‘ • 

Vn^ - 1 n 


(661) 


Tlie total drag coefficient can be obtained from equations (656), (658), and 
(659) for (ni > 1) and (riir < 1) is 
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irb 


Gi (riu r) 


+ 


1 


r(l - r)- r (I - r) \2 - 1 


log,. Til 


sin“ 


fh 


( 662 ) 


In the third case where rii > m > 1 (Figure 227), to the three parts consid¬ 
ered before in the determination of the 
drag, there must be added a fourth part, 
which is the drag dependent on the com¬ 
ponent induced in I he zone AEB by 
the source distribution (w^ — zci)/ 7 rof the 
zone ADB. The first three parts are sim¬ 
ilar to those considered for tlic case when^ 
rii > 1 > no, but the value of tlie integral 

Fig. 227. Triangular wing wifh suh- ( 557 ) dilferent because h > B, and 

sonic leading edge and subsonic line of .t o r,A| . . 1 //:r- 7 \ 

- . therelore r/n > 1. 1 he integral (657) 

maximum tnickness. n \ / 

for (mi > 1 ) has the value 



O 2 (n, r) = 


+ 


1 — r 


log« n 


r cosh~^ n 

T" y- 


I + r} vV - 1 Vfi^ - 1 


r'ri“ — 1 


log^ 


1 + 


2y/ r-ti- — t 


n {\ — r) + a/ n- — I — V r-n- — J 


The three parts of the drag bei^ome 
On 


lpiVi%^ 

B 21 

-piVySr 

Drz 

-pi V yST 


= — (ni, r) 
ttB 


ttB 
8X2 (X2 


[0*2 (m, 0) - G 2 ' {riu r)] 


Xi) Sit 

—- Gi (n,2, 0) 

wn St 


(663) 

(661) 

(665) 

( 666 ) 


The drag contribution due to the induction of tlie source distribution 
(u )2 — m’O/tt in the zone AEB can be w ritten 


Di2 




Ua F iri„ r) 
wB St 


(667) 


where, using equation (600a), F(n 2 , r) is 


E{n 2 , r) = 





coslr 


1/^1 rf.. 

r cr= - 1 


( 668 ) 
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Evaluating the integral of equation (668) gives 
] — r i loge Wi 


F{rvi, r) = 


1 + r iVrii^ - i 


Vna’-r^ '[ 
or remembering that rh = rni, 

1 - i los "i'’ 

/< («», r) = 


_r_ |~U2^ — r + V (712^ — r^) (ni^ — 1) 


772 (1 — r) 


(669) 


1 + r fV ,i.V’ - I 


1 


V^- — 1 


= loii 


rth‘‘ — 1 + V (r-7/r — 1) (t?,^ — 1) 


(670) 


ih ( I - /•) 

From (equations (661), (665), (666), (667), and (670) the drag coeflTicient for 
(77i >1), (7)ir > 1) can h(‘ evaluated and is given by 

2t" UiV (rih r) FOh, r) 


Cn = 

+ 


ttH ] r(l - ry (1 - r)2 

_1_ r b)ge riir loge Jh 

r(l — r)\ 


V /oV- — 1 V ^1“ — 1 


+ sin” 


, J_ 

nil 


• t 1 

— sm“^ — 


fh 


(671) 


Equations (662) and (671) give the values of the drag coefTicients for the case 
of (rii > 1) (leading edge more inclined than the Mach wave) for different 
positions of the maximum thickness. In Figure 228 some values of C/>il/lr 
are sliown as a function of the percentage position of the maximum thickness 
along the chord (1 — r) for different values of th. As it is shown in the figure, 
the drag cot'flicienl is high(*r than for a two-dimensional wing (n = 0), when 
the maximum thickness is in the back part of the wing where(l — r) is large, 
and decreases notably only if the maximum thickness of the profile is very 
near the leading edge wht're (1 — r) is small. 

It is necessary to remember that the only drag considered in this discussion 
is the pressure drag, while the drag due to the viscosity, that is a large part 
of the total drag, is not considered. The drag due to the viscosity depends 
also upon the position of the maximum thickness, because it depends upon 
the pressure distribution along the wing; therefore the optimum position of 
the maximum thickness can be obtained only if both components of the drag 
are considered. On the other hand, the value found for the position of the 
thickness corresponding to minimum pressure drag is dependent on the sim¬ 
plifications accepted, and therefore somewhat different conclusions would 
be obtained if a more accurate theory were used. 

If the direct ion of movement of the wdng is reversed, the drag coefficient 
can still be evaluated by using a superimposition of source distributions 
(Figure 229). If the inclination of 4D is Xi, andthat of AB is X 2 , by using the 
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same definition used before, the coefficients ki and fo can be determined and 
the coefficients rii and /12 can be obtained. 



1-r 



Fig. 228. Drag coejficienl as afunclion of the position of the maximum 
thickness for a diamond-shaped profile triangular wing with subsonic 
leading edge {from Reference 53). 

If rii > 1 and /i 2 > 1, the drag coefficient of the wing can be represented by 
two source distributions: a source distribution of plan form ABC and intensity 
Wi/TT where 

(672) 

and a source distribution ABCD of intensity uh/ir where 

W2 = (X 2 - X,) Fj, 


(672a) 
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QV''''n°r 

Gi\ 'iV')' 
NX I , 


The effect (^f Uie first source distribution w^i/tt can be evaluated by consid¬ 
ering the two zones of the wing of different inclination, the zone ADC and the 
zone ADCB. In ADC the source 
distribution ici/tt induces a velocity 

component that in the zone AIXj t | 

can be obtained from two-dimen- X _C 

sional considerations. In the zone /\Xi 1 

. 4 F'L, the velocity component </)2^ is / \ 1 

thesurn of the two-dimensional value, \ L \ 
as in ALI, and of the value </)2x' de- \ y ^2“^i T / 

pendent on the tip effect at A, which \i^ \/ 

can be determined as produced by a B 

source distribution in the Fig. 229 . Diamond-shaped profile triangu- 

zone A'AB, The velocity compo- lor wing with inverted direction of motion. 

nent </)2x wxF'LFD can be obtained as 

the sum of the two-diiiiensional value and of the values and 02/ produced 
by the tip (effect at .4 and C, which can be determined by assuming a source 
distribution at A'AB and BCC' of intensity — u^/tt. Because the induction 
of the source BCXf at DLF' is eijual to the induction of the source A'AB at 
LDF, the drag corresponding to the pressure on ADC will be determined by 
evaluating the drag Dn, corresponding to the <t>2x over ADC computed with 
the two-dimensional theory, and the drag D13 corresponding to 02x' over ADF 
anclF'DC (which are identical). 

If ID = rc and BD = (1 — r)c 

I ,0 rB 


and if 


because the an‘a ADF can be (‘xpressed in the form 

, 2iSrfh d(7i 

(is = - 

fh (1 H“ <^ 1 )' 

and the expression of </>2x' is given by equation ( 607 ) Du is given by 


-piVr.sY 


Birr^ 


((T‘> — l)//:» 


K' 
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or, integrating, 


-piVihr 

^2 B'KV- 


712 — 7li 


2{ni + T}2)Vnr - 1 


log. 


niD2 


1 + "V^nr’ “ 1)( 71 . 2 “-~ 1 ) 


1 


,1 ,1 712 

+ - COS -1 - 

2 th Hi + Ho V nr — 1 


712 - 7li 
loge 7li 


(675tt) 


The drag Dn due to induction of the source distribution ABC of intensity 
Wi/w over ADBC can be determined by computing the drag due to tlie induc¬ 
tion over a surface ABC of inclination X 2 , and subtracting the value of the drag 
due to the induction over a surface ADC of inclination X 2 that can be obtained 
directly from equations (673) and (675a). The drag due to the induction 
over ABC can be obtained by using the criteria developed on page 315, in 
order to evaluate the tip effect. Procei^ding in a similar way as for ecjuation 
(675), the following expression is obtained: 


Du 


-piV\-ST 


_ i! + 

rB \ 

-piVi-.sj' 


1 - 


+ 


2t-’ 


wBr (1 — r) 


COS" 


th y/ni- - 1 


log« «2 


(676) 


The source distribution ADCB of intensity can be analyzed as being com¬ 
posed of two source distributions AGB and (XnB, identical and symmetrical, 
of intensity IV 2 /T and of a source distribution DCmXS of inbuisity —ii^lTr. 
Then the drag due to the induction of a source distribution Af)(3^ can be eval¬ 
uated by calculating the drag D 21 due to the induction of a source distribution 
AGB of intensity ivo/w, over the surface ADF of inclination Xi, the drag 
over the surface DFGll of inclination X 2 and the drag O 22 over the surface 
AGB of inclination X 2 . The drags D 33 and Du due to the induction of the source 
distribution BGDGi of inteasity --W 2 /W over the surface GiDGB of inclination 
X 2 , and over the surface G\DQ of inclination X 2 respectively (where AH and 
DQ are Mach waves) must also lie determined. Th(i (effect of the source dis¬ 
tribution AGB in I\GB, due to the tipfj’W, is eijual to and of opposite sign from 
the similar (effect du(^ to the source distribution DG\GB on tin* same surface, 
and therefon* its (‘valuation is not nticessary. 

Using for 02 r the expr(‘Ssion of equations (566) to (615), t h(‘ valmvsof the drag 
coidlicieniscan beewaluat ed. Tht^ value of /> 2 i can b(‘found by using for 02 , t he 
expressioii given by (?(|ualion (611) and f(»r tie* elenuMital airji lh(‘ (‘\pression 
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3^1 


ds = 2 


d(Ti 

fl2 '' (1 + (TiY 


Therefore the following expression e.an be obtained for 


Ihi 


2r2 


rii no — n 


:Pi 




(I — r)TrB ih + 


rii 


V^nr — 1 


loge Ml 


I ^ I,... '»|"2 “ * +V(n,2 - 1) {ni^ - 1) 

I /- R'gt 

V A/2“ — 1 


(677) 


th - ni 

The value of D 23 can be found as the dilTerence of the drag due to the induction 
over the surface AGH of inclination X 2 , and the drag due to the induction over 
the surface ADF of inclination Xo that is proportional to the value obtained 
in ecpiation (677). For the induction over AGH equation (611) must be used, 
while the elemental surface is given by the expression 

(h = 2/(,«,.sy ' ~ • (678) 

{th + ri2cr,)- 

For lh(‘ drag /)j 3 tli(‘ following expression can be obtained: 

1)2:1 4r- n.o — fii I — 1 + n.iV ihr — 1 

•2 


pilVs'r 


r (i — ry-irB rii + nr — 1 


nr — n{^ 


+ 


Ai 


I - p 1 V > 
^Pi y r'^T 


(679) 


Th(‘ valii(‘ of the drag /J 22 can b(' evaluated by using equation (612) for </> 2 x, 
aiul using for the elemental surface the expression given in equation (678). 
Thus I he following (expression is obtained; 
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:Pi 


I I'-’Vy' 


ih - fh 


TrBr (I — r)“ th + 
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log,I n 2 

log. 


tnfh -4- 1 — ^{nr — 1) (^‘ 2 “ — 1) 


^2 ~f“ n\ 


_ V nr I 

I __L Diir — I + (nr — 1) (u 2 “ — 1) 

- 1 Vn.'^ - I 


(680) 


rh - fh 

The value of Ds^ can be calculated by using for <t> 2 x the value given by equation 
(609), while the elemental area is given by the expn^ssion 

n\ + tbi dox 
n\ 


ds s,{ 


(' ^ :::)' 
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where Sr is the area of the surface GiDGB; therefore 


Dn becomes 


-piVi^Sr 


, (fh — niYni , 

as = xsr — -^- dai 

fh (ui + 0-1/12)*'^ 

2t2 (rii - ri2)rh f 1 


(I - r)Wi (rii +n2)n2\ V- 1 


loK.f 1 


^ _ 2Vn2- - 1 _\ b )K, t h^ ^ n2 log. (a/i + \/'n {^- 1)” 

fh'i'fh y/ Hi“ — I — y/ ti2" — 1 / y^fh ^ \/ ri- — I 

The value of A 34 can be calculated in a similar way. The elemental surface 
can be expressed in the form 

, I Hi d(Ti 

ds = - - St ---- {ih - th)- 

2^2 (fii -|- 

and the value of £>34 is given by the expression 

Du _ _ 2t~ (n.2 — log^;/i 

^PiV?Sr ~ ^ 


+ -^=1= loK. (rJ ) • ((,83) 

^2^ 1 y ffi -j- /I 2 I 

The total drag D is given by 

D = Dn + Dv2 + Dis 4“ D 21 + Z >22 + Dys + D‘sn 4- D'u. ( 68 't) 
In a similar way, if rii < 1 and tiz > 1 the drag is given by a summation of 
different terms 

D = Dll 4- Dn 4" /^23 + D 22 4" D^i (684a) 

where 

D n __ — Dn __ T“ \ 
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If Ml < ^2 < 1 
where 





D — D 22 + Dii 

D22 _ 2 ^2 ~ th 

-PiV’i^sj. ^2 + (I — 


Oh - niY 2r^ 

Oh + rh)rh r (1 — r)V/i 


r cos“' ^2 

1 - rV 1 - 


I COS~^ 

1 - r’/l - ai,2 


( 686 ) 


(687) 


WJien the calculations are performed for different values of r/(l — r) and of the 
parameters rii and th, an interesting result obtained is that the drag coefficient 
for this type of wing is coincident, in the approximation accepted, with the 
drag coellicient of the same wing but moving in the opposite direction, as is 
considered in the first part of the paragraph, if the Mach number and the 
geometrical parameters are the same, (I — r)/r constant and (m = n^), 
Oh = rii) wluTe the ind(»x rcffers to tlie wing moving in the opposite direction. 
The coincidence of the drag coefficient for zero lift when the direction of the 
mov(‘ment is reversed is not peculiar to the type of wing considered, but 
(K’curs g(‘nerally for all types of wing if the phenomenon is analyzed by as¬ 
suming that all the approximations accepted are correct. The drag distri¬ 
bution and pressure distribution on the wings are different when the direction 
of t he movement is reversed (Reference 54). 


Drag of Wing Having Diamond^shaped Plan Form and Diamond- 
shaped Profile for Zero Lift. The w4ng considered in this paragraph will 
be a diamond plan form wing with symmetrical dieunond-shaped profile. The 
position of the maximum thickness for every section in the plane (y = con¬ 
stant) will be assumed to be placed along a straight line BB' perpendicular 
to the chord of the profile (Figure 230). No difficulties will be found if the 
wing in Figure 230a is examined, but the equations are slightly more in¬ 
volved. The wing considered can be defined geometrically by the root sec¬ 
tion the geometric parameters of which are the percentage thickness 

J ^ 

c 

and the inclinations of the sides of the diamond-shaped profile Xi, and X 2 , 
which are defined by the parameters (1 — r) and r (the ratio r/(l — r) = A 
will also be considered as a parameter in the analysis). 
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T 

2(1 -r)’ 



(688) 


To define the plan form, the two angles Xi and X 2 must be fixed. The Mach 



Fig. 230. Wing having diamond-shaped plan 
form and diamond-shaped profile. 


angle p gives the value of the speed. Using the tangents of the angles Xi and 
X 2 , the following parameters will be used: 


ki == tan Xi; 



ko = tan X 2 ; B = \^i\lc — 1; 



Th = rii 


r 


1 — r 


Mj/l. 


(689) 


The flow around the wing can be represented by the potential du(^ to two 
different source distributions: a source distribution of intensity 


Cl = 


if} 

TT 


XjV, 

TT 


(690) 


and plan form ABDBi, and a source distribution of intensity 


_ (X2 ~~ Xi)Ui 

TT TT 


(690a) 


and plan form BBJ}. 

In order to determine the pressure on the wing and from that the drag 
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coefficient, the x component of the induced velocity produced by the source 
distribution must be found. The first source distribution can be analyzed by 
considering two source distributions, the source of intensity Wi/c extended at 
the surface AEDE\ wht^re ED and E'D are inclined at /x with respect to the 
x-axis, and the source distributluu BED or B'E'D' of intensity —w\/c. The 
first source distribution produces an induced velocity that can be deter¬ 
mined with equations (599a) or (601). The second source distribution BED pro¬ 
duces an induced velocity 02 ^" in the zone BDF, that exists only if n 2 > I, and 
can be determiiu^d by using t h(‘ considerations st ated on page 311. The second 
source distribution BB'D can also be considered as the resultant of two source 
distributions. The sources NDN' of intensity (X 2 ~ \i)Vi/7r, produces in BB'D 
an induced velocity component 02 / that can be calculated as for two-dimen¬ 
sional x)henomena. The source distributions NBD and N'B'D {ND and N'D 
inclined at /x with respect to ,r) of intensity — (X 2 — Xi)Ti/7r produce o\cr BED 
and B'F'D an induced velocity 02 x", that can be determined by using the con¬ 
siderations staU^d on xiage 311. 

For determination of drag, dilferent cases must be considered for the values 
of rii and n2. If rh > 1 and rh > 1 the drag can be considered composed of 
five teniis. The first lerm depends on the induction of the source distribu¬ 
tion AEDE' over the surface BAB' of the inclination Xi. This term, Dn, is 
identical to a corresponding term calculated for the triangular wing; using 
equation (656) aud (661), 


Dn 



Bit (I - r) 




V nr — 1 


ni 


(691) 


The part of the drag, 7li2, dexxuulent on the induction of the source distribution 
AEDE' over BBiD inclined at X 2 can be detiTiniiUHl as the difference of the drag 
over ABB'D and the drag over BB'A, and can be expressed in the form 



The elemental area for the zone ABDB is given by 


St da 

1 - r (1 + Aay ’ 


Therefore, performing the integration, the following expression is obtained for 
D12I 
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Dn ^ ^ (1 + AY ) 1 2 _ 2A log,, n, 

hV{‘st ^ \l+A «i 1 _ AWn{^ - 1 

, A cosh~^/ii 1 , 

H-- - ^ -7= logo 1 

l-^Vn,2-l (1 - A)VrH^ -1 L 

^ _ 2 VVi 2 ^ - 1_ 1 ) 

{A + l)iii + — ] — \^7h>^ — ijj 


(.4 + l)ni + — 1 — — ] Jj 

The source BED of intensity —W\/t induces a velocity component </> 2 x' in the 
zone BDF given by equation (604) ; therefore the corresponding drag Dia is 
given by 


ip.V'.’ 


wliere a 2 


Vrh^ - I «2 (1 - <T2) 


+ " 7 - 5 = cosh-' 

V nr - 1 HiCi + rh (1 -|- cn)'^ 


Performing the integration, the following expression is obtained: 

^'3 _ 2t'‘ Hi + th t log n -i __ J_ mth + 1 

-PiVV-sr Wrh^ - 1 «i + 

The source distribution NN'D of intensity 102/77 induces a velocity component 
</)2x in the zone BBiD that can be calculated with the two-dimensional theory; 
therefore the corresponding drag D 22 can easily be evaluated. 

2 

The source distribution NBD of intensity —W2/7r, induces a velocity compo¬ 
nent <t> 2 x in the zone BDF given by equation (607) (in which rh is zero), and 
therefore the corresponding drag D 23 can be evaluated in the following way: 

D23 16 rST (^1 — ^2)^2 ^ 1 -I ^2 — 0'2 


/'W 


^ cosh-' 

- 1 (1 - 


+ COS“ 
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and performing the integration, the following expression is obtained: 
D 2 Z 2r^ 


~Pl 

lb 


/■ (1 — r)liT 


. 1 1 

COS“‘ —- ;; . 

«2 V - 1 


loge «2 


(695) 


In a similar way the following expressions can be obtained for the different 
possible ccnnbinations of the values of th and tH. If ni > 1 and na = 1, Du 
and D 22 are given by ecjuations (691) and (694); Du and D^i are zero; and Du 
is given by 

Dn _2rMl + d)2| 

\ +A 


1 .,liw A 
-PiVi-St 


1 • , 1 2/1 log« Th 

-sin* — —-- 


/)1 1 - V „j 2 _ 1 


_ A "i _ 1 A _ Vm" - l \ 

1 - yl -1 l-d\ l + n, / 


(696) 


If /h > 1 and th < 1. Dn and Dn do not change; Du and D^ are zero; and Du 
is given by 


Du 


2t-(H- d)^ 1 . I 

’ - sin ' - — 


2d log. Ill 


1 ,, Hit a /1 + d th 1 - A2 Vni^ - 1 
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+ 


A cosh "’ Th 
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1 - AVrh^- 1 1 - AVI - Th^ 

If /h = 1 and Th > 1 
Dn 


. , Thyfli +1 . , 

Sin '-sin~’ Tin 
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(697) 
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£>23 is given by eijiiation (695), and Du is obtained from 
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If Hi = 1 and ri 2 < 1, As and Du are zero; and A 2 and Dn are given by equa¬ 
tion (698). Du is obtained from 


Du 

I ,0 

-Pi V ]“.s> 


2t2 

Hirr (1 - r) 




1 - r cos~ ^ no 
\ — 2r V \ - 7io- 


(701) 


If ni < 1 and ^2 < 1, the total drag D can de evaluated because As and As 
are zero; therefore 


D 


1 , Br (I — r) 

-PiVrsY 


1 - 


2r — I TT J — //i“ 


I r - 1 cos~^ no 
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(702) 


If Hi < 1 and no > I, Ai and D 22 are given by eiiuatiou (698); As is given by 
equation (695). Du and Du are obtained from 


Du 
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(701) 


When Tii < 1 and n 2 = 1, Dn and A 2 are given by eciuation (698); D 13 and 
As are zero; and Du is given by 


Dv 


2t^ 


1 Yo^ (I - r)r 

-pi V r&Y 


1 — r 


2r — 1 TT V 1 — nr 


1 L~ll 

TT 2r — 1 


(705) 


If th = 1 and 112 = 1 , the total drag becomes 


D 


-plVi^ST 



(706) 


In Figure 231 some results obtained from this analysis for different values 
of ni and (1 — r) are shown. In the diagram the value of CnBl ir^ is plotted 
as a function of the parameter (1 — r) that gives the position of the maximum 
thickness for different values of ri\. With the approximation of this theory, 
the minimum drag for a two-dimensional wing occurs when r = (1 — r) and 
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is Ci)Q = 47^/ B. For the conditions for which CdB/^t'^ is less than one, the drag 
of the wing is less than the minimum drag of a two-dimensional w ing, of same 
thickness. The results also show that if the direction of motion of the wing is 
reversed, the drag coefficient does not change for the same Mach number. 




Fig. 231. Draff coefficient as a function of the position of the maximum thick¬ 
ness for a diamond plan form winq, having a diamond-shaped profile. 


Indeed, reversing //i, (1 — r), and r, the same (hiB/ ir'^ is obtained. It can 
be shown that the wave drag is dependeni, in the approximation accepted, 
only on the source distribution repn^siuiting the flow. The source distribution 
is inverted, but not (‘hanged, when th(‘ flow direction is inverted. 



CHAPTER 



LIFT AND INDUCED DRAG OF 
SUPERSONIC WINGS 


General Considerations. In Chapter 7 \\w lift of a tvvo-di’riensional wing 
has been determined as a function of the shape of profile; in this chapter the 
lift of a supersonic Ihree-diniensional wing as a function of I he plan form will be 
considered. In all following considerations the hypothesis will be made that the 
small-disturbances theory can be applit^d, and the wing will be considi^nid as a 
flat plate of zero thickness. With tlie approximation of tlie linearized theory, 

the elfecls of the thickness aiid of the 
camber of the wing profik^s can be con¬ 
sidered separately, by using lh(‘ possi¬ 
bility of superinjposition of different 
flow fields. Indeed, in the linearized 
theory each linear combination of the 
functions </>!, <p 2 ... that sc^parately 
satisfies the e(|nation of motion in the 
approximate form (etpiation 1139) also 
gives a solution of the equation of 
motion (339). Tlierefore the flowpheno- 
n!ena for a wing of givcm thickness and 
camber of the profile, and a given plan 
form and angle of incidence, can be 
considered as superimposition of the 
flow phenomena for three different 
wings having the same plan form but 
different shapes. For example, the 
wing a of Figun‘ 232, at the angle 
of incidence (t, (*an be considered 
as the combination of three wings 
of the same plan form: the wing 6, liaving zero angle of atta(*k and a symmet¬ 
rical profile, but having the same thickness distribution alorrg the c^hord and 
Rhf) 


Vi 



(c) 


(d) 

Fig. 232. Effect of the thickness and 
of the camber in the lift of a supersonic 
wing. 
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the span; the wing c, of zero thickness and zero angle of attack, but having 
the same camber distribution; and the wing d, of zero thickness and zero 
camber, having the same angle of attack. Superimposition of the flow fields 
of the wings 6, c, and d, gives the flow field for the wing a. Since the wing b 
has zero lift, the effecl of the thickness of the wing on the lift is zero by the 
approximation of the linearized theory. The wing c gives a lift that is con¬ 
stant, because if the angle of incidence of the wing a changes, the lift of the 
wing c does not change; therefore the wing c, or the camber, affects only the 
angle of zero lift, without changing the lift curve slope. The lift curve slope 
depends only on the wing d, and therefore on the plan fonn of the wing. 

The mechanism of lift for supersonic wings changes when the component of 
the undisturbed velocity nonnal to the leadiug or trailing edge passes from 
supersonic to subsonic values; therefore a preliminary general discussion of 
the physics of the phenomena will be useful (Reference 54). 

Consider a two-dimensional Hat plate moving in a perfect flow with subsonic 
velocity: the equation of motion admits a solution that gives a flow without 
circulation and therefore without lift. When the pressure and velocity dis¬ 
tribution along the profile corresponding to this flow field are determined, 
an infinite velocity is found along lead¬ 
ing edge and trailing edge of the profile. 

The presence of viscosity in the actual 
phenomenon produces a separation of 
the flow at the trailing edge, with 
consequent formation of a vortex, the 
starting vortex, that produces a circu¬ 
lation around the wing. The intensity 
of the circulation around the wing is 
stated by the Kutta-Joukowski theo¬ 
rem, which imposes the condition that 
the flow must be smooth at the trailing 
edge. Therefore for subsonic speed the 
physical solution of the equation of 
the flow motion is the solution with 
smooth flow at the trailing edge, and 
therefore the solution that satisfies the 
Kutta-Joukowski condition. 

When the circulation around the flat 
plate is considered, it is found that the 
flow around the leading edge still has infinite velocity (Figure 233a); therefore 
separation of the flow must be expected also at the leading edge. The separa¬ 
tion that depends on the zero radius of the leading edge produces a vortex 





Fig. 233. The leading edge vortex and 
the suction force in aflat plate in subsonic 
flow. 
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region that, for conditions below stalling, is restricted only to the zone of the 
leading edge (Figure 2336). If the thickness of the flat plate near the leading 
exlge is increased, and a nose with a small but finite radius of curvature is 
considered, the infinite velocity at the leading edge decreases to a large but 
finite value, and the separation region disappt^ars. Because of the large 
velocity, the pressure at the leading edge is very low, and therefore a suction 
force (iS) exists at the leading edge (Figure 233c). The suction force eliminates 
the drag of the wing because it changes the direction of the resulting force 
from the direction nonnal to the chord of the wing, as must be the case if only 
the force P, given by the pressure normal to the plate, is considered, to the 
direction normal to the undisturbed stream (P). 

Therefore in subsonic flow, a round leading edge must be used in order to 
avoid the vortex dissipation. In this case, a suction force exists and the drag 
due to lift becomes zero as is expected as a conseciuence of the hypothesis of 
potential flow. 

When the two-dimensional flat plate is conskh^n'd moving in a perfect 
flow, but with supersonic velocity, a finite dilferenci' of pressure is found 
between upper and lower surfaces (Chapter 7, pag(‘ 118), and therefore no 
suction force can be expectinl at the leading edge. In this case the r(‘sultant 

of the pn^ssun's is perpendicular to the 
chord of th(^ plate, and has a compo¬ 
nent in the direction of movement 
that constitutes a drag (Figure 234). 
The existence of t he drag component 
agrees witli the exist ence of an increase 
in (uitropy across the shock waves 
produced by the flat plate. 

Similar considerations can be made 
if three-dimensional lifting surfaces 
are considered: if the component of 

Fig, 234. The pressure distribution in a Hi*! undisturbed velocity normal to llio 
flat plate in supersonic flow. leading edge is greater than the speed 

of sound (if the leading edge is super¬ 
sonic), the phenomena at the leading edge are locally equivalent to those for 
a two-dimensional flat plate at the Mach number corresponding to the normal 
component of the velocity. Therefore no suction forces must be expected, 
because a finite density of lift is found at the leading edge. In the actual wing 
a sharp leading edge must be used in order to reduce the shock losses. (Similar 
considerations can be made as in Chapter 7, page 117.) 

If the component of the velocity normal to the leading edge is subsonic 
(the leading edge is subsonic), the phenomena locally are analogous to the 
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plieiiornena corresponding to a subsonic flat plate. Therefore if the leading 
edge has an appropriate radius in order to avoid local separation, a suction 
force is developed, that decreases the drag due to lift. In this case less induced 
drag must be expected. 

In the category of subsonic leading edg(*s there can also be considered the 
case in which the normal component of the undisturbed velocity is slightly 
highf^r than the spe(‘d of sound; be(*ause in this case, if the wing has some 
thickness or an angle of attack, a dc^tached shock must be expected on the 
basis of two-dimensional considerations. In the approximation of small dis¬ 
turbances this leading edge is (‘onsidered as a supersonic leading edge, but in 
the actual phenomena, because^ of the presence of thickness, the normal flow 
component at the leading (‘dg(‘ is subsonic. 

In the analysis of the flow phenomena at tlie trailing edge, an analogous 
distinction must be considered: if the trailing edge is supersonic (the compo¬ 
nent of I he velocity normal to the trailing edge is greater than the speed of 
sound), a finite density of lift will be found at the trailing edge, and therefore 
a possible physical flow^ condition will always be found. If the trailing edge 
is subsonic (th(‘ normal component of the velocity is less than the speed of 
sound), a solution with infinite density of lift at the trailing edge can be found. 
This solution is not physical. In order to obtain a pliysical solution of the 
probl(‘m, the Kutta-Joukowski condition must be satified. This can be ob¬ 
tained by imposing the condition that the lift density be zero along the trailing 
cdg(‘, and tlurefore a different solution must b(‘ found. 

In Chapter 10, page 207, it was shown that, when the small-disturbances 
th(H)ry approximation is acc(*pted, a lifting surface can be considered equiv¬ 
alent to an acceleration pot(*ntial distribution, which can be represented by a 
doublet distribution. From the consideration of the potential of the doublet 
distribution it is found that an induecHl velocity exists at infinity. Thus an 
ir.duced drag must exist, which is connected with the doublet distribution. 
This drag, produced by the vortex sheet that follows the doublet distribution, 
can be called induced vortex drag and must be added to the wave drag. There¬ 
fore the drag due to lift can be divided into induced vortex drag and induced 
wave drag. 

When the leading edge and the trailing edge are all supersonic, the flow of 
the upper surface cannot interfere with the flow of the lower surface in the 
zone in front of the wing or in the zone of the wing. Therefore, the lift of the 
wing can be calculated by using, in place of a doublet distribution, a source 
and sink distribution as in the drag determination (Chapter 11). If inter¬ 
ference exists between the upper flow and the lower flow in tlie zone of the 
wing, the equilibrium at the subsonic leading edge or trailing edge must be 
considered and doublet distributions must be used. 
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Supersonic Lifting Line and Elementary Lifting Surface. Consider a 
source distribution of constant intensity C along the y axis from y = — oo to 
y = 00 . The corresponding potential can be obtained from ecpiation 354 and is 


4>q 


= - c r 

J \'(x- f)•-’ - 


drj 


{x - O'- - B- [(.y - v)'- + *1 


(707) 


WhenB = - 1, ^ and rj are the source coordinates and f in this case is 

zero. The expression 707 is to be integrated between limits when the expres¬ 
sion under the root becomes zero. 

Substituting for brevity reasons 


- 2 “ —- m" >1, y — ^ n 


(708) 


equation (707) becomes 



where in tliis case ni == — mandn 2 = +nu Therefore, 0 = —ttCj/B. Thus 
the potential jumps from zero to the value — irC/B on the surface of the wedge 
defined by 2 = ± x/B, Consider now a source distribution of constant density 
C/Co extended from x = 0 to x = Co and from y = — oo to y = -{- oo (two- 
dimensional flat plate). The corresponding potential is given by 


C 

<I>Q — — — 

Co 



df 


dr] 


V (x - 0'^ -■ B- [(y - + :-J 


The expression is to be integrated between limits where the expression under 
the root becomes zero; therefore 


<t>Q = — 


ttC 

1 b 


for points whose fore Mach wedge contains the entire source distribution from 
X = 0 to X = Co, while the potential is 

<t>Q = - + Bz) 

Co/> 

for points whase fore Mach cone contains only a part of the source distribution 
(m must be larger than one). From the potential of the source distribution an 
acceleration potential <t> can be derived by means of equation 361 which repre¬ 
sents a two-dimensional lifting surface. 
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for points contained between the two wedges, 

X = Bz and x — Co = Bz, 


while it is zero for points outside of this zone. 

From equation (.358) it results that* 

ttC h — 27rC h 

ih ± -, Cr +- 

Co I'l Co 


and 


Cl 


iirC h 

V? 


Therefore 


and from equation (362) 


r 


27rC7/ 

~vr 



(710) 


Tlie vertical component of tlie disturbance velocity u%> can be obtained from 
Ihe consideration that because the pressure variation occurs in normal direc¬ 
tion to the Mach wedges from (he leading and trailing edges of the surface, the 
variation of velocity must occur in the same direction; therefore, the following 
relation must exist between the two components of the disturbance velocity 
ih and nh* 

^ _ itChB 

U '2 = — llo cot M = +- 

Co Fi 


This eiiuation is eijuivalent to equation 578 where h is assumed equal to Vi/B, 


The angle of attack of the surface 
nqiresented by 

_ ?C2 _ ttC hB 

"" “ Co V?' 

Therefore, 

Cl = — = la tan jjl 

B 

and Cjj = 4a^ tan g 


is 



^ 1 . Fig. 235. The horseshoe vortex in 

These values of Cl and C/? correspond to 

the values that can be obtained with the 

same approximation from ei^uation 103, or 268. 

Consider now a lifting line of length equal to 2, placed along the y-axis in 

the z = 0 plane, from y = —ltoy = l (Figure 235); and suppose that the 
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intensity of the line is constant. If To is the circulation of the line (constant) 
the potential function of the lifting line can be obtained from equation (710) 
(see Reference 56). 



(710a) 


where </>q is the potential of a line source corresponding in position to the lifting 
line of unitary strength. 0 q is given by equation (551) which in this case has 
the form of equation (707) or (709), where jh = y — I aud n\ = y + 1. From 
equation (709) is obtained 


- B 


d<t>Q 

dz 


:n2 


Zfh 


m~y/in- ~ nr m- — nr 

ihzd^ 


But 


zihdx 




rn^ \/ ni- 


ri2^ 


2 2.r (y - I): V n 

where f = x- — B-z- = B~rn- 12 = x- — B- [(y — 1)- + 


(711) 


(712) 


The value 12 = 0 defines the surface of the Mach cone that starts from the ends 
of the lifting line (y = ±1, o" = 0, z = 0). Outside this Macli cone the value 
of the expression given by the integral of equation (712) is imaginary; there¬ 
fore outside the Mach cone from the ends of the lifting line, the value of the 
integral must be considered equal to zero. In this case in (^[uation (707) 
integration must be extended from 0 to x because the zone between — oo and 0 
is outside the Mach cone. For x = 0 the integral is eiiual to 7r/2. In the ve¬ 
locity considerations t/2 can be neglected and the potential of the lifting line, 
after trigonometric transformations, can be expressed in the form 


^ To ___ X (y - 1) 

(t)D = — tan ^ — 

2ir zVil 


I 


similar term for the cone at (y —1) (713) 


This potential is other than zero only within the two Mach cones arising at 
the ends of the lifting line, while it is zero in the other remaining space. 

For a complete circuit about each of the cone axes (y = ±1) and (z = 0) 
the arc tangent increases to 2t; therefore at the axis of the cone a vortex of 
circulation To exists. The circulation To extended between —1 and -f*l in 
the direction of the y-axis, continues in the direction of the x-axis producing 
two free vortices, and together they produce a horseshoe vortex similar to the 
subsonic vortex. 
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The velocity components corresponding to the potential are given by 


1 

Q 

To (y - l)z 

(714) 

dx 

2w (x2 - 

d<t>u ^ 

r„ xz 

(714«) 

dy 

2ir [z^ + {y - iP]Vn 

d<l>D _ 

r„ X (y - 1) (ft - 

(7146) 

dz 

■K [z-fl + (y - ly^'x^*] Vi 2 


All three velocity components bc^come infinite at the surface of the cone. On 
the cone axis, a is e((ual to zero; v and iv become infinite as r becomes zero 
(r radius from the axis). 

In addition to the two Mach cones that arise from the ends, the lifting line 
generates two plane waves, which enclose a wedge space, and produce the 
induced wave drag. 

In supersonic flow, analysis of the flow phenomena for a finite wing cannot 
be made by substituting for the wing a lifting line of variable circulation along 
the span, as has been done in the subsonic case, because singularities at the 
lifting line position (‘xist which notably complicate the problem of determining 
the drag depending on the vortex sheet. The difficulty depends on the fact 
that tlu^ lifting line is the locus of the vertices of all the Mach cones that are 
extended downstream and therefore must be a line with singularities. 

In order to overcome the ditliculty it is necessary to pass^from the concept 
of a lifting line to the concept of a lifting surface, which requires a more com- 
plic^ated analysis. A lifting surface can be obtained from a doublet surface 
distribution, the pottmtial of which can be derived from the potential of a 
source surface distribution. 

If, in the plane of th(^ wing (z = 0), a source distribution D(f, rj) is consid¬ 
ered, the corresponding potential is given by (equation 351) 


<t>Q — 



D ((, Tj) 






(715) 


and a corresponding doublet potential is given by 


<t>D — ^ 
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dz 


_ B ((, v)d^drj 
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(716) 


But the z component of the velocity corresponding to the source potential of 
equation (707) is 


d<t>Q 

w == —- 

dz 


(717) 
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and (as shown in Chapter 14, equation 577), in the plane z = 0, it is propor¬ 
tional to the intensity of the local source distribution, or 


^^*-0 y) = (718) 

Therefore for ^ = ir and rj = y 

{x,y) = kirl). 


Then in the plane of the wing {z = 0) the velocity component u is given by 

= (719) 

\ d.r / z = 0 dx 


and the pressure is given by 

Ap 



iir , dlJ 
' k * 
V dx 


(720) 


Behind a lifting surface of finite span an induced velocity exists, which can 
be delennined with equations similar to equations (714, 714tt, and 714fc). 
Indeed, consider a lifting surface of chord and span equal to 2 , and of con¬ 
stant intensity of circulation 7 , placed as the lifting line of Figure 235. The 
lifting surface is equivalent to an infinite number of infinitesimal lifting lines 
of circulation 7 span equal to 2, placed along the chord c/f. Along the axis 
of the Mach cone with the apex at the ends of every lifting line a free vortex 
exists of intensity 7 . Because the axes of all Mach cones from the tips of the 
lifting lines are coincident, along these axes (parallel to the j*-axis at y = ± 1 ) 
a vortex of circulation yd^ exists. The two vortices produce an induced ve¬ 
locity behind the lifting surfacci in the zone inside the Mach cones from the 
tips, that can be determined with equations (714). 

Any lifting surface with variable lift distribution along the span and the 
chord of the wing can be considered as a superimposition of scweral elementary 
lifting surfaces. Every lifting surface has constant intensity of circulalion, 
but the value of the intensity of circulation, tlie span of the surface, and the 
position along the chord change from one to another. In this case the free 
vortices can be determined directly from the lift distribution and, from the 
distribution of the vortices, the velocity induced at any point behind the wing 
can be determined with equations (714), (7l4a), and (7146). 

The circulation and the starting point of the free vortices produced by the 
lifting surface can be directly determined from the pressure distribution. 
Indeed, the circulation of the free vortex, starting from any point of the wing, 
is given by the variation of circulation along the span, and can be determined 
with equation 356, and is 

yu.») = (^^/^y)(T.,/). 

In the zone near the axis of the free vortex the velocity components given by 
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equation (714) behave exactly as in the zone near a vortex filament in incom¬ 
pressible flow; therefore the induced velocity in zones far behind the wing 
(exactly al a:; = oo) can be determined with the equation of Biot-Savart for 
incompressible vortex. 

Triangular Wing. 

First Approximation for a Very Slender Wing, With the hypothesis of 
perfect flow, the flow motion around a flat plate of triangular plan form must 
be of conical type, and therefore the potential function <t> that defines the flow 
can be expressed in the form (Chapter 12, page 237) 


\x X/ 


Indeed tlui velocity components obtained from the potential function must be 
functions only of the ratio of two spatial coordinates. The velocity compo¬ 
nents in this case are 




If the auxiliary coordinates 


X 


are introduced, from equat ion (722) are obtained 


dx^ X \ drj- 


+ 2^rj~ + 


dx^ X \ drj^ d^djj / I 

(723) 

dy- X drj^ ( 

dz^ k / 

Using equations (723) the equation of motion in the approximate form (equa¬ 
tion 339) becomes (Reference 57) 

— r 1 - ^ ["i _ Bsfzl _ = 0 (724) 
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B =:VMi2 - 1. 


If the body is very slender the terms rj and { at the surface of the wing are 
very small and for small Mach numbers the square terms and can be 
neglected; therefore equation (724) becomes 




= 0 


(725) 


which is the Laplace equation for two-dimensional incompressible How. 

Consider now a lifting triangular surface in the plane (z = 0) and at an angle 
of attack a, with plan form symmetrical with respect to tlie plane zx (Figure 
236a). Equation (725) suggests that the expression for the potential function 
that defines the flow around sucli a wing must be similar to tlie expression 


z 



(a) (b) 

Fig. 236. The lift in a very slender Iriamjular wing and its similarity to a flat plate in 
subsonic flow. 


that gives the potential function for a flat plate in incompressible flow. For 
the flat plate considered (Figure 2366), a symmetrical solution must be ob¬ 
tained; therefore if the vertical velocity component is Va\ the potential func¬ 
tion has the form (Reference 58) 

^ i Va y/ — xfl. 


If for the triangular flat plate the vertical component is Via the function F 
can be expressed in the form 

F = ± ViaVc^ - rf (726) 

where ± c is the value of rj at the plate edges. 

From equations (726) and (722) is obtained 
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The difference in pressure between upper and lower surfaces is (equation 381) 

Ap 


1 


pW 


- — 4 

“■ ^ 


Vr^ - 


(728) 


Because the elemental area of the wing is rfs = x^(irjl2, and the total area 
the lift coefficient of the wing is (Reference 59) 

C/. = 2TCa. (729) 

Or, intnxlucing the aspect ratio 4 of the wing ( A = ——) 

\ cx- / 

irAa 


Cl — 

2 

Equation (729u) is valid only for w ings of very small aspect ratio. 


(729a) 


Triangular Wing with Supersonic Leading Edge* In order to determine 
the lift of a triangular flat plate when 
the leading edge is outside the Mach 
cone, the system of source and sink 
distribution developc^d in Chapter 14 
can be used (the trailing edge is also 
supersonic). 

The pressure distribution on the wing 
is given by the expn^ssion 


Cp = - 


2 </>2r 


(730) 


where is given by equation (601), 
Chapter 14, and is 



</> 2 x 


«v'i - tr- 

outside the Mach cone, and 

<t>‘2x — — 


(731) 


'a 


Fig. 237. The lift of a triangular flat 
plate with supersonic leading edge. 


w 


inside the Mach cone, where (Figure 237) 




(731a) 


_ ky 


IV = Via; n = -; k = tan X; (t = . B = V- 1. 

B X 

Therefore the pressure difference Indween two corresponding points on tlie 
upper and lower surface is 

4 a 


ACp = 


bVi 




(732) 
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outside the Mach cone, and _ 

AC, = -;^=(l - -8in-> (732a) 

BV 1 - nA TT f \ - (tV 

inside the Mach cone. 

(Figure 207 of Chapter 14 shows the pressure distribution along the wing for 
different values of n; X in this case is equal to ±a,) 

The lift coefficient of the wing can be obtained by performing the following 
integration: 

4o: 




bVi 

Integrating by parts results in 


Jo 




Therefore the lift coefficient becomes (Reference 53) 
# 

4a 


Cl = 


(733) 


(734) 


(735) 


Vm,« - 1 

The value of Cl given by equation (735) is identical to the value obtained 
for a two-dimensional wing with no sweepback, when the same approximation 
is considered, and is independent of the value of the angle of sweepback. 

The total induced drag is proportional to the angle of attack because no 
suction forces exist, and therefore has the form 


C 


Di 


\/ — 1 

CLa = -! CJ. 


(735a) 


Because the phenomenon is conical and therefore the pressure is constant 
for <T = constant, the center of pressure is at the 2/3 of the root chord from the 
apex. 

An analogous system can be used for every wing with supersonic trailing 
edges and leading edges. 


Triangular Wing with Subsonic Leading Edges. Determination of the 
Lift. The lift of a triangular flat plate with the leading edge inside the Mach 
cone has been determined by using the theory of small disturbances, with 
several different mathematical treatments (References 57, 60, and 61). A 
treatment that uses methods familar to aerodynamic theory is that which de¬ 
termines the lift of the wing by using a doublet distribution (Reference 61). 

If a source distribution is considered in the plane z = 0, the potential 
function of the source distribution is (equation 573, Chapter 14) 
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<I>Q — 



P ii, ri)d^drt _ 

- - IP iy - - IPz^ 


(736) 


By diHerentiation of equation (736) a doublet distribution can be obtauned. 
The flow that satisfies the boundary conditions around a triangular wing 
must be a conical flow; therefore in expression (736) the variable h defined by 


6=5 (737) 

can be used in place of the independent variable rj. The source distribution 
v) considered will have the form 


D (f, 7?) = {/ (/i). 

Tlierefore equation (736) becomes 


<i>(i ~ 


f (h)dli 




VU - ^y - B- (.y - h^y - Bh'^ 


(737a) 

(738) 


The limits of the first integral of equation (738) are the origin of the coor¬ 
dinates, which coincides with tlie vertex of the wing, and the value of 
of the last source that can alfect the Ilow at tlie point P(t, y, z). The value 
of $1 is given by the value of ^ that makes the radical of the integrand zero. 
The limits —c and +c of the second integral are the values of h corresponding 
to the leading edges of the wing. The wing is in the plane (z = 0), and the 
plane (y = 0) is a plane of symmetry. 

Ihe poUmtial of tlie doublet is given by 


(t>i) — 



r _ ^ ^ — . 


(739) 


The first integral of eipialion (739) can be evaluated and the derivation can 
be performed. 

For reasons of brevity, assume 


<i = 2 (B^‘yh - jc^ = 2x “ l) 


in 

n=^ - B^h^ 


f = -y 

2 Vln 


. 


(740) 
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— 4//i ^ rn 

Vnf“’ + m^ + I 4^2 8n2 Vn 2 V/n 


because 

Therefore 

dz 

or 


Vm^i- + rn^i + / = 0. 

m ^ ^ ±^r L_ + drill 'fl 

/(.« Ll - f- J 


Villi'® + + / 


<#.0 = J_^'/«y(/i)rf/t. 


(741) 


(742) 


Because given by equation (742) can be expressed in the form (eipialions 
740 and 741) 

r-^c 


<t>o = -r 




(7i:{) 


it represents a conical phenomenon. In order to obtain for every conical 
boundary condition the corresponding intensity of the source distribution, 
the function/(/i) must be determined. 

At the surface of the wing, for y/x between — c and +c tlie velocity compo¬ 
nent in the z direction, w, must be 


iVz = o = Via 


= ( 

\ dz /* = o 


(714) 


where a is the angle of attack and Vi is the undisturbed velocity. From 
equation (742) is obtained 

^ (-) / im 

\dZ 


Wz = 0 ^ 


or using equations (741) and (740), 
IP 


= 


(1 - i^2/j2)3/2 

Because the phenomenon is conical 






+ ctnh~‘f) / {h)dh, (745) 




it) 


= 0. (746) 
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Using equations (745) and (740) is obtained 



(747) 


Equation (747) is of the same form as the integral equation obtained wtien 
the incompressible flow normal to a two-dimensional flat plate is constructed 
by use of a doublet distribution. The solution obtained in the incompressible 
flow case can therefore suggest an expression for tlie function f{h), that will 
satisfy the boundary conditions (Reference 58). 



-C 


+ C 


Vja 




Fig. 238. The lift of a triangular flat plate with 
subsonic leading edge. 


In subsonic two-dimensional incompressible flow, the potential of a doublet 
placed in th(^ plane (z = 0) along the y-axis is given by (Figure 238) 


<t>r> — 


(y-T,)‘-^ + z-^‘ 


(7*18) 


The corresponding induced velocity in the z direction, in the plane (z = 0) 
is given by 




1 

(y - >?)“ 


(7*19) 


If gig) is the doublet distribution along the y-axis from —c to +e that 
satisfies tlie boundary condition, it follows that 
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g{v)dn ^ 

iy - vY 


( 750 ) 


Along the surface of the plate the vertical velocity component must be con¬ 
stant; therefore 


g iv)dv 

(y - vY 


(751) 


Equation (751) is of the same type as equation (717); therefore it suggests 
for the doublet distribution/(/i) an expression of the same type as the doublet 
distribution g(rj). The distribution g{rj) must give a symmetrical solution 
with respect to the r-axis because a symmetrical solution must be expected 
for the triangular wing, and therefore is the symmetrical distribution without 
circulation that must be considered. 

Now the doublet distribution for the flat plate is equivalent to the dilference 
of potential between the upper and lower surfaces of the flat plate which, for 
incompressible^flow without circulation, is given by the following expression: 

A(t> = 2ViaVi^ - yK (752) 

Therefore for the function/(/i) an expression of the form 

J(h) = iVc^ - (753) 

must be considered. 

Equation (753) is a physical solution of the problem, as can be verified by 
substituting equation (753) in equation (745). 

The value of the constant / must be obtained from equation (745). The 
integration of equation (745) is involved, but can be accomplished by using 
integrations by parts. 

In order to obtain the value of the intensity / the value of w from equation 
(745) must be calculated. The calculation can be made for the lines {z = 0) 
and (y = 0). 

Performing the integration gives 

w = wIE {\Y\ — IPc^) = V\a (754) 

where E I — is the complete elliptic integral of the second kind, with 
the parameter 

ife = sin a = Vl - B^c\ (755) 

The value of the elliptic integral is available in tables as a function of the 
parameter k (see Reference 62). 

Equation (754) permits determination of the intensity of the doublet dis¬ 
tribution as a function of the angle of incidence of the wing. 
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Ill order to determine the lift of the wing, the velocity component u must 
be determined; indeed 

^-+^- (T56) 

The u component of the induced velocity can be determined by using equation 
(719). The source distribution is given by equation (737a) 

[) = |/(/t) = ^/%/(•■= - 


irE (Vl - BV) 


rilcreforc 


= -_jgg--. (75») 

I 1/2 W - (VI - c^lP) 

2 " 

By integration of (2A/i dh)/\pV^ from —c to +c the value of the lift coef¬ 
ficient is obtained as 

/I 1 2Ap Ittcol 

Cl = - / ~ dh= - 2 .— . 759 

J Ipp eVo^bv) 

luluation (759) siiow s that the lift curve slope is a function only of the parame¬ 
ters li and c. 




0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0 

Cot X/tan jx 

Fig. 239. The rvalue of the function E versus cot X/tan ju. 

The value of the elliptical integrals is shown in Figure 239 as a function of 
the value Be, The value Be corresponds to (cot X/tan fi) where (x/2 — X) 
is the sernhangle at the apex of the triangular wing, and jjl is the Mach angle. 

In equation (759) if Be approaches zero, E(Vl — approaches unity, 
and the lift curve slope becomes 

^ = 2« 
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which corresponds to the value of equation (729). If Be is ciiiial to one 
(X = 7r/2 — m), E is equal to 7r/2, c is equal to l/( v — 1), and Cl becomes 

4a: 


Cl = 


-1 


(760) 


which is the value for the two-dimensional case or for supersonic leading edge 
as was shown on page 362. 

The ratio of the lift of the triangular wing to the lift of the two-dimen¬ 
sional wing Cloo (equation 760) is 


Cla _ 

(’/-a, 2h:W~ BV' 


(761) 



Fig. 240. The ratio of the lift coefficient of the triangular wing to 
the lift coefficient of the two-dimensional wing as a function of 
cot X/tan M {from Reference 61). 


The ratio is a function only of Be = (cot X/tan fj). The value of ClJClo 
as a function of (cot X/tan /i) is shown in Figure 240. 
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In Figure 241 the lift curve slope for two wings as a function of the stream 
Mach number is sliown. When Be is equal to one, the lift curve slope is equal 
to the two-dimensional value. 



Fig. 2M. Lift-curve slope as a function of Mach number for two swept 
bark wifKjs \ = 60"^ and X - (from Reference 61). 


From the pressure distribution obtained for the triangular wing the lift for 
every type of wing with supersonic trailing edge, derived from the triangular 
wing w ith subsonic or supersonic leading edges, can be obtain'd. For example, 
lift or wings such as those show n in Figure 242 can be determined. 

Truuignlar IT'ing tvilh Subsonic Leading Edge, Determination of the 
Induced Drag, As was discussed on page 351, when the leading edge of the 
wing is subsonic, and is sharp, a vortex separation occurs in the zone of the 
leading edge. The separation can be eliminated by using a round leading 
edge. In this way a suction force exists at the leading edge that deviates the 
resultant of the pressure from the direction normal to the chord, and reduces 
the drag due to lift. The existence of suction forcM s in the triangular wing 
with subsonic leading edge increases somewhat the value of the optimum 
L/D of the wing. The maximum value of the suction force that can be ex¬ 
pected is obtained when the suction force is extended to the entire leading 
edge. The value of this maximum can be calculated. 
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Without suction force 

Di = La (762) 

while if F is the suction force at the leading edge, 

Di = l.a - F. (763) 

The suction forces can be calculated as in the subsonic case. In the subsonic 
case at the leading edge of a flat plate a discontinuity of velocity component 





Fig. 242. Examples of plan forms that can he 
analyzed by the Iheory of triangular wing. 


in the direction of the chord of the plate occurs. The discontinuity produces 
a vortex. If the circulation of the vortex at the leading edge is called F and 
the flow is compressible flow, the value of F can be expressed in the form 
(Reference 58) 

(764) 


r 

d ->0 


Vl - Mi‘Vd 


when d is the distance in the direction normal to the leading edge, G is a con¬ 
stant, and Vl — is the compressibility factor (Mi is the Mach number 
corresponding to the component of the velocity normal to the leading edge.) 
The suction force produced by the vortex F, is given by 

pirG^ 


F, 


(765) 
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Tlie velocity at the leading edge of the plate is given by 

(766) 

Vl - Mi‘‘Vd 

For the triangular wing the equation of the Hat plate can be used, because 
locally the phenoinenc^i is the same as two-dimen¬ 
sional. The (component of the velfx^ity along the 
wing ill the direction normal to the leading edge 
is (Figure 243) 

LI = n cos X r sin X = —- (767) ^ 

V 1 -f c- / 

because c — cot X, but from equation (757), \ 

U = TT — = ± (768) / \ / / 

dx 1 / /v\'^ /vH' / \ 



dl) - 

V = IT = + —7 

<>y 1 / 


l/'-C)’ 


^ Fig. 243. Deierminalion of 
W08a; ihe\siie(ion force. 


Therefore 


u = ± = + 




(7686) 


__ 

where r = x^/ 1 + r is the distance of a point on the leading edge from the 
apex. 

The suctiim force* for an element dr of the leading edge in the direction 
normal to the leading edge from equations (765) and (766) is 

dj%, ^ pTTcr/W ^l — Mn * (769) 

dr 2 

If the root chord of the wing is indicated by ("o, the value of F„ can be ob¬ 
tained by integrating equation (769) from r equal to zero to r equal to 
C^y/x + c-\ therefore 

p,rv-nv(i + »••■') Vl - M7 


Tlio coinpoiieiil F in I lit* (light dirniioii is givt*n by 


F - 2/7 cos X 


vVI I - M„~ 
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Substituting in equation (771) the value of I given by equation (754), and 
for a/ 1 — Mn“ the corresponding expression 


Vl - = 


V] - IP c- 
Vl + 


(772) 


The induced coeflicient becomes 
Cd = 


— t = 2E (yT- lPc^ - Vl -/jv'-l (77:5) 

-piVi-.s J 

where A is the aspect ratio of the wing and the term Cir/TrA\^l — repre¬ 
sents the suction forces. Wlien Be = 1 or when the leading ('dge becomes 
sonic, tlie suction forces disappear and the induced drag becomes [_E{i)) = 7r/2] 


but .4 = 4 cot X = I tan ^ = 


(Jjj^ = 

\ 


(774) 


- \ 

Tlierefore eijuation (771) is eiiuivalenl to e(|uatioii (755a). 

If Be approaches zero, becaiiseB(l) is ccjual to oiu', thi^ induced drag becomes 

'V,,.. = (775) 

which is the value found for very slender wings and is tlu^ value obtained 
for incompressible flow. 


Rectangular Wing. Tin; aercKlynamic phenomena for a wing witli rectangu¬ 
lar plan form are dilferent from the phenomena for a two-dimensional wing 
only in the zone of the tips contained within the Mach cones, having their 
apexes at tlu^ (uuls of tin', leading edge (see Chapter 14, pag(^ 2<15). I n this zon(‘ 
tlu3 effect of the tips changes the flow from two-dimensional, and the variation 
is such that, at the tips, conical flow (exists. (Indeed, for the tips of a reetan- 
gular w ing the same considerations made in Chapter 12, pag(^ 256, can be ap¬ 
plied.) 

Determination of the flow field at the tips of the wing is possible with the 
approximation of the small-disturbances theory, and various dilferent mathe¬ 
matical treatments have been developed (References 56 and 57). Here the 
treatment that uses the scheme of doublet distribution will lx* given (Refer¬ 
ence 56). 

In the S(‘cond paragraph of this chapiter it was shown that in siip(»rsoni(; 
flow, doublet distributions can be siibstituh'd for lifting surfaces. In a rec¬ 
tangular wing (Kigun^ 244) the lift must go to /.<‘ro at tin* tip of the wing (lines 
AB and liBj), whih‘ it must have a conslant valm* in the zone betweiai the 
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two end Mach cones (zone ACCiAi). In the zones ABC and AiBiCu the 
phenomenon must be conical; therefore the lift distribution can be considered 
as obtained by superimposition of an infinite number of constant and infini¬ 
tesimal lift distributions of trape¬ 
zoidal plan form (ADAiDi) with L 

different values of the angle X. The I 


angle X that defines the plan form of 
the trapezoidal infinitesimal wing 
must have values between 7r/2 and 
{t/2 — ijl), where /x is the Mach angle. 
In this way, in the zone between the 
two Mach cones (zone ACC\A\), a 
constant lift distribution is obtained, 
while within the Mach cones the lift 



remains constant along every straight Fig. 244. The rectangular JIat plate. 

line from the apexes A and Ai of the 

cones, and therefore the phenomenon is conical. 

The problem of determining the lift distribution of the rectangular wing is 
transforitHMl into the problem of determining the intensity of the lift distri¬ 
bution of the> trapezoidal w ings as a function of the angle X, in order to satisfy 
the boundary conditions. The boundary conditions are satisfied if the result¬ 
ant of the induced velocities produced by the infinitesimal lift distribution is 
such that, the flow is tangent to the wing. 

Now the induc(‘d velocity produced by a trapezoidal wing with constant 
lift (listril)ution can be determined. 


I'rapesifidal Lift Di.slrihutii^n of (APiistnot hiteiisily. If a trapezoidal 
wing, of angle X and lift intx'nsity 70 constant on the entire surface is analyzed 
(Figure 245), the vehn-.ily induced by every strip, of the surface can be 
calculated by using equation (7146). If the strip considered is placed along 
the axis (J = 0 ) from ~ I to + 1 , the vertical component of the induced velocity 
(downwash) produced by tlie lifting element 70 d? in the plane (z = 0 ), is 
given by 


div = — 


2" rft y'fLr 

2t ^ x{l-y) 


(776) 


wliile for an element of surface ext ended from —rj to -f -77 at the distance { from 
the leading edge, the downwash is giveii by 
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The downwash is zero outside of the Mach cone with apex at the ends of the 
element. 

The velocity induced by the entire distribution at a point P{x, y, 0) is 





Fig. 2i5. The indiirtion due to a trapezoidal circu¬ 
lation distribution of constant if density. 


The upper limit corresponds to the value of g of the last strip .4 A', of surface 
that can affect the point P{x, y, 0) (Figure 245). JNow the cooidinates t?*, 
of the point A are given by the following expression: 

77* — y 1 

- - i = Ian M = ± - (779) 

X — H 

or 

/i = ± 1 (779a) 

X- 

and 

= cot X. (780) 

r 

The plus-or-minus sign in equation (779) corresponds to the two possible 
positions of the point P with respect to the point A, the position Pi, and the 
position P 2 . 

Equation (778) can be transformed by introducing the following parameters: 

T = (781) 

X - ^ 



X 


(781a) 
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G = - = /i cot X = 7i ? (781b) 

because rj is the ordinate of the end points of the lifting elements. In this case 
the lower limit of the integral, ? — 0 , corresponds to 7 / = 1 , and 



X 


while the upper limit, ? = corresponds to r = ±1 (equation 779). But 


dr=+B-^ +J} JISUL di 

or because 

B = O == B cot X = constant 

rfr = + — - (t — O). 

X ^ 

Therefoni ecpiation (778) becomes 



(782) 


For (Hpiation (782) three cases must be con¬ 
sidered (Figure 216). The first case is when 
the point P is on the lifting surface (P 
= Pi), 

h> e 

and in the upper limit the plus sign must be 
considered. 

The second case is when P = P 2 , 

0 < /i < 0 



Case 3 


or 

1 - y 1 - 
0 < ^ < — 
X ^ 


Fig. 246. The three possible 
positions of the point P in which 
the induction must be deter¬ 
mined. 


The point P is outside the lifting surface but 

is in the rectangular wing. In this case the integration in equation (782) 


must be extended from r = /i to r = —1 or from 


to 


B !LZLy ^ Lny > 0 

X — ^ X 



- 1. 
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In this case a position must be considered in which t = 0. For t = 0 the 
integral of equation (782) has a singularity and the value of w must be deter¬ 
mined by using the expression 

. f Vl — dr , f Vl — 1-2 dr 1 


IV = - -^"Blim 

27 r e - >0 


1 — dr 
T r — 0 


(782a) 


The third case is when the point is outside the rectangular wing, h < 0 (P = 
Ps). The upper limit in this case is minus, and t is always negative. 

The integral 


= F(/i, 0) 


can be calculated by elementary methods. 
If it is assirmed that 


rr — 1 


1 -f-Vl - 


F(h, 0) becomes 


F{h, 0 ) 


(1 — r^ydr 

r (I 4 -r^) [Tr - 0 (1 -h r^)] 


(1 - r^y _ ^_2_J_ 

r (1 -f- r^) [2r - 0 (1 -f- r^)] 1 + F- 0r 

, V1 - 0 -' / 1 


0 \r — r 2 r 


where 


1 + Vl - 02 


ITierefore when ft > 0 for the function P(ft, 0), the following expression is 
obtained: 

F(ft,0) = - — 2 tan“^ 

2 0 

^ Vi - + Vi - - 1 +Vi -02l 


- 0 -^ _ 


0 o 

When the point P considered is outside the trapezoidal lifting surface, but in 
the rectangular wing, if the expression 

1 -f Vl - e2 
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is introduced, the first integral of equation (782a) becomes 


•+e 


vT 




T — 0 


= + 2 tan~^ m — 2 tan~^ yp + 


log m log \l/ 


0 


0 


Vl - 02 /au - l- vi -02 0,/.-l+Vl~02 

+-log--- 

0 m0 - 1 + VI - 02 0,/. ~ 1 - VI - 02 


and the se(;ond integral becomes 

f ' Vl - t 2 rfr 


^10 4 ! 

-= — "T; + 2 tan“* m--~- 

r - 0 2 e 


Vl - 02 , me + 1 - Vl - 02 

^-- log-• 

me + 1 + V I - 02 

When c —> 0, ni oo ; therefore the function F{h, 0) has the form 

F(/i, 0) — T — 2 tan ‘ xp — 

2 0 


V I - 92 I + Vl - 02 0 ^ - 1 + V 1 - 02 

-j - log - --7 ^ ... —-^ • (i88a) 

0 0 0 ^ _ 1 _ Vl - 02 


Lift IHstribution for a Rectangular R ing* For a rectangular wing, in the 
central zone contained between the two Mach the cones with their apex at the 
ends of the leading edge, a (constant induced velocity exists, due to the; plane 
waves at the leading edge. 

With the approximation of the sinall-disturbances theory, the value of the 
vertical coinpon(*nt of the induced velocity is given by 


a^w lives 


- aoVi 


1 J'o 

2 tan n 


(789) 


Indeed, the dilference in prcwssure Ixnween upper and lower surfaces is given 
by (equation 355) 

Pu - Pi = Ap = PiFiFo (790) 

and from equation (103) is obtained 

Pu — Pi = 2pi Wao tan /X. (790a) 

Equation (789) gives the value of the intensity of circulation (constant) that 
exists in the central part of the wing. 

At the ends of the wing the circulation must be zero, and in the zone of Mach 
cones at the tips the intensity of circulation can be expressed in the form 

r(h) = To/ (h) (791) 

because the phenomenon is ( onical. 

In the zone of the tips a vortex distribution in the direction of the x-axis 
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exists which produces an induced vertical velocity Wn; therefore the boundary 
conditions at the tips can be written in the form 


where 


ao = a (h) — 




r(/0 

hi tan fx 


(792) 

(793) 


The variation of circulation intensity from the zone li to the zone (/i + dh) 
is given by 

dT{h) = Vof(li)dh. (794) 


Therefore it is possible to assume that the circulation distribution of the wing 
is obtained by superimposition of an infinite number of trapezoidal circulation 
distributions. The intensity of the distribution is such that, for a value of 0 
equal to the h considered in (794), it must be 

r(e) = = ro/'(0) (795) 

The velocity induced at every point P{x, y, 0) inside the Mach cone by the 
circulation distribution of intensity as in equation (795) is given by (equations 
782 and 783) 

dw (/i) = BF (/), 0) . (796) 


Therefore tlie induced velo(’ily along every line (h = constant) is given by 

r„ r“‘ 

^ ^ (AO)/'(0)de. (797) 


Substituting in equation (792) equations (789), (791), and (797), the bound¬ 
ary conditions can be expressed in the form 

'’0= I 


/(/ 0 + - 
TT 


/' (0)fxe, h)de = 1 . 


(798) 


The function F{h, 0 ) is given by equation (782) and presents a singularity 
for = 0 (an infinity occurs in the value within integral for the condition 
A = 0). Therefore equation (798) must be determined by using the expression 


/ (h) + - lim 



f (e)F{h, e)de 


* 

J 0 ^ 4- c 


f (e)/(/», e)de 


= 1. (799) 
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Differentiation with respect to h gives 


/' (h) + - f {h)F,{h, h) + 


/'0 Q) do - r {h)h\ {h, h) 
dh 


dF (h 0) 

/ 0-TT— = 0. (800) 

on 


In ecfualion (800) the term Fi(/i, h) is the principal value of equation (788) for 
O ccjual to h, and the term h) i« the principal value of expression (788a) 
for B ecpial to h; therefore the expression 


/' (h) F, (A, - Fo (A, h) 


can be obtained froui the value of the limit of the difference of expressions 
(788) and (788a) for B h. The limit gives for tbe expression the value of — tt; 
(hend’ore ecpiation (800) becomtis 
ro = 1 

/ r (0) rfe = 0. (801) 

/ dh 

= (I 

After ditfereiitiatioii within llie intefjral, equation ( 801 ) becomes 


VI - h- 
h 


h - 0 


rf0 = 0 


/' (B) 


rf0 = 0. 


For equation (803) the following solution can Ih* found: 

/ (0) = - cos-‘ (I - 20). 


Li/f, Drag^ and Moment of the Rectangular W ing. The lift of the rec¬ 
tangular wing can be considered as composed of the lift of the central zone, 
between the two end Mach cones, and of the lift of the surface contained in¬ 
side the Mach cones. If A is the aspect ratio, and S the surface of the wing, 
the first part of the lift is given by 




(8(15) 
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The lift of the second part is given by 


U = PiVi - tan n / r(e)de = tan piFi - To / /(e)rfe. 


Because 


the total lift is 


/(e)(/e = I 


L = p,F,r„.s i - 


>■(' - 


Cl = 4ao tBii II 


Because the lift coefficient of the infinile wing is, with the approximation 
accepted, 

= tofo Ian ju 

the lift coefficient of the rectangular wing can he expn^ssiHl in the form 


P r I M 

1 — —--- • 

L 2 A J 


The drag of the wing also can he divided in two parts: the drag of the central 
zone of the wing and the drag of the tips. 

The drag of the central zone can he determined with tlie two-dinnuisional 
theory and is 

D, = mL = ^ r„2—(809) 
2 tanpV A / ^ ^ 

The wave drag of tlic tips is given by (equation 793) 


= 2pi / r —^— dS 
I 2 tan IX 


because V/ (2 tan p) is the induced down wash velocity. The elemental tri¬ 
angular surface can be expressed in the form 

dS = tan p A rfe (811) 


r = ro/(0) 
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Therefore the wave drag of the tips is 

D, = IV 
A 2 



J 


/(G) rfe 


(813) 


At the tips of the wing a free vortex distribution exists that also produces 
an induced drag, D 3 . This part of the drag can be expressed in the fonn 


But 


A = 2p r rwndS. 
Jo 


Therefore the total drag is given by 


D = ni + Di-t- i)i = ^ r„- r 1 - 

2 tan /X L 2 A - 


and 


Cr> = tan p 


1 tan, 


2 A 


Ci: 


1 tan p 


A _ 1 t an 
\ 2 ' A / 


(814) 

(815) 

(816) 

(817) 


If the lift coeflicient is constant, the drag increases when the aspect ratio of 
the wing decreases. 

Using tlie value of the drag, , of an infinite wing for the same lift coef¬ 
ficient, equation (817) can be written in the form 

Co = C,,^ -; - (818) 

J _ I tan p 


If the axis of referenct' is at the leading edge, the moment of the wing is 

rn = 2plVau^'c »»» M (819) 

L2 3 A J 

where c is the chord of the wing; therefore 


A — 2/3 tan g 
24 — tan p 


(820) 


Equations (808), (817), and (820) are valid until the aspect ratio of the wing 
becomes so small that the Mach cones at the tips overlap on the surface of 
the wing. 

When a zone of the w ing exists that, is inside both Mac'h cones from the ends 
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of the leading edge, equations (808), (817), and (820) are no longer valid, but 
the flow field and the pressure distribution can still be determined with the 
same system. Indeed, past the tip of the wing a flow field has been found 
that satisfies the boundary conditions, and the boundary conditions and law 
of motion are still satisfied if the two flow fields of the tips art^ superimposed, 
because the approximate form of the motion is used. 

The pressure coefficient in the zone in which the two Mach cones overlap 
is given by 


cv = 


2r jh) 


(821) 


but from ecxuations (792) and (793) 


1 T{h) ,,, w, 

2 Vi tan M Fi Fi 


(822) 


where iVhi is the vertical velocity component induced by one of the tips and 
Wh 2 is the vertical velocity component induced by th(i other tip. (The valutas 
of hi and are the values of h for the point examined, consid(T{'d respectively 
in each of the two ends of the w ings.) The valiui of Wh is given by ecpiation 
(815) 

«V. = (1 - 2«)T (823) 

2 tan g L TT J 

Therefore 

C„ = 4«o ^^l^cos > (1 - 2B,) + COS '* (1 - 202) - ttJ. (824) 


Again Bi and O 2 are the values of O for a 
given point of the wing w h(*n the two oppo¬ 
site ends of the w ings an; considered. 

When the aspect ratio of the wing has 
such a value that the Mach cones reach 
the ends of the trailing edge {A = tan g) 
(Figure 247), for every point P of the trail¬ 
ing edge (line DE) the following relation 
exists between 0i and 02 *. 

01 + 0j = Lili* + = 1 . 

^ tan /JL J tan fi 

Tlierefore 

cos"^ (1 — 20i) = TT — (;os“^ (1 — 202) 

(825) 


A B 



Fig. 247. The wing plan form that 
has zero pressure difference at the 
trailing edge. 


and (Heference 57) 


CV = 0. 


( 826 ) 
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Figure 248 shows the lift distribution on the surface of the wing for A = tan n. 
If the aspect ratio of the wing is less than tan /x, the zone of the wing behind the 



Fig. 248. The lines of constant pressure in a rectamjiilar 
wirnj with zero pressure difference at the trailing edge. 


line DE, placed al a dislance from the leading edge of tan p times the span of 
the wing, has negatives lift. 
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(2) SYMBOLS OFTEN USED 


Latin symbols 

A aspect ratio of the wing 
a speed of sound 
B V Ml* — 1 or cot /X 

c chord of a profile 
Co drag ooelTicient 
Cl lift coefficient 

pitching-moment coefficient 
Cp pressure coefficient 

Cp specific heat at constant pressure (energy per degree for unit weight in mechanical 
units) 

Ct, specific heat at constant volume (energy per degree for unit weight in me<^hanical 
units) 

D drag 

g acceleration of gravity 

/ total heat (mechanical units, energy per unit mass) 

L lift 

M Mach number 
m viscosity coefficient or mass flow 

TV characteristic numl)er corresponding to equation (94) 

p pressure 

Q heat (energy per unit mass, mechanical units) 

R gas constant (length per degree) 

r radius in polar or spherical coordinates 

5 entropy (energy per degree per unit mass, mec^hanical units) 

T absolute temperature 
t time (Chapter 1) or thickness of the profile 
u velocity component in the x direction 
V velocity component in the y dire(5tion 

Vc critical stream velocity (velocity of sound at Af = 1, ecpiation 83) 

Vi limiting velocity (maximum possible velm^ity, equation 85) 

V 

W — ratio of the local velocity to the limiting velocity 

Vi 

w velocity component in the z-axis direction 
xyz Cartesian coordinates 

Greek symbols 
a angle of attack 

/3 angle between the shock and the velocity behind the shock 

C 

y = 1.40 in the numerical applications 

Cv 

5 a. (e — / 3 ), deviation of the velocity direction across the shock 

€ angle between the front of the shock and the velocity in front of the shock 

^ Cartesian coordinates (fi;f) 
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rj polar or spherical coordinate {rr)(p) or Cartesian coordinate (^ 77 $) 

0 inclination of the vector velocity with the a;-axis in the a*y-plane 
X inclination of the characteristic lines, or tangent to the wing profile 
ju Mach angle 

V angle of expansion from (A/ = 1) to the stream Mach number 
^ Cartesian coordinate (^ 77 ^) 
p density 
</> potential function 

<p polar {rrjtp) or cylindrical coordinate {xy(p) 

X angle of sweepback (measured between the edge of the wing and the normal to the 
dire(;tion of the velocity) 

Subscripts 

0 tJink conditions for undisturbed stream {V — 0 ) 

1 conditions of the undisturbed stream 
n normal component 

t tangent component 

T total 



(3) TABLES USEFUL IN THE ANALYSIS OF 
SUPERSONIC FLOW 


All the tables are determined assuming 7 = l.tO. 

TABLE I: Tsentropic transformations. 

The table gives as a fimction of the Mach number M (colunm 1) the following quanti¬ 
ties (part of the numerical values are taken from r(‘f(Tenee 63): 

Column 2 The ratio of th(‘ stream static pressure p to the stagnation pn'ssure pn 
the ratio is determined using ecjuation (U). 

Column 3 The ratio of the stream tenifKTatun^ T to the stagnation temptTuture 
To — the ratio is determined using ecpiation (3t9). 

Colunm 4 The ratio of the stream density p to the stagnation density po — the ratio 
is determined with equation 6. 

Column 5 The rntio of the cross st'ction of the stream tube when the Mach number is 
equal to one (4rr) t<> lh(^ cross seidion of th<‘ same stream tul)(‘ when the 
Mach number has the value giv(‘n by colunm I — lh(‘ ratio is det(Tmin(*d 
with equation (5la), 

Colunui 6 The ratio of the Uxal velocity to tlu' limiting velocity (maximum iK)ssible 
velocity obtained expanding the air to zi‘ro prcssun*) — the ratio is de¬ 
termined with equation (85/)). 

Column 7 The value of the Mach angle p (determined with ecpiation 52). 

Column 8 The value of the deviation of expansion u ne(*essary to obtain the given 
stream Mach nuinlxT from M = 1. The value is det(Tmin(‘d with e(|uation 
(81). 


m 



TABLE 1 


M 

Jl 

Po 

T 

To 

_P^ 

Pu 

Acr 

A 

V 

Vi 

.00 

1.0000 

1.0000 

1.0000 

.00000 

.00000 

.01 

.9999 

1.0000 

1.0000 

.01728 

.00447 

.02 

.9997 

.9999 

.9998 

.03455 

.00891 

.03 

.9994 

.9998 

.9996 

.05180 

.01342 

.01 

.9989 

.9997 

.9992 

.06905 

.01789 

.05 

.9983 

.9995 

.9988 

.08625 

.02236 

.06 

.9975 

.9993 

.9982 

.1035 

.02683 

.07 

.9966 

.9990 

.9976 

.1206 

.03130 

.08 

.9955 

.9987 

.9968 

.1377 

.03577 

.09 

.9944 

.9981 

.9960 

.1548 

.01024 

.10 

.9930 

.9980 

.99.50 

.1718 

.04471 

.11 

.9916 

.9976 

.9910 

.1887 

.04916 

.12 

.9900 

.9971 

.9928 

.2056 

.05,361 

.13 

.9883 

.9966 

.9916 

.2224 

.05805 

.14 

.9861 

.9961 

.9903 

.2391 

.06249 

.15 

.9811 

.9955 

.9888 

.2.557 

.06693 

.16 

.9823 

.9919 

.9873 

.2723 

.07137 

.17 

.9800 

.9913 

.9857 

.2887 

.07.581 

.18 

.9777 

.9936 

.9810 

..3051 

.08021 

.19 

.9751 

.9928 

.9822 

..3213 

.08466 

,20 

.9725 

.9921 

.9803 

.3374 

.08908 

.21 

.9697 

.9913 

.9783 

.3534 

.09349 

.22 

,9669 

.9904 

.9762 

.3693 

.09790 

.23 

.9638 

.9895 

.9710 

.3851 

.1023 

.24 

.9607 

.9886 

.9718 

. 1007 

.1067 

.25 

.9575 

.9877 

.9694 

.1162 

.1111 

.26 

.9511 

.9867 

.9670 

.1315 

.1155 

.27 

.9506 

.9856 

.9615 

.1168 

.1199 

.28 

.9170 

.9816 

.9619 

.1618 

.1242 

.29 

.9133 

.9835 

.9592 

. 1767 

.1286 

.30 

.9395 

.9823 

.9561 

.1911 

.1330 

.31 

.9355 

.9811 

.9535 

..5059 

,1373 

.32 

.9315 

.9799 

.9506 

..5203 

.1417 

.33 

.9271 

.9787 

.9476 

..5345 

.1160 

.31 

.9231 

.9771 

.9415 

.5186 

.1503 

.35 

.9188 

.9761 

.9113 

.,5624 

.1,546 

.36 

.9113 

.9747 

.9380 

.5761 

.1590 

.37 

.9098 

.9733 

.9347 

.5896 

.1632 

.38 

.9052 

.9719 

.9313 

.6029 

.1675 

.39 

.9004 

.9705 

.9278 

.6159 

.1718 

.40 

.8956 

.9690 

.9243 

.6288 

.1761 

.41 

.8907 

9675 

.9207 

.6415 

.1804 

.42 

.8857 

.9659 

.9170 

.6541 

.1846 

.43 

.8807 

.9643 

.9132 

.6664 

.1888 

.44 

.8755 

.%27 

.9094 

.6784 

.1931 

.45 

.8703 

.9611 

.9055 

.6903 

.1973 

.46 

.8650 

.9594 

.9016 

.7019 

.2015 

.47 

.8596 

.9577 

.8976 

.71,34 

.2057 

.48 

.8541 

.9560 

.8935 

.7246 

.2099 

.49 

.8486 

.9542 

.8894 

.73,56 

.2141 

.50 

.8130 

.9524 

.8852 

.7464 

.2182 
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M 

_ P ^ 

Po 

T 

To 

Po 

/ 4 cr 

T " 

V 

Vi 

.50 

.8430 

.9521 

.8852 

.7464 

.2182 

.51 

.8374 

.9506 

.8809 

.7569 

.2224 

.52 

.8317 

.9187 

.8766 

.7672 

.2265 

.53 

.8259 

.9168 

.8723 

.7773 

. 2,306 

.54 

.8201 

.9419 

.8679 

.7872 

. 2318 

.55 

.8142 

.9130 

. 8631 

.7969 

.2389 

.56 

.8082 

.9410 

.8589 

.8063 

.2129 

.57 

.8022 

.9390 

. 8511 

.8155 

.2170 

.58 

.7962 

.9370 

.8198 

.8211 

.2511 

.59 

.7901 

.9349 

.8451 

.8331 

. 2,551 

.60 

.7810 

.9328 

.8105 

.8416 

.2592 

.61 

.7778 

.9307 

.8357 

.8199 

.2632 

.62 

.7716 

.9286 

.8310 

.8579 

.2672 

.63 

.7654 

.9265 

.8262 

.8657 

.2712 

.64 

.7591 

.9213 

.8213 

.8733 

.2752 

.65 

.7528 

.9221 

.8161 

.8806 

.2791 

.66 

.7 165 

.9199 

.8115 

.8877 

.2831 

.67 

.7101 

.9176 

.8066 

.8915 

.2870 

.68 

.7338 

.9153 

.8016 

.9011 

.2910 

.69 

« .7271 

.9130 

.7966 

.9076 

.2919 

.70 

.7209 

.9107 

.7916 

.9138 

.2988 

.71 

.7145 

.9084 

.7865 

.9197 

.3026 

.72 

.7080 

.9061 

.7814 

.9255 

.3065 

.73 

.7016 

.9037 

.7763 

.9309 

.3103 

.71 

.6951 

.9013 

.7712 

.9362 

.3112 

.75 

.6886 

.8989 

.7660 

.9113 

.3180 

.76 

.6821 

.8961 

.7609 

.9161 

.3218 

.77 

.6756 

,8910 

.7557 

. 9.507 

.3256 

.78 

.6691 

.8915 

.7505 

. 9.551 

.3291 

.79 

.6625 

.8890 

.7152 

. 9.592 

. 3,331 

.80 

.6560 

.8865 

. 7100 

.9632 

.3369 

.81 

.6495 

.8810 

.7317 

.9669 

. 3106 

.82 

.6130 

.8815 

.7295 

.9701 

.3443 

.83 

.6365 

.8789 

.7212 

.9737 

.3480 

.84 

.6300 

.8763 

.7189 

.9769 

.3517 

.85 

.6235 

.8737 

.7136 

.9797 

. 3,553 

.86 

.6170 

.8711 

.7083 

.9821 

.3590 

.87 

.6106 

.8685 

.7030 

.9849 

.3626 

.88 

.6041 

.8659 

.6977 

.9872 

.3662 

.89 

.5977 

.8632 

.6924 

.9893 

.3698 

.90 

.5913 

.8606 

.6870 

.9912 

.3734 

.91 

.5849 

. 8.579 

.6817 

.9929 

.3769 

.92 

.5785 

.8552 

.6764 

.9944 

.3805 

.93 

.5721 

.8525 

.6711 

.9958 

.3840 

.94 

.5658 

.8498 

.6658 

.9969 

.3875 

.95 

.5595 

.8471 

.6604 

.9979 

.3910 

.96 

.5532 

.8444 

.6551 

.9987 

.3945 

.97 

.5469 

.8416 

.6498 

.9992 

.3980 

.98 

.5407 

.8389 

.6445 

.9997 

.4014 

.99 

.5345 

.8361 

.6392 

.9999 

.4048 

1.00 

.5283 

.8333 

.6339 

1.0000 

.4083 


392 






TABLE 1 (Continued) 


M 


T 

_ P _ 

Aer 

V 

/LX 

V 


Po 

To 

PO 

A 

Vi 



1.00 

.5283 

.8333 

.6339 

1.0000 

.4083 

90.00 

0 

l.Ol 

.5221 

.8306 

.6287 

.9999 

.4116 

81.93 

.045 

1.02 

.5160 

.8278 

.6224 

.9997 

.4150 

78.61 

.126 

1.03 

.5099 

.8250 

.6181 

.9993 

.4184 

76.14 

.230 

1.04 

.5039 

.8222 

.6129 

.9987 

.4217 

74.06 

.351 

1.05 

.4979 

.8193 

.6077 

.9980 

. 42.50 

72.25 

.488 

1.06 

.4919 

.8165 

.6024 

.9971 

. 1284 

70.63 

.637 

1.07 

.4860 

. 81.37 

.5972 

.9961 

.4317 

69.16 

.797 

1.08 

.4801 

.8108 

.5920 

.9919 

. 4.349 

67.81 

.968 

1.09 

.4712 

.8080 

.5869 

.9936 

.1382 

66.55 

1.15 

1.10 

.4684 

.8052 

.5817 

.9921 

.4114 

65.38 

1.34 

1.11 

.4626 

.8023 

.5766 

.9906 

.4146 

61.28 

1.53 

1.12 

.1568 

.7991 

.5711 

.9888 

.4178 

63.23 

1.74 

1.13 

.4511 

.7966 

.5663 

.9870 

.1510 

62.25 

1.95 

1.14 

.4455 

. 79,37 

.5612 

.9850 

.1512 

61.31 

2.16 

1.15 

.4399 

.7908 

.5562 

.9829 

.4571 

60.41 

2.38 

1.16 

.4343 

.7879 

..5511 

.9806 

.1605 

59.55 

2.61 

1.17 

.4287 

.7851 

.5161 

.9783 

.1636 

58.73 

2.81 

1.18 

.1232 

.7822 

.5111 

.9758 

.1667 

57.93 

3.07 

1.19 

.4178 

.7793 

.. 5,361 

.9732 

.1698 

57.18 

3.32 

1.20 

.1121 

.7761 

..5311 

.9705 

.1729 

56.44 

3.56 

1.21 

.4070 

. 77,35 

.5262 

.9676 

. 1759 

55.74 

3.81 

1.22 

.1017 

.7706 

.. 521,3 

.9617 

.4790 

55.05 

1.07 

1.23 

.3965 

.7677 

.5161 

.9617 

.4820 

54.39 

4.32 

1.24 

.3912 

.7618 

.5115 

.9586 

.1850 

53.75 

4.57 

1.25 

.3861 

.7619 

.,5067 

.9553 

.4880 

. 53.13 

4.83 

1.26 

.3809 

.7590 

.,5019 

.9520 

.1910 

52.53 

5.09 

1.27 

. 37,59 

.7561 

.4971 

.9186 

.4939 

51.94 

5.36 

1.28 

.3708 

.7532 

.4923 

.9151 

.4968 

51.36 

5.63 

1.29 

.3659 

.7503 

.4876 

.9415 

.4997 

50.82 

5.90 

1.30 

..3609 

.7171 

.1829 

.9378 

.,5026 

50.28 

6.16 

1.31 

.3560 

,7445 

.1782 

. 9,312 

.5055 

49.76 

6.41 

1.32 

..3512 

.7116 

. 17,36 

.9302 

.5081 

19.25 

6.72 

1..33 

.3164 

.7387 

.1690 

.9263 

.5112 

18.75 

7.00 

1.31 

.3417 

. 73,58 

,1641 

.9223 

.5110 

18.27 

7.28 

1..35 

.3369 

.7329 

.4598 

.9183 

.5168 

47.79 

7.56 

1.36 

.3323 

.7300 

. 1553 

.9111 

.5196 

47.33 

7.81 

1.37 

.3277 

.7271 

.1508 

.9099 

..5221 

46.88 

8.13 

1.38 

.3232 

.7242 

.1163 

.9057 

.5252 

46.41 

8.41 

1.39 

.3187 

.7213 

,4118 

.9013 

.5279 

16.01 

8.70 

1.40 

.3142 

.7184 

.4374 

.8969 

. 5,307 

45.58 

8.99 

1.41 

.,3098 

.7155 

. 1,330 

.8926 

.5334 

45.17 

9.28 

1.42 

.3055 

.7126 

.4287 

.8880 

.5361 

11.77 

9.57 

1.43 

.3012 

.7097 

.4241 

.8831 

. 5,388 

41.37 

9.86 

1.44 

.2969 

.7069 

.4201 

.8788 

.5414 

4 , 3.98 

10.15 

1.45 

.2927 

.7040 

.4158 

.8742 

.5141 

13.60 

10.41 

1.46 

.2886 

.7011 

.1116 

.8695 

.5167 

43.23 

10.73 

1.47 

.2845 

.6982 

.1071 

.8617 

. 549.3 

42.86 

11.03 

1.48 

.2804 

.6951 

.4032 

. 8.599 

.,5519 

42.51 

11.32 

1.49 

.2761 

.6925 

.3991 

.8551 

. 5,545 

42.16 

11.61 

1.50 

.2724 

.6897 

. 39,50 

. 8.502 

., 5,571 

41.81 

11.91 
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TABLE 1 (Continued) 


M 

Po 

T 

To 

p 

Prt 

A cr 
~ 

V 

Vt 

p 

p 

1.50 

.2724 

.6897 

.3950 

.8502 

.5571 

41.81 

11.91 

1.51 

.2685 

.6868 

.3909 

.8453 

..5596 

41.47 

12.20 

1.52 

.2646 

.6840 

.3869 

.8404 

.,5622 

41.14 

12.51 

1.53 

.2608 

.6811 

.3829 

.8354 

.5647 

10.81 

12.80 

1.54 

.2570 

.6783 

.3789 

.8304 

.5672 

40.49 

13.09 

1.55 

.2533 

.6754 

.3750 

.8254 

.5697 

10.18 

13..39 

1.56 

.2496 

.6726 

.3711 

.8203 

.5722 

39.87 

13.68 

1.57 

.2459 

.6698 

.3672 

.8152 

.5746 

39.,56 

13.97 

1.58 

.2423 

.6670 

.3633 

.8102 

..5771 

39.27 

11.27 

1.59 

.2388 

.6612 

. 3.595 

.8050 

.5795 

38.97 

ll .,57 

1.60 

.2353 

.661 1 

. 3.557 

.7999 

..5819 

. 38.68 

14.86 

1.61 

.2318 

. 6.586 

. 3.520 

.7947 

.5843 

38.40 

l .' S.lO 

1.62 

.2281 

.6558 

.3183 

.7895 

.5867 

38.12 

15.46 

1.63 

.2250 

.6530 

.3146 

.7813 

..5891 

37.81 

15.75 

1.64 

.2217 

. 6.502 

.3 !09 

.7791 

.5914 

37..57 

16.01 

1.65 

.2184 

.6475 

.,3373 

. 77,39 

.5938 

37.31 

16.33 

1.66 

.2152 

.6147 

.3337 

.7686 

..5961 

37.01 

16.63 

1.67 

.2120 

.6419 

.3302 

.7633 

.5981 

36.78 

16.93 

1.68 

. 208 § 

.6392 

.3267 

. 7.581 

.6007 

36..53 

17.23 

1.69 

.2057 

.6361 

.3232 

. 7,529 

. 60.30 

36.28 

17.52 

1.70 

.2026 

.6337 

.3197 

.7476 

.6052 

36.03 

17.81 

1.71 

.1996 

.6310 

.3163 

.7123 

.6075 

. 35.79 

18.10 

1.72 

.1966 

.6283 

.3129 

.7371 

.6097 

35..55 

18.10 

1.73 

.1936 

.6256 

.3095 

.7318 

.6119 

35.31 

18.69 

1.74 

.1907 

.6229 

.3062 

.7265 

.6111 

35.08 

18.98 

1.75 

.1878 

.6202 

..3029 

.7212 

.6163 

. 31.85 

19.27 

1.76 

.1850 

.6175 

.2996 

.7160 

.6185 

. 31.62 

19..56 

1.77 

.1822 

.6148 

.2964 

.7107 

.6207 

. 31.40 

19.85 

1.78 

.1794 

.6121 

.2932 

, 70.55 

.6228 

31.18 

20.14 

1.79 

.1767 

.6095 

.2900 

.7002 

.6219 

. 33.96 

20 . 4.3 

1.80 

.1740 

,6068 

.2868 

.6949 

.6271 

. 33.75 

20.72 

1.81 

.1714 

.6041 

.2837 

.6897 

.6292 

33.51 

21.01 

1.82 

.1688 

.6015 

.2806 

.6845 

.6313 

33..33 

21..30 

1.83 

.1662 

,5989 

,2776 

.6792 

. 6,333 

33.12 

21.59 

1.84 

.1637 

.5963 

.2745 

.6741 

.6354 

. 32.92 

21.88 

1.85 

.1612 

. 59,36 

.2715 

.6689 

.6375 

. 32.72 

22.16 

1.86 

.1587 

..5910 

.2686 

.6636 

.6395 

. 32..52 

22.45 

1.87 

. 1,563 

.5884 

.2656 

.6583 

.6415 

. 32.33 

22.71 

1.88 

. 15.39 

.5859 

.2627 

.6533 

.6435 

. 32.13 

23.02 

1.89 

.1516 

. 58.33 

.2598 

.6482 

.6455 

31.91 

23.31 

1.90 

.1492 

.5807 

.2570 

.6430 

.6475 

31.76 

23.59 

1.91 

.1470 

..5782 

.2542 

. 6,379 

.6495 

31..57 

2 . 3.87 

1.92 

.1447 

. 57.56 

.2514 

.6328 

.6515 

31..39 

24.15 

1.93 

.1425 

.,5731 

,2486 

.6277 

. 65,34 

31.21 

24.43 

1.91 

.1403 

.5705 

.2459 

.6226 

.6553 

31.03 

24.71 

1.95 

.1381 

.5680 

.2432 

.6176 

.6572 

30.85 

21.99 

1.96 

.1360 

..5655 

.2405 

.6125 

.6592 

, 30.68 

25.27 

1.97 

.1339 

.,5630 

.2378 

.6075 

.6611 

30.50 

25.55 

].98 

.1318 

.5605 

. 23,52 

.6025 

.6629 

30.33 

25.83 

1.99 

.1298 

. 5.580 

.2326 

..5975 

.6648 

30.17 

26.11 

2.00 

.1278 

. 55,56 

. 2,301 

.5926 

.6667 

, 30.00 

26..38 
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TABLE 1 (Continued) 


JL JL I. As: Z 

P'l T’lt p(i A Vi 



2.05 

.1182 

.,5133 

.2176 

.,5682 

. 67,58 

29.20 

27.75 

2.06 

.1161 

.5109 

.2153 

..5634 

.6776 

29.04 

28.02 

2.07 

.1116 

..5385 

.2128 

.5586 

.6793 

28.89 

28.29 

2.08 

.1128 

.5361 

.2105 

.5538 

.6811 

28.74 

28.56 

2.09 

.1111 

.5337 

.2081 

.5491 

.6828 

28.59 

28.83 

2.10 

.1091 

..5313 

.2058 

.5441 

.6846 

28.44 

29.10 

2.11 

.1077 

.,5290 

.2035 

..5397 

.6863 

28.29 

29.36 

2.12 

.1060 

..5266 

.2013 

.,'> 3.50 

.6880 

28.14 

29.63 

2.13 

.1013 

.5213 

.1990 

.5304 

.6897 

28.00 

29.90 

2.14 

.1027 

..5219 

.1968 

..5258 

.6914 

27.86 

. 30.17 

2.15 

.1011 

.5196 

.1916 

..5212 

.6931 

27.72 

30.43 

2.16 

.0996 

.5173 

.1925 

.5167 

.6948 

27.58 

. 30.69 

2.17 

.0980 

.5150 

.1903 

.5122 

.6964 

27.14 

30.95 

2.18 

.0965 

.5127 

.1882 

.,5077 

.6981 

27.30 

31.21 

2.19 

.0950 

.5101 

.1861 

.,5032 

.6997 

27.17 

31.47 

2.20 

.0935 

..5081 

.1811 

.1988 

.7013 

27.04 

31.73 

2.21 

.0921 

.5059 

.1820 

.1914 

.7030 

26.90 

31.99 

2.22 

.0906 

.5036 

.1800 

. 1900 

.7046 

26.77 

, 32.25 

2.23 

.0892 

..501 4 

.1780 

. 18.56 

.7061 

26.64 

32.51 

2.24 

.0878 

.1991 

.1760 

.1813 

.7077 

26.52 

, 32.77 

2.25 

.0865 

.1969 

.1740 

.1770 

.7093 

26.39 

33.02 

2.26 

.0851 

.1917 

.1721 

.1727 

.7109 

26.26 

33.27 

2.27 

.0838 

. 1925 

.1702 

. 1685 

.7121 

26.14 

33.52 

2.28 

.0825 

. 190.3 

.1683 

. 1613 

.7110 

26.01 

, 33.78 

2.29 

.0812 

.1881 

.1661 

.1601 

. 71.55 

25.89 

31.03 

2.30 

.0800 

. 1859 

.1616 

, 1560 

.7170 

25.77 

31.28 

2.31 

.0787 

. 1837 

.1628 

.1519 

.7185 

25.65 

31.53 

2.32 

.0775 

.1816 

.1610 

.1178 

.7200 

25.53 

31.78 

2.33 

.0763 

. 1791 

. 1,592 

, 1437 

.7215 

25.12 

35.03 

2.34 

.0751 

. 1773 

. 1.571 

. 1397 

.7230 

25.30 

35.28 

2.,35 

.0710 

. 1752 

. 1,556 

. 1357 

.7245 

25.18 

35.53 

2.36 

.0728 

.1731 

.1539 

.1317 

.7259 

25.07 

35.77 

2.37 

.0717 

.1709 

.1522 

.1278 

.7271 

21 .% 

36.02 

2.38 

.0706 

.4688 

.1505 

,1239 

.7288 

24.85 

36.26 

2.39 

.0695 

.1668 

.1189 

.1200 

. 7.302 

21.73 

36.51 

2.10 

.0684 

.4647 

.1472 

.4161 

. 7.317 

21.62 

36 . 7 a 

2.41 

.0673 

.1626 

,1456 

.1123 

. 7.331 

21.52 

36.99 

2.42 

.0663 

,1606 

.1440 

.1085 

.7345 

21.11 

37.23 

2.43 

.0653 

.4585 

.1424 

. 1018 

.7359 

24.30 

37.47 

2.44 

,0643 

. 4.565 

.1408 

.1010 

.7372 

21.20 

37.71 

2.45 

.0633 

. 4,544 

.1392 

,.3973 

.7386 

21.09 

37.95 

2.46 

.0623 

. 1524 

.1377 

.3937 

.7400 

23.99 

38.18 

2.47 

.0613 

. 1.504 

.1362 

.3900 

.7113 

23.88 

38.42 

2.48 

.0604 

.1481 

,1317 

,3861 

.7427 

23.78 

38.66 

2.49 

.0595 

.1164 

.1332 

.,3828 

.7140 

23.68 

, 38.89 

2.50 

.0585 

.4444 

.1317 

.3793 

.7454 

23.58 

39.12 
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TABLE 1 (Continued) 


M 

_£ 

T 

p 

^cr 

V 




Po 

To 

Po 

A 

Vi 

M 

V 

3.00 

. 2722 x 10-1 

.3571 

. 7623 x 10 -* 

.2362 

.8018 

19.47 

49.76 

3.01 

.2682 

. 35.56 

.7541 

. 23,39 

.8027 

19.40 

49.95 

3.02 

.2642 

.3541 

.7461 

.2317 

.8037 

19.31 

50.14 

3.03 

.2603 

.3526 

. 7,582 

.2295 

.8046 

19.27 

50.33 

3.04 

.2564 

.,3511 

.7303 

.2273 

.8056 

19.20 

50.52 

3.05 

.2526 

.3496 

.7226 

. 22,52 

.8066 

19.14 

. 50.71 

3.06 

.2489 

.3481 

.7149 

. 22,30 

.8075 

19.07 

, 50.90 

3.07 

. 21.52 

.3466 

.7074 

.2209 

.8081 

• 19.01 

51.09 

3.08 

.2416 

.3452 

.6999 

.2188 

.8093 

18.95 

51.28 

3.09 

.2380 

.3437 

.6925 

.2168 

.8102 

18.88 

51.46 

3.10 

.2315 

.3122 

.6852 

.2147 

.8111 

18.82 

51.65 

3.11 

.2310 

.3108 

.6779 

.2127 

.8119 

18.76 

51.81 

3.12 

.2276 

.3393 

.6708 

.2107 

.8128 

18.69 

52.02 

3.13 

.2243 

.,3379 

.6637 

.2087 

. 81,37 

18.63 

, 52.20 

3.11 

.2210 

. 3,365 

. 6.568 

.2067 

.8146 

18.,57 

, 52.39 

3.15 

.2177 

.3351 

.6199 

.2018 

. 81.53 

18.51 

52.57 

3.16 

.2116 

.3337 

. 61,30 

.2028 

.8162 

18.45 

52.75 

3.17 

.2111 

. 332,3 

.6363 

.2009 

.8170 

18.,39 

, 52.93 

3.18 

. 208.3 

.3309 

.6296 

.1990 

.8179 

18.33 

53.11 

3.19 

.2053 

.3295 

.6231 

.1971 

.8187 

18.27 

, 53.29 

3.20 

.2023 

..3281 

.6165 

. 19.53 

.8196 

18.21 

53.47 

3.21 

.1993 

.3267 

.6101 

. 19,31 

.8201 

18.15 

53.65 

3.22 

.1961 

., 325.3 

.6037 

.1916 

.8213 

18.09 

53.83 

3.23 

.1936 

..3210 

..5975 

.1898 

.8222 

18.04 

51.00 

3.21 

.1908 

.3226 

.,5912 

.1880 

.8230 

17.98 

54.18 

3.25 

. 1880 x 10-1 

. 321,3 

., 5851 x 10 * 

.1863 

.8239 

17.92 

, 54.35 

3.26 

.1853 

.3199 

.5790 

.1815 

.8217 

17.86 

51..53 

3.37 

.1826 

.3186 

.5730 

.1828 

.8255 

17.81 

54.70 

3.28 

.1799 

.3173 

.,5671 

.1810 

.8263 

17.75 

51.88 

3.29 

.1773 

.3160 

.,5612 

.1791 

.8271 

17.70 

, 55.05 

3.30 

.1748 

.3117 

.5551 

.1777 

.8279 

17.61 

55.22 

3.31 

.1722 

.3131 

.5197 

.1760 

.8287 

17.58 

5 , 5..39 

3.32 

.1698 

.3121 

.5110 

. 171.3 

.8295 

17..53 

55.56 

3.33 

.1673 

.3108 

..5381 

.1727 

.8303 

17.18 

, 55.73 

3.31 

.1619 

.3095 

.5329 

.1711 

.8311 

17.42 

55.90 

3.35 

.1625 

.3082 

.5271 

.1695 

.8318 

17..37 

, 56.07 

3.36 

.1602 

.3069 

.5220 

.1679 

.8326 

17.31 

56.21 

3.37 

.1579 

.3057 

.5166 

.1663 

. 83,33 

17.26 

, 56.11 

3.38 

. 1 . 5.57 

.3041 

.5113 

.1618 

.8340 

17.21 

. 56..58 

3.39 

. 1.531 

., 30,32 

.,5061 

. 16,32 

.8318 

17.16 

56.74 

3.10 

.1512 

.,3019 

.5009 

.1617 

.8355 

17.10 

, 56.91 

3.11 

.1191 

.,3007 

. 19,58 

.1602 

.8362 

17.05 

57.07 

3.12 

.1170 

.2995 

.4908 

. 1,587 

.8370 

17.00 

57.24 

3.43 

.1119 

.2982 

.4858 

.1572 

.8377 

16.95 

57.40 

3.44 

.1428 

.2970 

.1808 

. 1 , 5,58 

. 8,384 

16.90 

57.56 

3.45 

.1408 

.2958 

.4759 

.1543 

.8392 

16.85 

57.73 

3.46 

.1388 

.2946 

.4711 

.1529 

.8399 

16.80 

57.89 

3.47 

.1368 

. 29.34 

.4663 

.1515 

.8107 

16.75 

58.05 

3.48 

. 1.349 

.2922 

.4616 

. 1.501 

.8414 

16.70 

58.21 

3.49 

. 1,330 

.2910 

.4569 

.1487 

.8421 

16.65 

58.37 

3.50 

.1311 

.2899 

.4523 

.1173 

.8427 

16.60 

, 58.53 
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TABLE 1 (Continued) 


M 

_P 

/>0 

T 

To 

p 

po 

Act 

A 

V 

Vi 

P 

V 

3.50 

.1311x10-1 

.2899 

. 1523x10-1 

.1473 

.8 427 

16.60 

.58.53 

3.51 

.1293 

.2887 

.4478 

.1459 

.8434 

16.55 

58.69 

3.52 

.1274 

.2875 

. 4433 

.1446 

.8441 

16..50 

58.85 

3.53 

.1256 

.2864 

.4388 

.1432 

.8447 

16.16 

59.00 

3.54 

.1239 

.2852 

.4344 

.1419 

.8454 

16.41 

,59.16 

3..55 

.1221 

.2841 

.1300 

.1406 

.8460 

16..36 

59.32 

3.56 

.1204 

.2829 

. 1257 

.1393 

.8167 

16.31 

59.47 

3.57 

.1188 

.2818 

.1214 

.1380 

.8474 

16.27 

59.63 

3.58 

.1171 

.2806 

. 1172 

.1367 

.8481 

16.22 

59.78 

3.59 

.11,55 

.2795 

.1131 

.1355 

.8 488 

16.17 

.59.94 

3.60 

.1138 

.2781 

.1089 

.1312 

.8 491 

16.13 

60.09 

3.61 

.1123 

.2773 

. 1049 

.1330 

.8,501 

16.08 

60.21 

3.62 

.1107 

.2762 

.1008 

.1318 

.8,508 

16.0 4 

60.40 

3.63 

.1092 

.2751 

.3968 

.1306 

.8511 

15.99 

60..55 

3.64 

.1076 

.2710 

.3929 

.1294 

.8,521 


60.70 

3.65 

.1062 

.2729 

.3890 

.1282 

.8527 

15.90 

60.85 

3.66 

.1047 

.2718 

.38.52 

.1270 

.8533 

15.86 

61.00 

3.67 

.1032 

.2707 

.3813 

.1258 

.8539 

15.81 

61.15 

3.68 

.1018 

.2697 

.3776 

.1217 

.8546 

15.77 

61.30 

3.69 

.1001 

.2686 

.3739 

.1235 

.8552 

15.72 

61.45 

3.70 

.9903x10-2 

.2675 

.3702 

.1225 

.8,5,58 

15.68 

61.60 

3.71 

.9767 

.2665 

.3665 

.1213 

.8561 

15.61 

61.71 

3.72 

.9633 

.2654 

,3629 

.1202 

.8570 

I5..59 

61.89 

3.73 

.9500 

.2644 

.3591 

.1191 

.8.577 

15..55 

62.01 

3.74 

.9370 

.2633 

.35,58 

.1180 

.8583 

15.51 

62.18 

3.75 

.9242x10-2 

.2623 

,3521x10-1 

.1169 

.8589 

15.17 

62.33 

3.76 

.9116 

.2613 

.3189 

.1159 

.8596 

15.12 

62.17 

3.77 

.8991 

.2602 

.3155 

.1148 

.8602 

15..38 

62.61 

3.78 

.8869 

.2592 

.3421 

.1138 

.8608 

15.34 

62.76 

3.79 

.8748 

.2582 

.3388 

.1127 

.8614 

1.5..30 

62.90 

3.80 

.8629 

.2572 

,3355 

.1117 

.8620 

15.26 

63.01 

3.81 

.8512 

.2562 

.3322 

,1107 

.8626 

15.22 

63.19 

3.82 

.8396 

.2552 

.3290 

.1097 

.8632 

15.18 

63.33 

3.83 

.8283 

.2542 

.3258 

.1087 

.8637 

15.14 

63.47 

3.84 

.8171 

.2532 

.3227 

.1077 

.8613 

15.09 

63.61 

3.85 

.8060 

.2522 

.3195 

.1068 

.8648 

15.05 

63.75 

3.86 

.7951 

.2513 

.3165 

.1058 

.8654 

15.01 

63.89 

3.87 

.7844 

.2503 

.31.34 

.1049 

.8660 

11.98 

6 4.03 

3.88 

.7739 

.2493 

.3104 

.1039 

.8665 

1 1.91 

61.16 

3.89 

.7635 

.2484 

,3074 

.1030 

.8671 

14.90 

61.30 

3.90 

.7532 

.2474 

.3044 

,1021 

.8676 

14.86 

64.41 

3.91 

.7431 

.2464 

.3015 

.1011 

.8682 

14.82 

61..58 

3.92 

.7332 

.2455 

.2986 

.1002 

.8687 

14.78 

61.71 

3.93 

.7233 

.2446 

.2958 

.09933 

.8692 

14.74 

64.85 

3.94 

.7137 

.2436 

.2929 

.09844 

.8697 

14.70 

64.98 

3.95 

.7042 

.2427 

.2902 

.09756 

.8702 

14.66 

65.12 

3.96 

.6948 

.2418 

.2874 

.09669 

.8707 

14.63 

65.25 

3.97 

.6855 

.2408 

.2846 

.09583 

.8713 

14.59 

65.39 

3.98 

.6764 

.2399 

.2819 

.09498 

.8718 

14.55 

65.52 

3.99 

.6675 

.2390 

.2793 

.09413 

.8723 

14.51 

65.65 

4.00 

.6586 

.2381 

.2766 

.09329 

,8728 

14.48 

65.78 
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TABLE 2: Numerical relations for the two-dimensional characteristics system. 
'Idle table gives as a function of the characteristic number N (coluiim 1) the following 
(quantities: 

Column 2 The value of deviation of expansion from Mach number 1. 

Column 3 The value of the stream Mach number (determined from column 2 with 
equation (81). 

Column I The ratio of the local static pressure p to the critical static pressure p* 
corresponding to the pn^ssure for (M = 1). 

Column 5 The Mach angle p determined with equation (52) from colunm 3. 


TABLE 2 


TV 

V 

At 

P * 


TV 

V 

M 

Jl 

P * 

M 

1000 

0 ° 

1.0000 

1.00000 

90° 

963 

37° 

2.4107 

.12735 

21°30' 

999 

r 

1.0813 

.9072 1 

67°37' 

962 

38° 

2.1.525 

.11970 

21 ° 1' 

998 

2 '^ 

1.1327 

.85100 

61°59' 

961 

39° 

2.1916 

.11177 

23°37' 

997 

3° 

1.1761 

.80186 

.58°13' 

960 

10 ° 

2.5373 

.10451 

23°12' 

996 

r 

1.2185 

.76192 

55“ 9' 

959 

11 ° 

2..5812 

.09770 

22°18' 

995 

5° 

1.2577 

.72329 

.52°39' 

958 

12 ° 

2.6256 

.09117 

22°23' 

991 

6 “ 

1.2938 

.68896 

50°.37' 

957 

1.3° 

2.6712 

.08500 

21°59' 

993 

7 

1.3298 

.65588 

18°15' 

956 

11 ° 

2.7175 

.07917 

21°36' 

992 

8 ° 

1.3618 

.62188 

17° 6' 

955 

15° 

2.76.50 

.07359 

21°13' 

991 

9° 

1.1000 

.,59181 

l .5°.35' 

951 

16° 

2.8118 

.06818 

20°50' 

990 

10 ° 

1.1350 

.56608 

1 l “10' 

953 

17° 

2.8601 

.06363 

20°28' 

989 

11 ° 

1.1690 

..5.3921 

I 2°51' 

952 

18° 

2.9112 

.05895 

20° 5' 

988 

12 ° 

1.5032 

.51.325 

II “ I 2' 

951 

49° 

2.9613 

.05166 

19° M ' 

987 

13° 

1.5.368 

. 18875 

I 0°36' 

950 

.50° 

3.0122 

.05065 

19°23' 

986 

11 ° 

1.5706 

. 16512 

39°33' 

919 

51° 

3.0650 

.01660 

19° 2' 

<)85 

15° 

1.6016 

. 112,33 

38°33' 

918 

.52° 

3.1188 

.01310 

18°12' 

981 

16° 

1.6,382 

.12075 

37°37' 

917 

.53° 

3.1735 

.03985 

18°22' 

983 

17° 

1.6721 

.39995 

36° 11' 

916 

51° 

3.2263 

.03669 

18° 3' 

982 

18° 

1.7061 

..37981 

35°,53' 

915 

55° 

3.2866 

.0,3375 

17° 1.3' 

981 

19° 

1.7108 

.,36053 

35° 1' 

911 

.56° 

3.315.^ 

.03103 

17°24' 

980 

20 ° 

1.77,53 

.31210 

31°16' 

913 

57° 

3.1065 

.02813 

17' 4' 

979 

21 ° 

1.8098 

.32151 

33°32' 

912 

58° 

3.1682 

.02605 

16°45' 

978 

22 ° 

1.8116 

..30768 

.32°19' 

911 

59° 

3.5.300 

.02382 

16°27' 

977 

23° 

1.8796 

.291.52 

32° 8' 

910 

60° 

3.5915 

.02175 

16° 9' 

976 

21 ° 

1.91 18 

.27610 

3 r 29' 

939 

61° 

.3.6605 

.01981 

15°51' 

975 

25° 

1.9.503 

.261.36 

30°50' 

938 

62° 

3.7283 

.01838 

15°33' 

971 

26° 

1.9860 

.21727 

30° 11' 

937 

63° 

3.7975 

.01643 

15°16' 

973 

27° 

2.0235 

.23.321 

29°37' 

9.36 

61° 

3.8699 

.01189 

ir .58' 

972 

28° 

2.0600 

.22031 

29° 2' 

935 

65° 

3.9125 

.013,50 

11°42' 

971 

29° 

2.0968 

.20805 

28°29' 

931 

66 ° 

1.0175 

.01223 

14°25' 

970 

30° 

2.1,320 

.19690 

27°58' 

933 

67° 

4.0950 

.01103 

11 ° 8' 

969 

31° 

2.1726 

.18183 

27°2 I ' 

932 

68 ° 

1.175 

.00990 

13°56' 

968 

32° 

2.2105 

.17130 

26°51' 

931 

69° 

4.256 

.00889 

13°35' 

967 

33° 

2.2185 

.16100 

26“2 t ' 

930 

70° 

1.340 

.00800 

13°19' 

966 

31° 

2.2879 

.15106 

25°55' 

929 

71° 

1.127 

.00720 

13° 3' 

965 

35° 

2.3290 

.11180 

25’’25' 

928 

72° 

4.517 

.00646 

12°17' 

961 

36° 

2.3693 

.13.582 

2 l °58' 

927 

73° 

1.610 

.00577 

12°,32' 


See chart 1 of the appendix. 
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TABLE 2 (Continued) 


N 

V 

M 

P * 


N 

V 

M 

_ P _ 

P * 



74 *^ 

4.704 

.00510 

12 ° 16 ' 

909 

91 ° 

7.008 

.000155 

8 ° 7 ' 

925 

75 ° 

4.802 

.00150 

12 ° 1' 

908 

92 ° 

7.202 

.000381 

7 ° r . 4 ' 

92 i 

76 ° 

4.905 

.00400 

ir 46 ' 

907 

93 ° 

7.407 

.000318 

7 ° 41 ' 

923 

77 ° 

5.010 

.00351 

11 ° 31 ' 

906 

91 ° 

7.622 

.000265 

7 ° 28 ' 

922 

78 ° 

5.119 

.00313 

11 ° 16 ' 

905 

95 ° 

7.853 

.000220 

7 °] 5 ' 

921 

79 ° 

5.231 

.00277 

11 ° 1' 

904 

96 ° 

8.092 

.000182 

7 ° 3 ' 

920 

80 ° 

5.348 

.002113 

10 ° 47 ' 

903 

97 ° 

8..343 

.000149 

6 ° 50 ' 

919 

81 ° 

5.472 

.002105 

10 ° 32 ' 

902 

98 ° 

8.616 

.0001194 

6 ° 37 ' 

918 

82 ° 

5.599 

.001835 

10 ° 17 ' 

901 

99 ° 

8.902 

.0000965 

6 ° 25 ' 

917 

83 ° 

5.730 

.001598 

10 ° 3 ' 

900 

100 ° 

9.210 

.0000770 

6 °12' 

916 

84 ° 

5.865 

. 001,383 

9 °ir 

899 

101 ° 

9.535 

.0000611 

5 ° 59 ' 

915 

85 ° 

6.007 

.001193 

9 ° 27 ' 

898 

102 ° 

9.881 

.0000181 

5 ° 17 ' 

914 

86 ° 

6 . 1.52 

.001023 

9 ° 11 ' 

897 

103 ° 

10.260 

.0000377 

5 ° 31 ' 

913 

87 ° 

6.307 

.000879 

9 ° 1 ' 

896 

104 ° 

10.665 

.0000291 

5 ° 21 ' 

912 

88 ° 

6.472 

.000751 

8 ° 47 ' 

895 

105 ° 

11.088 

.0000224 

5 ° 9 ' 

911 

89 ° 

6.612 

.000638 

8 ° 31 ' 

891 

106 ° 

11.552 

.0000168 

4 ° 57 ' 

910 

90 ° 

6.821 

. 000510 

8 °20' 
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TABLE 3: Numerical relations between flow quantities in front and behind normal 
shock waves. The table gives as a function of the Mach number in front of the shock 
Ml of column 1, the following quantities: 

Column 2 The Mach number behind a normal shock M-^n, calculated with equation 
(129). 

Column 3 The ratio of the static pressure behind the normal shock P^n to the pressure 
Pi in front of the normal shock. The ratio is calculated using equation 
(127). 

Column 4 The ratio between stagnation pressure behind a normal shock Pon and the 
stagnation pressure Po in front of a normal shock. The ratio is determined 
with ecpiation (216). 


TABLE 3 


Ml 

M,n 

P:n 

Pi 

Pm 


M,n 

Pi 

P l>n 

Po 

1.00 

1.0000 

1.000 

1.0000 

hb 

.7860 

1.805 

.9791 

1.01 

.9901 

1.024 

1.0000 

hH 

.7809 

1.836 

.9776 

1.02 

.9805 

1.017 

1.0000 

IH 

.7760 

1.866 

.9758 

1.03 

.9712 

1.071 

1.0000 

1.33 

.7712 

1.897 

.9738 

1.04 

.9620 

1.095 

.9999 

1.34 

.7664 

1.928 

.9718 

l . O.'S 

.9531 

1.120 

.9998 

1.35 

.7618 

1.960 

.9697 

1.06 

.9111 

1.111 

.9998 

1..36 

.7572 

1.991 

.9676 

1.07 

.9360 

1.169 

.9996 

1..37 

.7527 

2.023 

.9653 

1.08 

.9277 

1.191 

,9994 

1.38 

.7183 

2.055 

.9630 

1.09 

.9196 

1.220 

.9992 

1.39 

.7410 

2.088 

.9607 

1.10 

.9118 

1.215 

.9989 

1.40 

.7397 

2.120 

.9582 

1.11 

.9011 

1.271 

.9986 

1.41 

.7355 

2.153 

.9557 

1.12 

.»966 

1.297 

.9982 

1.12 

.7314 

2.186 

.9531 

1 . J 3 

.8892 

1..323 

.9978 

1.13 

.7271 

2.219 

.9504 

1.14 

.8820 

1.350 

.9973 

1.11 

.7235 

2.253 

.9476 

1.15 

. 87.50 

l .,376 

.9967 

1.15 

.7196 

2.286 

.9448 

1.16 

.8682 

1.403 

.9961 

1.16 

.7157 

2,320 

.9420 

1.17 

.8615 

1.430 

.9953 

1.17 

.7120 

2.351 

.9390 

1.18 

.8549 

1.458 

.9916 

1.48 

.7083 

2.389 

.9360 

1.19 

.8485 

1.186 

.9937 

1.49 

.7017 

2.421 

.9330 

1.20 

.8122 

1.514 

.9928 

1.50 

.7011 

2.458 

.9298 

1.21 

.8360 

1.542 

.9918 

1 51 

.6976 

2.491 

.9266 

1.22 

.8300 

1.570 

.9907 

1.52 

.6941 

2.529 

.9233 

1.23 

.8241 

1..598 

.9896 

1.53 

.6907 

2.564 

.9200 

1.24 

.8183 

1.627 

.9883 

1.51 

.6871 

2.600 

.9166 

1.25 

.8126 

1.656 

.9871 

1.55 

.6841 

2,636 

.9132 

1.26 

.8071 

1.686 

.9857 

1.56 

.6809 

2.673 

.9098 

1.27 

.8016 

1.715 

.9842 

1..57 

.6777 

2.709 

.9062 

1.28 

.7963 

1.715 

.9827 

1..58 

.6746 

2.716 

.9025 

1.29 

.7911 

1.775 

.9811 

1.59 

.6715 

2.783 

.8989 






TABLE 3 (Continued) 


Ml 

M,n 

Pzn 

Pon 

Ml 

M,n 

Pin 

P On 

Pi 

Po 

Pi 

Po 

1.60 

.6684 

2.820 

.8952 

2.10 

.5613 

4.978 

.6742 

1.61 

.6655 

2.858 

.8914 

2.11 

.5598 

5.028 

.6696 

1.62 

.6625 

2.895 

.8877 

2.12 

.5583 

5.077 

.6649 

1.63 

.6596 

2.933 

. 88.38 

2.13 

.5568 

5.126 

.6603 

1.64 

.6568 

2.971 

.8799 

2.11 

. 5.554 

5.176 

.6557 

1.65 

.6540 

3.010 

.8760 

2.15 

.5510 

5.226 

.6511 

1.66 

.6512 

3.048 

.8720 

2.16 

.5525 

5.277 

.6165 

1.67 

.6485 

3.087 

.8680 

2.17 

..5511 

5.327 

.6119 

1.68 

.6458 

3.126 

.8610 

2.18 

.5198 

5.378 

.6373 

1.69 

.6431 

3.166 

.8598 

2.19 

.5181 

5.129 

. 6.327 

1.70 

.6405 

3.205 

.8557 

2.20 

.5171 

5.480 

.6281 

1.71 

.6380 

3.245 

.8516 

2.21 

.5157 

5.532 

.6236 

1.72 

.6355 

3.285 

.8173 

2.22 

.5411 

5.583 

.6191 

1.73 

.6330 

3..325 

.8131 

2.23 

.5131 

5.635 

.6115 

1.74 

. 6.305 

3.366 

.8389 

2.21 

.5118 

5.687 

.6100 

1.75 

.6281 

3.106 

.8316 

2.25 

.5106 

5.710 

.6055 

1.76 

.6257 

3.117 

.8302 

2.26 

.5393 

5.792 

.6011 

1.77 

.623 i 

3.488 

. 82.59 

2.27 

.5381 

5.815 

.,5966 

1.78 

.6210 

3.530 

.8215 

2.28 

.5368 

5.898 

.,5921 

1.79 

.6188 

3.572 

.8171 

2.29 

.5356 

5.952 

.5877 

].80 

.6165 

. 3.613 

.8127 

2..30 

.5311 

6.005 

. 58,33 

1.81 

.6143 

,3656 

.8082 

2.31 

.5332 

6.059 

.5789 

1.82 

.6121 

3.698 

.8038 

2.32 

.. 5.321 

6.113 

.5715 

1.83 

.6099 

3.710 

.7993 

2.33 

.5309 

6.167 

.5702 

1.81 

.6078 

3.783 

.7918 

2.31 

.5297 

6.222 

. 56.58 

1.85 

.6057 

3.826 

.7902 

2.35 

.5286 

6.276 

..5615 

1.86 

.6036 

3.870 

.7857 

2..36 

..5275 

6.331 

..5572 

1.87 

.6016 

3.913 

.7811 

2.37 

.5261 

6..386 

.. 5.529 

1.88 

.5996 

3.957 

.7765 

2.38 

. 52.53 

6.412 

.5186 

1.89 

.5976 

4.001 

.7720 

2.39 

.5242 

6.198 

.5144 

1.90 

.5956 

4,045 

.7674 

2.40 

.5231 

6.554 

.5101 

1.91 

.5937 

4.090 

.7627 

2.41 

.5221 

6.610 

.5359 

1.92 

.5918 

4.134 

.7581 

2.42 

.5210 

6.666 

..5317 

1.93 

.5899 

4.179 

.7535 

2.43 

.5200 

6.722 

..5276 

1.94 

.5880 

4.224 

.7488 

2.14 

.5189 

6.779 

..5231 

1.95 

.5862 

4.270 

.7412 

2.45 

.5179 

6.836 

.5193 

1.96 

.5844 

4.315 

.7395 

2.46 

.5169 

6.894 

.5152 

1.97 

.5826 

4.361 

.7349 

2.47 

. 51.59 

6.951 

.5111 

1.98 

.5808 

4.407 

.7302 

2.48 

.5149 

7.009 

.5071 

1.99 

.5790 

4.454 

.7255 

2,49 

.5110 

7.067 

.5030 

2.00 

.5773 

4.500 

.7209 

2.50 

.5130 

7.125 

.4990 

2.01 

.5757 

4.547 

.7162 

2.51 

.5120 

7.184 

.4950 

2.02 

.5740 

4.594 

.7115 

2.52 

.5111 

7.242 

.4911 

2.03 

.5723 

4.641 

.7069 

2.53 

.5102 

7.301 

.4871 

2.04 

.5707 

4.689 

.7022 

2.54 

..5092 

7.360 

. 48.32 

2.05 

.5691 

4.736 

.6975 

2.55 

..5083 

7.420 

.4793 

2.06 

.5675 

4.784 

.6928 

2.56 

..5074 

7.479 

.4754 

2.07 

.5659 

4.832 

.6882 

2.57 

..5065 

7 . 5,39 

.4715 

2.08 

.5643 

4.881 

.6835 

2.,58 

.. 50.56 

7..599 

.4677 

2.09 

.5628 

4.929 

.6789 

2.59 

.5047 

7.660 

.4639 


m 





TABLE 3 (Continued) 


M , 


l\n 

Pon 


M,n 

P 2 n 

Pon 


Po 


Pi 

Po 


.5039 

7.720 

.4601 

3.10 


|||nQ9H 

.3012 

2.61 

.5030 

7.781 

.1564 

3.11 



.2986 

2.62 

.5022 

7.842 

.4526 

3.12 

.1685 

11.19 

.2960 

2.63 

..5013 

7.903 

.4489 

3.13 

.4679 

11.26 

.2935 

2.64 

.5005 

7.965 

.4452 

3.14 

.4674 

11.34 

.2910 

2.65 

.1996 

8.026 

.4416 

3.15 

.4669 

11.11 

.2885 

2.66 

.1988 

8.088 

.1379 

3.16 

.4661 

11.48 

.2860 

2.67 

.1980 

8.1.50 

.4343 

3.17 

.4659 

11.56 

.2835 

2.68 

.1972 

8.213 

.4307 

3.18 

.4651 

11.63 

.2811 

2.69 

.1961 

8.276 

.4271 

3.19 

.1618 

11.71 

.2786 

2.70 

.1956 

8.338 

.12.36 

3.20 

. 1643 

11.78 

.2762 

2.71 

.19 t 9 

8.402 

.4201 

3.21 

.4639 

11.85 

.2738 

2.72 

.1911 

8.465 

.1166 

3.22 

.1634 

11.93 

.2715 

2.73 

.1933 

8..528 

.1131 

3.23 

.1629 

12.01 

.2691 

2.71 

.1926 

8.592 

.4096 

3.21 

.4621 

12.08 

.2668 

2.75 

. 1918 

8.656 

.1062 

3.25 

.1619 

J 2.16 

.2645 

2.76 

.1911 

8.721 

.1028 

3.26 

.1614 

12.23 

.2622 

2.77 

. 190.3 

8.785 

.3991 

3.27 

. 1610 

12.31 

.2600 

2.78 

. 1896 

8.8.50 

.3961 

3.28 

.1605 

12..38 

.2577 

2.79 

. 1889 

8.915 

.3928 

3.29 

.1600 

12.16 

.2555 

2.«0 

. 1882 

8.980 

.3895 

3.30 

.1596 

12.51 

.2533 

2.81 

.1875 

9.046 

.3862 

3.31 

.4591 

12.62 

.2511 

2.82 

. 1868 

9.111 

.3829 1 

3.32 

.1.587 

12.69 

.2489 

2.83 

.1861 

9.177 

.3797 j 

3.33 

.1.582 

12.77 

.2168 

2.81 

. 185 1 

9.21.3 

.3765 

3.31 

.1.578 

12.85 

.2116 

2.85 

.1817 

9.310 

.37,33 

3.35 

.1573 

12.93 

.2125 

2.86 

. 1810 

9.376 

.3701 

3..36 

. 1569 

13.00 

.2101 

2.87 

. 18.33 

9.113 

.3670 

3.37 

. 1565 

13.08 

.2383 

2.88 

. 1827 

9.510 

.3639 

3..38 

.1.560 

13.16 

.2363 

2.89 

. 1820 

9.578 

.3608 

3.39 

.1556 

13.21 

.2312 

2.90 

.181 1 

9.615 

.3577 

3.10 

.1.5.52 

13.32 

.2322 

2.91 

. 1807 

9.713 

..3517 

3.11 

.1518 

13.10 

.2302 

2.92 

.1801 

9.781 

..3517 

3.12 

.1511 

13.18 

.2282 

2.93 

. 1795 

9.8 19 

.3 187 

3.13 

.1510 

13.,56 

.2263 

2.91 

. 1788 

9.918 

.31.57 

3.4 1 

.1,535 

13.61 

.2243 

2.95 

. 1782 

9.986 

.3 128 

3.15 

.1531 

13.72 

.2224 

2.96 

.1776 

J 0.06 

..3398 

3.16 

. 1.527 

13.80 

.2205 

2.97 

.1770 

10.12 

.3369 

3.17 

. 1523 

13.88 

.2186 

2.98 

.1761 

10.19 

.3310 

3.18 

.4519 

13.96 

.2167 

2.99 

.4758 

10.26 

..3312 

3.19 

.4515 

14.04 

.2148 

3.00 

.4752 

10.33 

.328.3 

3.,50 

.4512 

11.13 

.2129 

3.01 

.4716 

10.10 

..3255 

3.51 

.4508 

14.21 

.2111 

3.02 

.1710 

10.17 

.3227 

3.,52 

.1.501 

1 1.29 

.2093 

3.03 

. 17.31 

10.51 

.3200 

3..53 

. 1500 

1 1.37 

.2075 

3.01 

. 1729 

10.62 

.3172 

3.51 

. 1196 

J 1.15 

.2057 

3.05 

. 172.3 

10.69 

.31 15 

3..5.5 

.1192 

11.51 

.2039 

3.06 

.1717 

10.76 

.3118 

3.,56 

.1189 

1 1.62 

.2022 

3.07 

.1712 

10.83 

..3091 

3.57 

. 1185 

1 1.70 

.2001 

3.08 

. 1706 

10.90 

..3065 

3..58 

.1181 

1 1.79 

.1987 

3.09 

.1701 

10.97 

.3038 

3..59 

.1178 

11.87 

.1970 


m 





TABLE 3 (Continued) 




Pin 

Pi 

P On 

Ml 


Pm 

Pi 

P On 

To 

3.60 


MSSM 

.1953 

3.80 

.4407 

16.68 

.1645 

3.61 


BffiH 

.1936 

3.81 

.4404 

16.77 

.1631 

3.62 



.1920 

3.82 

.4401 

16.86 

.1617 

3.63 

.1163 

15.21 

.1903 

3.83 

.4398 

16.95 

.1603 

3.61 

.1460 

15.29 

.1887 

3.84 

.4395 

17.04 

.1589 

3.65 

.1156 

15.38 

.1871 

3.85 

.4392 

17.13 

.1576 

3.66 

.1153 

15.46 

.1855 

3.86 

.4389 

17.22 

.1563 

3.67 

.4150 

15.55 

.1839 

3.87 

.4386 

17.31 

.1549 

3.68 

.4446 

15.63 

.1823 

3.88 

.4383 

17.40 

.1536 

3.69 

.4143 

15.72 

.1807 

3.89 

.4380 

17.49 

.1523 

3.70 

.4139 

15.81 

.1792 

3.90 

.4377 

17.58 

.1510 

3.71 

.4136 

15.89 

.1777 

3.91 

.4375 

17.67 

.1497 

3.72 

.4135 

15.98 

.1761 

3.92 

.4372 

17.76 

.1485 

3.73 

.1130 

16.07 

.1746 

3.93 

.4369 

17.85 

.1472 

3.71 

.4126 

16.15 

.1731 

3.91 

. 4366 

17.94 

.1460 

3.75 

.4423 

16.24 

.1717 i 

3.95 

. 4363 

18.0 4 

.1448 

3.76 

.1120 

16..33 

.1702 

3.96 

.4360 

18.13 

.1435 

3.77 

.1117 

16.42 

.1687 

3.97 

. 4358 

18.22 

.1423 

3.78 

. 1411 

16.50 

.1673 

3.98 

.4355 

18.31 

.1411 

3.79 

.1410 

16..59 

.16.59 

3.99 

. 4352 

18.41 

.1399 





4.00 

. 4350 

18.50 

.1388 


W4 






TABLE 4: Numerical relations between flow quantities in front and behind shock 
waves. The table gives as a function of the Mach number in front of the shock of 
column 1 the following quantities (from reference 64).* 

Column 2 The inclination of the shock em that gives the maximum deviation. The 
value has been calculated with equation (134). 

Column 3 The inclination of the shock €« that gives sonic velocity (M = 1) behind the 
shock. The valium has been calculated with equation (131). 

Column 4 The maximum deviation possible across the shock Sm corresponding to the 
value 


Column 5 The deviation corresponding to sonic velocity behind the shock and to 
the value €«. 

Column 6 44ie (i(*viation v that gives sonic velocity when the transformation is 
isentropic (from table 1). 

Column 7 The Mach number bidiind the shock corresponding to the maximum 
deviation. 


TABLE 4 


A /. 

rn 

.s 




6 . 


V 


A/^r;j, 


d (- 

ruin 




mill 

deg 

min 

( ll!g 

min 


1.0 

90 


90 


0 


0 


0 


1.000 

l.l 

76 

18 

73 

11 

1 

31 

1 

24 

1 

20 

.9710 

1.2 

71 

59 

68 

5 

3 

57 

3 

12 

3 

34 

.9500 

1.3 

69 

21 

65 

7 

6 

40 

' 6 

19 

6 

10 

.9357 

l.l 

67 

12 

63 

20 

9 

26 

9 

1 

8 

59 

.9268 

1.5 

66 

36 

62 

15 

12 

6 

11 

11 

11 

55 

.9212 

1.6 

65 

50 

61 

39 

11 

39 

11 

15 

11 

52 

.9187 

1.7 

65 

19 

61 

22 

17 

0 

16 

38 

17 

19 

.9185 

l.H 

61 

59 

61 

17 

19 

11 

18 

50 

20 

13 

.9196 

1.9 

61 

■17 

61 

21 

21 

10 

20 

52 

23 

35 

.9216 

2.0 

61 

10 

61 

29 

22 

59 


43 

26 

23 

.9213 

2.1 

61 

37 

61 

11 

21 

37 

21 

23 

29 

6 

.9271 

2 

61 

37 

61 

51 

26 

6 

25 

51 

31 

11 

. 9:06 

2.3 

61 

11 

62 

9 

27 

28 

27 

17 

31 

17 

.9331 

2.1 

61 

12 

62 

21 

28 

12 

28 

32 

36 

15 

.9371 

2.5 

61 

48 

62 

39 

29 

18 

29 

10 

39 

7 

.9397 

2.6 

64 

52 

62 

53 

,30 

19 

30 

12 

11 

25 

.9126 

2.7 

61 

57 

63 

7 

31 

15 

31 

39 

13 

37 

.9161 

2 .» 

65 

3 

63 

21 

32 

35 

32 

30 

15 

11 

.9189 

2.9 

65 

9 

63 

33 

33 

21 

33 

17 

17 

17 

.9514 

3.0 

65 

15 

63 

16 

31 

4 

34 

1 

49 

46 

.9537 

3.1 

65 

20 

63 

58 

34 

44 

31 

40 

51 

39 

.9565 

3.2 

65 

25 

64 

8 

35 

20 

35 

17 

53 

28 

.9589 

3.3 

65 

31 

64 

18 

35 

53 

35 

51 

55 

13 

.9606 

3.4 

65 

36 

61 

28 

36 

24 

36 

22 

56 

55 

.9627 

3.5 

65 

41 

64 

37 

36 

52 

36 

50 

58 

32 

.9645 

3.6 

65 

16 

64 

45 

37 

18 

37 

17 

60 

5 

.9660 

3.7 

65 

51 

64 

51 

37 

13 

37 

41 

61 

36 

.9674 

3.8 

65 

56 

65 

2 

38 

5 

38 

4 

63 

2 

.9685 

3.9 

65 

59 

65 

9 

38 

27 

38 

25 

61 

26 

.9708 

1.0 

66 

3 

65 

15 

38 

17 

38 

15 

65 

17 

.9721 


* See ( hurt 2 of appendix. 

m 







TABLE 5: Numerical relations between flow quantities in front and bi^hind inclined 
shock waves (from reference 64). 

The table gives for different Mach numbers (column 1) (varying from I to 4 with 
steps of 0, 05), as function of the inclination of the shock (given in column 2), the fol¬ 
lowing quantities: 


Column 3 The deviation across the shock, calculated with e(iuation 126. 

Golunm 4 The Mach number bt'hind the shock, calculated with e(iuation 125. 

Column 5 The ratio of the pressures Ix'hind p-i and in front pi of the shock, calculaUid 
with equation 121. 

Column 6 The ratio of the densities before pi and behind the sliock, calculated with 
equation 122. 

Column 7 The variation of entropy across the shex'k (in mechanical units (ft^ sec^ 
per dc^gree Falirenheit), determined with equation 150. 

Chart 2 of the appendix gives the shoc k polar diagram from which the* same rela¬ 
tions can be obtained. 


TABLE 5 


M , 

( deg ) 

€ 

(min.) 

( deg .) 

6 

(inin.) 

Ah 

Ih 

/>! 

Pi 

p'l 

^S 

1.05 

T 2 

15 

0 

0 

1.050 

1.00 4 

1.000 

0 


73 


0 

16 

1.037 

1.010 

.9932 



76 


0 

25 

1.014 

1.041 

.%95 

.0010 


79 


0 

33 

.991 

1.073 

.9511 

.0151 


82 


0 

32 

.973 

1.095 

.9375 

.1284 


85 


0 

23 

.961 

1.110 

.9283 

.1739 


88 


0 

10 

.951 

1.118 

.9234 

.2035 


90 


0 


.953 

1.120 

.9225 

.2865 

1.10 

65 

23 

0 

0 

1.100 

l.lOO 

1.000 

0 


68 


0 

40 

1.063 

1.047 

.9678 

.0191 


71 


1 

11 

1.025 

1.095 

.9370 

.2095 


74 


1 

27 

.993 

1.138 

.9120 

.3359 


77 


1 

31 

.965 

1.174 

.8921 

.8137 


80 


1 

22 

.946 

1.202 

.8768 

.9165 


83 


1 

4 

.928 

1.224 

.8658 

1.293 


86 


0 

39 

.918 

1.238 

.8587 

1.601 


90 


0 


.912 

1.245 

.8554 

1.828 

1.15 

60 

24 

0 

0 

1.150 

1.000 

1.000 

0 


63 


0 

57 

1.105 

1.058 

.9604 

.0188 


66 


1 

47 

1.058 

1.121 

.9217 

.2421 


69 


2 

20 

1.016 

1.178 

.8896 

.8121 


72 


2 

37 

.980 

1.229 

.8633 

1.412 


75 


2 

39 

.948 

1.273 

.8120 

2.427 


78 


2 

27 

.922 

1.310 

.8253 

3.511 


81 


2 

2 

.902 

1.339 

.8126 

1.332 


84 


1 

27 

.887 

1.359 

.8038 

5.105 


87 


0 

45 

.879 

1.372 

.7985 

5.475 


90 


0 

0 

.875 

1.376 

.7%8 

5.187 


m 




TABLE 5 (Continued) 


M, 


€ 


5 

Ms 

P2 

Pi 

AS 

(deg.) 

(min.) 

(deg.) 

(min.) 

Pi 

P2 

1.20 

56 

26 

0 

0 

1.200 

1.000 

1.000 

0 


59 


1 

12 

1.149 

1.068 

.9543 

.0178 


62 


2 

20 

1.095 

1.143 

.9090 

.5286 


65 


3 

9 

1.045 

1.213 

.8712 

1.317 


68 


3 

41 

1.001 

1.278 

.8398 

1.952 


71 


3 

56 

.962 

1.335 

.8140 

4.327 


74 


3 

53 

.928 

1.386 

.7930 

6.135 


77 


3 

34 

.899 

1.428 

.7762 

7.808 


80 


3 

0 

.877 

1.463 

.7634 

9.647 


83 


2 

15 

.859 

1.488 

.7541 

11.114 


86 


1 

20 

.848 

1.505 

.7482 

12.043 


90 


0 

0 

.842 

1.514 

.7454 

12.307 

1.2.5 

53 

8 

0 

0 

1.2.50 

1.000 

1.000 

0 


54 


0 

31 

1.2.30 

1.026 

.9815 



57 


2 

4 

1.166 

1.116 

.9249 

.1531 


60 


3 

20 

1.108 

1.201 

.8778 

.9105 


63 


4 

17 

1.055 

1.281 

.8385 

2.517 


66 


4 

55 

1.006 

1.355 

.8057 

4.948 


69 


5 

15 

.963 

1.422 

.7786 

7.532 


72 


5 

15 

.924 

1.482 

.7563 

10.655 


75 


4 

57 

.891 

1.534 

.7383 

13.550 


78 


4 

22 

.863 

1.578 

.7241 

16.587 


81 


3 

31 

.841 

1.612 

.7134 

18.752 


81 


2 

28 

.826 

1.636 

.7059 

20.695 


87 


1 

16 

.817 

1.651 

.7015 

22.118 


90 


0 


.813 

1.656 

.7000 

22.229 

1,30 

50 

17 

0 

0 

1.300 

1.000 

1.000 

0 


53 


1 

43 

1.235 

1.091 

.9398 

.0207 


56 


3 

20 

1.169 

1.189 

.8811 

.9998 


59 


1 

39 

1.109 

1.282 

.8378 

2.668 


62 


5 

38 

1.053 

1.370 

.7992 

5.357 


65 


6 

18 

1.002 

1.453 

.7670 

9.144 


68 


6 

38 

.956 

1.528 

.7403 

13.304 


71 


6 

37 

.914 

1.596 

.7182 

17.718 


74 


6 

16 

,878 

1.655 

.7003 

22.297 


77 


5 

36 

.848 

1.705 

.6860 

26.324 


80 


4 

28 

.828 

1.726 

.6803 

28.213 


83 


3 

26 

.804 

1.776 

.6672 

32.790 


86 


2 

2 

.792 

1.795 

.6622 

34.762 


90 


0 

0 

.786 

1.805 

6598 

35.832 

1.35 

47 

47 

0 

0 

1.350 

1.000 

1.000 

0 


50 


1 

35 

1.293 

1.081 

.9459 

.2332 


53 


3 

28 

1.221 

1.190 

.8835 

.8012 


56 


5 

2 

1.155 

1.295 

.8319 

2.943 


59 


6 

17 

1.094 

1.396 

.7890 

6.531 


62 


7 

13 

1.037 

1.491 

.7532 

11.222 


65 


7 

49 

.985 

1.580 

.7233 

16.531 


68 


8 

3 

.938 

1.661 

.6986 

22.793 


71 


7 

55 

.895 

1.734 

.6781 

28.932 


74 


7 

26 

.858 

1.798 

.6615 

34.981 


77 


6 

36 

.826 

1.852 

.6483 

40.592 


80 


5 

15 

.806 

1.875 

.6430 

43.000 


m? 



TABLE 5 (Continued) 


M , 

€ 


6 


M2 

Pi 

Pi 

P2 

AS 

( deg .) 

( min .) 

( deg .) 

( min .) 

1.35 

83 


4 

1 

0.781 

1.928 

0.6308 

48.958 


86 


2 

22 

.768 

1.949 

.6262 

51.435 


90 


0 

0 

.762 

1.960 

. 62.39 

. 52.835 

1.40 

45 

35 

0 

0 

1.400 

l . O'JO 

1.000 

0 


47 


1 

7 

1.361 

1.056 

.9616 

.0168 


50 


3 

17 

1.279 

1.175 

.8912 

.7618 


53 


5 

8 

1.211 

1.292 

.8333 

2.773 


56 


6 

40 

1.144 

1.105 

.7853 

6.944 


59 


7 

52 

1.082 

1.513 

. 71.53 

12.268 


62 


8 

45 

1.021 

1.616 

.7120 

19 . 1.57 


65 


9 

16 

.971 

1.712 

.6813 

26.968 


68 


9 

25 

.922 

1.799 

.6613 

35.211 


71 


9 

12 

.878 

1.878 

.6122 

43.735 


74 


8 

35 

.840 

1.946 

.6268 

51.279 


77 


7 

35 

.837 

2.001 

.6115 

. 58.225 


80 


6 

2 

.785 

2.029 

.6096 

61.135 


83 


4 

36 

.760 

2.086 

.5982 

68.769 


86 


2 

43 

.716 

2.109 

.5939 

71.876 


90 


0 

0 

.710 

2.120 

.5918 

73.225 

1.45 

43 

36 

0 

0 

1 . 1.50 

1.000 

1.000 

0 


44 


0 

21 

1.438 

1.017 

.9880 

.0521 


47 


2 

46 

1.351 

1.1 15 

.9077 

.3801 


50 


4 

51 

1.275 

1.273 

.8121 

2.590 


53 


6 

13 

1.201 

1.398 

.7881 

6.588 


56 


8 

13 

1.135 

1.519 

.7133 

12.621 


59 


9 

21 

1.072 

1.636 

.7061 

20.816 


62 


10 

13 

1.021 

1 . 716 

.6751 

29.965 


65 


10 

11 

.959 

1.818 

. 6192 

10.298 


68 


10 

46 

.909 

1.912 

.6277 

50.600 


71 


10 

27 

.864 

2.026 

.6100 

61.012 


71 


9 

12 

.826 

2.100 

.5956 

70.511 


77 


8 

34 

.790 

2.162 

..5811 

79.032 


80 


6 

48 

.767 

2.188 

..5795 

82.727 


83 


5 

11 

.710 

2.250 

..5690 

91.785 


86 


3 

3 

.727 

2.271 

..5650 

9 . 5..562 


90 


0 

0 

.720 

2.286 

..5630 

97,685 

1.50 

41 

49 

0 

0 

1..500 

1.000 

1.000 

0 


45 


2 

47 

1.405 

1.116 

.9071 

.3339 


48 


5 

5 

1..322 

1.283 

.8373 

2.613 


51 


7 

5 

1.216 

1.119 

0.7799 

7.361 


54 


8 

46 

1.174 

1.551 

.7325 

14.752 


57 


10 

8 

1.107 

1.680 

.6932 

24.227 


60 


11 

9 

1.045 

1.802 

.6605 

35.484 


63 


11 

49 

.986 

1.917 

.6332 

47.745 


66 


12 

6 

.932 

2.024 

.6105 

60.597 


69 


11 

59 

.882 

2.121 

..5916 

73.519 


72 


11 

25 

.837 

2.208 

..5761 

85.625 


75 


10 

26 

.797 

2.282 

.5636 

96 . 7.58 


78 


9 

0 

.764 

2.345 

.. 5.538 

106.52 


81 


7 

10 

.737 

2.394 

.5463 

114.27 


84 


5 

0 

.717 

2.430 

.5411 

120.18 


87 


2 

34 

.705 

2.451 

..5381 

123.69 


90 


0 

0 

.701 

2.458 

.5370 

121.97 


m 




TABLE 5 (Continued) 


€ 


S 


A/2 

El 

Pi 

Pi 

P2 

A.S 

(deR.) 

( min .) 

(deg.) 

( min .) 

40 

11 

0 

0 

1.550 

1.000 

1.000 

0 

43 


2 

36 

1.461 

1.137 

.9124 

.2618 

46 


5 

5 

1.375 

1.284 

.8370 

2.758 

49 


7 

15 

1.294 

1.430 

.7756 

7.822 

52 


9 

8 

1.219 

1.574 

.7253 

16.209 

55 


10 

42 

1.148 

1.714 

.6836 

27.196 

58 


11 

55 

1.081 

1.849 

.6490 

40.282 

61 


12 

47 

1.018 

1.977 

.6201 

53.883 

64 


13 

18 

.960 

2.098 

.5960 

70.187 

67 


13 

23 

.905 

2.208 

.5760 

86.652 

70 


13 

3 

.855 

2.308 

.5.595 

100.703 

73 


12 

15 

.811 

2.397 

.5460 

114.735 

76 


10 

59 

.772 

2.472 

.5351 

127.18 

79 


9 

16 

.739 

2.534 

.5266 

137.84 

82 


7 

7 

.714 

2.582 

.5204 

146.19 

85 


4 

37 

.696 

2.615 

.5162 

151.95 

88 


1 

53 

.686 

2.633 

.5140 

155.23 

90 


0 

0 

.684 

2.636 

.5135 

1.55.77 

38 

41 

0 

0 

1.600 

1.000 

1.000 

0 

41 


2 

16 

1..521 

1.119 

.92.30 

.1492 

41 


4 

55 

1.433 

1.275 

.8413 

2.321 

17 


7 

16 

1.347 

1.431 

.77.53 

8.0.33 

50 


9 

19 

1.268 

1.586 

.7211 

17.068 

53 


IL 

1 

1.193 

1.738 

.6770 

29.336 

56 


12 

29 

1.123 

1.886 

.6403 

44.261 

59 


13 

35 

1.056 

2.027 

0.6097 

51.249 

62 


11 

18 

.993 

2.162 

..5842 

79.141 

65 


11 

38 

.931 

2.287 

..5630 

97.411 

68 


11 

32 

.880 

2.401 

.5453 

115.37 

71 


13 

58 

.830 

2.503 

.5308 

1.32.45 

71 


12 

55 

.786 

2.593 

.5190 

148.21 

77 


11 

22 

.718 

2.669 

.,5095 

162.13 

80 


9 

21 

.722 

2.701 

.,5058 

173.06 

83 


6 

52 

.692 

2.776 

.1971 

181.56 

86 


1 

1 

.676 

2.805 

.4938 

187.21 

90 


0 

0 

.668 

2.820 

.4922 

190.01 

37 

18 

0 

0 

1.650 

1.000 

1.000 

0 

38 


0 

41 

1.626 

1.037 

.9742 

.0741 

41 


3 

40 

1.526 

1.200 

.8778 

1.071 

15 


7 

5 

1.406 

1.422 

.7789 

7.728 

18 


9 

19 

1.322 

1.587 

.7208 

16..545 

51 


11 

15 

1.243 

1.752 

.6735 

30.582 

54 


12 

53 

1.169 

1.912 

.6343 

47.195 

57 


14 

11 

1.098 

2.067 

.6019 

66.271 

60 


15 

8 

1.032 

2.216 

.5748 

86.781 

63 


15 

42 

.969 

2.355 

.5522 

108.07 

66 


15 

51 

.910 

2.484 

.5334 

129.27 

69 


15 

33 

.856 

2.602 

.5179 

149.64 

72 


14 

45 

.806 

2.706 

.5051 

168.66 

75 


13 

27 

.762 

2.797 

.4947 

185.57 

78 


11 

36 

.725 

2.872 

.4866 

200.02 

81 


9 

15 

.695 

2.932 

.4804 

211.67 

84 


6 

27 

.672 

2.975 

.4761 

220.27 

87 


3 

19 

.659 

3.001 

.4736 

225.50 

90 


0 

0 

.654 

3.010 

.4728 

227.26 


m 




TABLE 5 (Continued) 



6 


6 



Pi 

AS 

( deg .) 

( min .) 

( deg .) 

( min .) 

Pi 

P2 

36 

2 

0 

0 

1.700 

1.000 

1.000 

0 

37 


1 

2 

1.665 

1.055 

.9628 

.1818 

40 


4 

3 

1.562 

1.226 

.8646 

1.610 

44 


7 

34 

1.439 

1.160 

.7642 

9.630 

47 


9 

53 

1.350 

1.637 

.7058 

20.803 

50 


11 

54 

1.272 

1.812 

.6580 

36.107 

53 


13 

37 

1.195 

1.981 

.6188 

55.689 

56 


15 

0 

1.122 

2.151 

.5862 

77 .. 5.55 

59 


16 

4 

1.052 

2.311 

.5591 

101.14 

62 


16 

41 

0.987 

2.462 

0.5365 

125.16 

65 


17 

1 

.925 

2.602 

.5177 

119.93 

68 


16 

49 

.867 

2.732 

.5021 

173.35 

71 


16 

8 

.815 

2.848 

.1892 

195.27 

71 


11 

55 

.768 

2.949 

.1787 

215.00 

77 


13 

9 

.726 

3.034 

.1701 

2 . 32.17 

80 


10 

49 

.698 

3.070 

. 1670 

239.48 

83 


7 

58 

.666 

3.155 

.4591 

256.95 

86 


1 

43 

.619 

3.189 

.1561 

263.86 

90 


0 

0 

.641 

3.205 

.1550 

267.15 

31 

. 51 

0 

0 

1.750 

1.000 

1.000 

0 

36 


1 

16 

1.707 

1.068 

.95 13 

.1680 

39 


1 

21 

1.602 

1.248 

.8537 

2.002 

42 


7 

7 

1.505 

1.133 

.7744 

5.679 

45 


9 

35 

l.lll 

1.620 

.7109 

19.198 

48 


11 

47 

1.330 

1.807 

. 6.594 

35.868 

51 


13 

41 

1.219 

1.991 

.6172 

. 56..587 

54 


15 

17 

1.172 

2.172 

.5821 

80.500 

57 


16 

33 

1.099 

2.316 

.. 5.535 

106.72 

60 


17 

29 

1.029 

2.513 

..5295 

131.17 

63 


18 

0 

.963 

2.670 

..5091 

161.99 

66 


18 

6 

.901 

2.815 

. 1927 

189.16 

69 


17 

43 

.841 

2.917 

.1789 

214.78 

72 


16 

18 

.792 

3.065 

.4675 

238.18 

75 


15 

19 

.745 

3.167 

. 1583 

259.15 

78 


13 

14 

.705 

3.252 

.4511 

277.31 

81 


10 

34 

,672 

3.318 

.4566 

291.52 

84 


7 

23 

.648 

3.367 

.4418 

301.90 

87 


3 

48 

.633 

3.396 

.1395 

308.21 

90 


0 

0 

.628 

3.106 

.4388 

310.,30 

33 

45 

0 

0 

1.800 

1.000 

1.000 

0 

35 


1 

25 

1.751 

1.077 

.9185 

.1551 

38 


4 

33 

1.643 

1.266 

.8152 

2.365 

41 


7 

24 

1.544 

1.460 

.7642 

9.580 

44 


9 

58 

1.451 

1.657 

.6997 

22.127 

47 


12 

13 

1.364 

1.855 

.6175 

40.908 

50 


14 

13 

1.280 

2.052 

.6050 

54.347 

53 


15 

54 

1.201 

2.244 

.5699 

91.046 

56 


17 

16 

1.125 

2.431 

..5409 

120.44 

59 


18 

18 

1.053 

2.611 

.5167 

151.22 

62 


18 

57 

.984 

2.780 

.4966 

182.40 

65 


19 

11 

.919 

2.938 

.4798 

212.98 

68 


18 

56 

.859 

3.083 

.4659 

242.15 

71 


18 

9 

.803 

3.213 

.4544 

269.00 

74 


16 

48 

.753 

3.326 

.4450 

293.12 


TABLE 5 (Continued) 


Ml 

€ 


6 


Ma 

fl 

Pi 

Pi 

P2 

A.S 

(deg.) 

( min .) 

( deg .) 

( min .) 

l.BO 

77 


14 

49 

.709 

3.422 

.4376 

313.73 


80 


12 

12 

.678 

3.499 

.4319 

330.80 


83 


9 

1 

.645 

3 . 5.57 

.4277 

343.47 


86 


5 

21 

.625 

3.595 

.4251 

351.77 


90 


0 

0 

.617 

3.613 

.4239 

3 . 56.00 

1.85 

32 

13 

0 

0 

1.850 

1.000 

1.000 

0 


31 


1 

29 

1.799 

1.082 

.9451 

.0761 


37 


1 

12 

1.687 

1.280 

. 8,389 

. 3.029 


10 


7 

37 

1.585 

1.483 

. 7.560 

10.761 


13 


10 

14 

1.190 

1.691 

.6902 

25.168 


16 


12 

35 

1.100 

1.899 

.6372 

45.795 


19 


11 

39 

1.314 

2.108 

..5911 

71 . 5,56 


52 


16 

26 

1.232 

2.313 

. 5.588 

101.48 


55 


17 

51 

1.153 

2.513 

.5295 

131.09 


58 


19 

3 

1.078 

2.705 

.5052 

171.91 


61 


19 

49 

1.007 

2.888 

. 18.50 

203.15 


61 


20 

11 

.939 

3 . 0.59 

.1681 

237.22 


67 


20 

4 

.876 

3.217 

. 4.510 

269.71 


70 


19 

27 

.817 

3.359 

.1121 

300.20 


73 


18 

14 

.763 

3.485 

.1329 

. 327.61 


76 


16 

23 

.716 

3..593 

.1253 

. 351.39 


79 


13 

52 

.676 

3.681 

.1193 

371.09 


82 


10 

13 

.613 

3.719 

. 11.50 

. 386..58 


85 


7 

0 

.620 

3.796 

.4120 

. 397.11 


88 


2 

52 

.608 

3.821 

.1105 

402.93 


90 


0 

0 

.606 

3.826 

.4102 

405.62 

1.90 

31 

15 

0 

0 

1.900 

1.000 

1.000 

0 


33 


1 

28 

1.818 

1.083 

.9119 

.1927 


36 


1 

t 6 

1.734 

1.289 

.8318 

2.962 


39 


7 

15 

1.628 

1.501 

.7495 

11 . 8,32 


12 


10 

26 

1.530 

1.719 

.6822 

27..591 


15 


12 

51 

1.137 

1.939 

.6281 

, 50.315 


18 


15 

0 

1.319 

2 . 1.59 

.5816 

78.759 


51 


16 

52 

1.265 

2.377 

.5189 

111..52 


51 


18 

27 

1.184 

2.590 

.5191 

117.61 


57 


19 

11 

1.106 

2.796 

. 1949 

185..39 


60 


20 

35 

1.032 

2.992 

. 1715 

223.16 


63 


21 

5 

.962 

3.177 

.1574 

261.49 


66 


21 

8 

.895 

3.318 

.4133 

297.92 


69 


20 

39 

.833 

3..501 

.4315 

. 331.73 


72 


19 

36 

.776 

3.613 

.1219 

362.52 


75 


17 

55 

,725 

3.763 

.1111 

. 389.54 


78 


15 

31 

.681 

3.863 

.4079 

412..39 


81 


12 

26 

.615 

3.942 

.4033 

130.64 


81 


8 

13 

.618 

3.999 

.4001 

443.81 


87 


4 

30 

.601 

4.033 

.,3981 

452.76 


90 


0 

0 

.596 

1.045 

.3975 

454.52 

1.95 

30 

51 

0 

0 

1 . 9.50 

1.000 

1.000 

0 


32 


1 

23 

1.901 

1.079 

.9471 

.1650 


35 


4 

45 

1.782 

1.293 

.8328 

3 . 0.53 


38 


7 

48 

1.674 

1.515 

.7149 

12.620 


41 


10 

34 

l .,573 

1.743 

.6758 

29 . 7.54 


4 i 


13 

3 

1,178 

1.974 

.6208 

51.438 


m 





TABLE 5 (Continued) 



€ 


S 

Mo 

El 

Pi 

AS 

( deg .) 

( min .) 

( deg .) 

( min .) 

Pi 

P2 

47 


15 

17 

1.386 

2.206 

.5764 

85.426 

50 


17 

14 

1.299 

2.437 

..5401 

121.25 

53 


18 

54 

1.216 

2.663 

.5103 

160.67 

56 


20 

15 

1.136 

2.882 

.4855 

200.76 

59 


21 

16 

1.059 

3.098 

.4649 

251.41 

62 


2 ] 

54 

.986 

3.292 

.4478 

285.66 

65 


22 

6 

.917 

3.477 

.1335 

325.83 

68 


21 

47 

.851 

3.617 

.4216 

363,51 

71 


20 

54 

.791 

3.799 

.4118 

397.89 

71 


19 

23 

.737 

3.935 

.1038 

130.70 

77 


17 

9 

.689 

4.015 

.3975 

1 . 51.48 

80 


14 

11 

.619 

1.136 

.3926 

175..59 

83 


10 

31 

.617 

4.201 

.3891 

191..55 

86 


6 

15 

.596 

4.218 

.3869 

. 501.92 

90 


0 

0 

..586 

4.270 

.,3858 

507.06 

30 

0 

0 

0 

2.000 

1.000 

1.000 

0 

31 


1 

15 

1 . 9.56 

1.072 

.9515 

.0751 

34 


1 

40 

1.833 

1.293 

.8329 

2.885 

37 


7 

48 

1.721 

1.521 

.7119 

12.999 

40 


10 

36 

1.617 

1.762 

.6709 

31.170 

43 


13 

11 

1.519 

2.004 

.61 16 

58.128 

46 


15 

29 

1.126 

2.218 

.5693 

91.371 

49 


17 

31 

1.336 

2.191 

.5321 

130.11 

52 


19 

16 

1 . 2.50 

2.731 

.5022 

173.21 

55 


20 

14 

1.167 

2.965 

.1771 

218.21 

58 


21 

52 

1.088 

3.190 

. 1.563 

261.12 

61 


22 

37 

1.012 

3.103 

. 1.390 

309.67 

64 


22 

58 

.910 

3.603 

.1216 

353.67 

67 


22 

19 

.872 

3.787 

.1125 

395.23 

70 


22 

7 

.773 

3.951 

.1026 

133.12 

73 


20 

47 

.751 

1.101 

.3915 

467.11 

76 


18 

44 

.709 

4.227 

.3880 

197.03 

79 


15 

55 

.655 

4 . 3,30 

.3829 

521..38 

82 


12 

21 

.619 

4.410 

.3791 

510.28 

85 


8 

5 

.594 

4.461 

.3766 

553.29 

88 


3 

19 

.580 

4.494 

.3753 

560.45 

90 


0 

0 

.577 

4.500 

.3750 

561.72 

29 

12 

0 

0 

2.050 

1.000 

1.000 

0 

30 


1 

0 

2.013 

1.059 

.9598 

.0336 

33 


4 

32 

1.886 

1.288 

.8351 

2.667 

36 


7 

43 

1.771 

1.527 

.7406 

13.091 

39 


10 

37 

1.664 

1.775 

.6673 

32.672 

42 


13 

14 

l.,563 

2.029 

.6095 

61.108 

45 


15 

37 

1.467 

2.281 

.5632 

97.103 

4 ^ 


17 

43 

1.374 

2.541 

.5257 

138.82 

51 


19 

34 

1.286 

2.795 

.4950 

185.00 

54 


21 

7 

1.200 

3.042 

.4696 

2 , 33.68 

57 


22 

22 

1.118 

3.282 

.4486 

283.54 

60 


23 

15 

1.040 

3.511 

.4310 

333.09 

63 


23 

44 

.965 

3.726 

.4164 

381.21 

66 


23 

46 

.894 

3.925 

.4043 

426.60 

69 


23 

14 

.828 

4.107 

.3912 

468.77 

72 


22 

6 

.766 

4.268 

.3859 

506.65 

75 


20 

15 

.711 

4.408 

.3792 

539.66 




TABLE 5 (Continued) 


Ml 

€ 


6 


M2 

£1 

Pi 

Pi 

P2 

AS 

(deg.) 

( min .) 

(deg.) 

( min .) 

2.05 

78 


17 

37 

.663 

4.524 

.3739 

567.34 


81 


14 

11 

.623 

4.616 

.3699 

589.36 


81 


9 

58 

.594 

4.683 

.3671 

605.33 


87 


5 

10 

.575 

4.723 

.3655 

614.90 


90 


0 

0 

.569 

4.736 

.3650 

618.04 

2.10 

28 

26 

0 

0 

2.100 

1.000 

1.000 

0 


29 


0 

43 

2.073 

1.043 

.9706 

.0119 


32 


4 

19 

1.941 

1.278 

.8395 

2.431 


35 


7 

35 

1.823 

1.526 

.7410 

13.010 


38 


10 

32 

1.712 

1.784 

.6652 

33.503 


11 


13 

14 

1.608 

2.048 

.6057 

63.611 


11 


15 

40 

1.509 

2.316 

.5582 

101.86 


47 


17 

51 

1.414 

2.585 

.5199 

146.68 


50 


19 

47 

1.323 

2.852 

.4887 

196.12 


53 


21 

26 

1.235 

3.115 

.4629 

248.57 


56 


22 

47 

1.151 

3.369 

.4416 

302.28 


59 


23 

18 

1.070 

3.614 

.4238 

355.83 


62 


21 

26 

.992 

3.844 

.4090 

407.99 


65 


24 

37 

.918 

4.060 

.3967 

457.66 


68 


21 

16 

.819 

4.256 

.3865 

503.91 


71 


23 

20 

.784 

4.433 

.3780 

545.66 


71 


21 

41 

.726 

4.588 

.3712 

582.41 


77 


19 

16 

.674 

4.718 

.3657 

613.80 


80 


16 

0 

.630 

4.823 

.3615 

639.05 


83 


11 

54 

..596 

4.902 

.3585 

657.99 


86 


7 

6 

.573 

4.9.53 

.3565 

670.39 


90 


0 

0 

.561 

4.978 

.3556 

676.56 

2.15 

27 

13 

0 

0 

2.1.50 

1.000 

1.000 

0 


28 


0 

22 

2.139 

1.022 

.9846 

.0020 


31 


1 

1 

1.999 

1.265 

MSH 

2.102 


31 


7 

23 

1.876 

1..520 

.7432 

12.711 


37 


10 

25 

1.763 

1.787 

.6644 

33.790 


10 


13 

10 

1.6,56 

2.062 

.6030 

65.350 


13 


15 

10 

1.554 

2.342 

.5542 

105.89 


16 


17 

56 

1.456 

2.624 

.5151 

153.61 


49 


19 

56 

1.362 

2.905 

. 1832 

206.46 


52 


21 

41 

1.272 

3.182 

.1570 

262.52 


55 


23 

8 

1.185 

3.4,52 

.1353 

320.29 


58 


21 

16 

1.101 

.3.712 

.1173 

378.01 


61 


25 

2 

1.028 

3.9.59 

.4023 

134.36 


61 


25 


.944 

4.190 

.3898 

488.25 


67 


25 

12 

.872 

4.402 

.3794 

538.44 


70 


21 

28 

.804 

4.596 

.3708 

584.34 


73 


23 

3 

.742 

4.765 

.3638 

625.23 


76 


20 

51 

.686 

4.911 

.3581 

660.21 


79 


17 

47 

.639 

5.030 

.3537 

688.94 


82 


13 

51 

.600 

5.122 

.3505 

711.13 


85 


9 

6 

.572 

5.185 

.3483 

726.45 


88 


3 

45 

.557 

5.220 

.3472 

734.85 


90 


0 

0 

.554 

5.226 

.3469 

7.36.44 

2.20 

27 

2 

0 

0 

2.200 

1.000 

1.000 

0 


30 


3 

43 

2.059 

1.245 

.8553 

1.720 


33 


7 

7 

1.932 

1.508 

.7471 

11.985 


36 


10 

13 

1.815 

1.784 

.6650 

33.590 





TABLE 5 (Continued) 


Afi 

e 


S 


M2 

fl 

Pi 

Pi 

Pi 

A.S 

(<ieg) 

(min.) 

(deg.) 

(min.) 

2.20 

39 


13 

2 

1.705 

2.070 

.6011 

66.331 


42 


15 

36 

1.600 

2.362 

.5512 

109.03 


45 


17 

56 

1.499 

2.6.57 

.5110 

159.11 


48 


20 

0 

1.103 

2.9.52 

.4781 

215.51 


51 


21 

51 

1.310 

3.241 

.4517 

275.31 


54 


23 

24 

1.220 

3..529 

.1297 

337.15 


57 


24 

39 

1.134 

3.805 

.1111 

399.12 


60 


25 

32 

1.051 

1.069 

.3962 

159.85 


63 


26 

O 

.972 

4.316 

..3835 

518.05 


66 


26 

3 

.896 

4.546 

.3730 

572.59 


69 


25 

30 

.826 

1.755 

.3612 

622.62 


72 


24 

18 

.761 

4.911 

.3570 

667..37 


75 


22 

20 

.701 

5.122 

.3512 

706.33 


78 


19 

31 

.650 

5.231 

.3166 

7.38.68 


81 


15 

47 

.607 

.5.312 

.3131 

761.31 


84 


11 

9 

..574 

5.118 

..3107 

782.91 


87 


5 

47 

..554 

5.165 

.3393 

791.15 


90 


0 

0 

.547 

5.480 

.3388 

798 01 

2.25 

26 

23 

0 

0 

2.250 

1.000 

1.000 

0 


29 

* 

3 

20 

2.122 

1.222 

.8670 

1.226 


32 


6 

18 

1.990 

1.492 

.7528 

11.031 


35 


9 

58 

1.869 

1.776 

.6670 

32.87« 


38 


12 

51 

1.755 

2.072 

.6009 

66.707 


41 


15 

29 

1.618 

2.376 

.5191 

111.22 


41 


17 

53 

1.511 

2.683 

.5078 

161.30 


47 


20 

2 

1.415 

2.992 

.1741 

223.75 


50 


21 

57 

1.319 

3.301 

.1172 

289.97 


53 


23 

36 

1.257 

3.601 

.1217 

3.52.90 


56 


24 

57 

1.168 

3.893 

.1062 

419.20 


59 


25 

58 

1.083 

4.173 

.3907 

181.09 


62 


26 

36 

1.001 

1.138 

.3778 

516.70 


65 


26 

47 

.923 

1.685 

.3671 

605.71 


68 


26 

27 

.819 

1.911 

.3,581 

660.25 


71 


25 

28 

.781 

5.11 1 

.3.508 

709.13 


74 


23 

45 

.718 

5.291 

.3118 

751.96 


77 


21 

10 

.663 

5.111 

.3100 

788..50 


80 


17 

40 

.615 

5..562 

.3361 

817.71 


83 


13 

12 

.578 

5.652 

.3337 

839.5 1 


86 


7 

54 

..553 

5.711 

.3321 

8.53.92 


90 


0 

0 

.541 

5.710 

.3313 

860.86 

2.30 

25 

46 

0 

0 

2..300 

1.000 

1.000 

0 


28 


2 

53 

2.186 

1.194 

.8811 

.7913 


31 


6 

27 

2.050 

1.472 

.7601 

9.925 


34 


9 

40 

1.925 

1.763 

.6704 

31.579 


37 


12 

37 

1.808 

2.069 

.6016 

66.296 


40 


15 

18 

1.697 

2.383 

.5479 

112.53 


43 


17 

46 

1..591 

2.701 

..50,53 

168.02 


46 


20 

0 

1.489 

3.027 

.1711 

229..53 


49 


21 

59 

1 ..390 

3.349 

. 41.32 

294.87 


52 


23 

43 

1.295 

3.666 

.120.3 

.367.61 


55 


25 

10 

1.212 

3.975 

.101 1 

138.08 


58 


26 

19 

1.116 

1.272 

.3857 

507.53 


61 


27 

6 

1.0.32 

4.555 

.3726 

571.68 


64 


27 

26 

.951 

4.819 

..3617 

6.38.07 


4 /// 



TABLE 5 (Continued) 


Ml 

e 


6 

Ma 

JH 

Pi 

Pi 

P2 


( deg .) 

( rnin .) 

( deg .) 

( min .) 

2.30 

67 


27 

17 

.874 

5.063 

.3526 

696.90 


70 


26 

32 

.803 

5.283 

.3451 

750.17 


73 


25 

3 

.737 

5.478 

.3389 

797.33 


76 


22 

45 

.678 

5.644 

.3340 

837.74 


79 


19 

29 

.626 

5.781 

.3301 

870.83 


82 


15 

14 

.585 

5.886 

.3273 

896.25 


85 


10 

3 

.555 

5.958 

.3254 

913.86 


88 


4 

9 

.537 

5.998 

.3244 

923.31 


90 


0 

0 

.534 

6.005 

.3242 

925.18 

2.35 

25 

11 

0 

0 

2 . 3.50 

1.000 

1.000 

0 


27 


2 

24 

2.254 

1.161 

.8988 

.4871 


30 


6 

1 

2.112 

1.444 

.7702 

8.584 


33 


9 

19 

1.983 

1.745 

.6754 

29.851 


36 


12 

20 

1.862 

2.059 

. 6031 

65.009 


39 


15 

5 

1.748 

2.385 

.5477 

112.76 


42 


17 

36 

1 . 6.39 

2.718 

.5037 

170.62 


45 


19 

54 

1 .. 5,34 

3.055 

.1684 

236.22 


48 


21 

58 

1.433 

3.392 

.4399 

306.99 


51 


23 

47 

1.335 

3.725 

.4165 

380.88 


54 


25 

20 

1.241 

4.050 

.3972 

455.56 


57 


26 

35 

1 . 1.51 

1..365 

.3812 

529.42 


60 


27 

30 

1.064 

4.666 

.3678 

601.08 


63 


28 


.980 

4.919 

.3567 

669.34 


66 


28 

2 

.901 

5.211 

.3475 

732.57 


69 


27 

29 

.827 

5.449 

.3398 

790.44 


72 


26 

15 

. 7.57 

5.661 

.3335 

841.84 


75 


21 

13 

.691 

5.845 

.3284 

886.40 


78 


21 

11 

.639 

5.998 

.3244 

923.36 


81 


17 

14 

.593 

6.119 

.3213 

952.54 


84 


12 

13 

.558 

6.206 

.3192 

973.52 


87 


6 

22 

.536 

6.259 

.3180 

986.09 


90 


0 

0 

.529 

6.276 

.3176 

990.43 

2.40 

24 

37 

0 

0 

2.400 

1.000 

1.000 

0 


26 


1 

51 

2.325 

1.125 

.9195 

.1502 


29 


5 

34 

2.176 

1.413 

.7822 

7.137 


32 


8 

55 

2.042 

1.720 

.6818 

27.650 


35 


12 

0 

1.919 

2.044 

.6064 

63.094 


38 


14 

49 

1.801 

2.381 

.5483 

112.11 


41 


17 

23 

1.688 

2.726 

.5028 

172.07 


44 


19 

45 

1.581 

3.076 

.4665 

240.56 


47 


21 

53 

1.492 

3.428 

.4322 

329.56 


50 


23 

47 

1.376 

3.777 

.4132 

392.62 


53 


25 

26 

1.280 

4.120 

.3935 

471.78 


56 


26 

47 

1.187 

4.452 

.3771 

550.07 


59 


27 

49 

1.097 

4.771 

.3636 

626.45 


62 


28 

29 

1.011 

5.072 

.3522 

699.18 


65 


28 

41 

.929 

5.353 

.3428 

767.25 


68 


28 

20 

.852 

5.610 

.3349 

829.37 


71 


27 

21 

.780 

5.841 

.3285 

885.40 


74 


25 

35 

.713 

6.043 

.3232 

934.25 


77 


22 

53 

.654 

6.213 

.3190 

975.29 


80 


19 

10 

.604 

6.350 

.3158 

1008.42 


83 


14 

23 

.564 

6.454 

.3135 

1033.08 


86 


8 

38 

.537 

6.521 

.3120 

1049.17 


90 


0 

0 

.523 

6.554 

.3113 

1057.03 


M5 


TABLE 5 (Continued) 


M, 

(deg.) 

e 

(min.) 

(deg.) 

$ 

(min.) 

M 2 

Pa 

Pi 

Pi 

P2 

AS 

2.45 

24 

5 

0 

0 

2.450 

1.000 

1.000 

0 


25 


1 

15 

2.398 

1.084 

.9439 

.0919 


28 


5 

3 

2.243 

1.377 

.7965 

5.580 


31 


8 

30 

2.105 

1.692 

.6896 

25.181 


34 


11 

37 

1.976 

2.023 

.6106 

60.395 


37 


14 

29 

1.855 

2.370 

.5500 

110.28 


40 


17 

8 

1.740 

2.727 

..5027 

172.27 


43 


19 

33 

1.629 

3.091 

.4651 

243.52 


46 


21 

45 

1.522 

3.457 

.4350 

321.33 


49 


23 

44 

1.419 

3.822 

.4104 

403.01 


52 


25 

28 

1.320 

4.182 

.3902 

486.38 


55 


26 

55 

1.224 

4.532 

.3736 

569.31 


58 


28 

4 

1.132 

4.870 

.3.597 

650.28 


61 


28 

52 

1.043 

5.190 

.3481 

727.72 


64 


29 

14 

.959 

5.491 

.3385 

800.43 


67 


29 

6 

.879 

5.767 

.3305 

867.49 


70 


28 

20 

.801 

6.017 

.3239 

928.03 


73 


26 

50 

.734 

6.238 

.3185 

981.10 


76 


24 

26 

.671 

6.427 

.3141 

1026.47 


79 


21 

2 

.616 

6.582 

.3107 

1063.68 


82 


16 

31 

..572 

6.701 

.3082 

1092.28 


85 


10 

.56 

.510 

6.783 

.3066 

1 U 1.86 


88 


4 

31 

.,521 

6.828 

.3057 

1122.61 


90 


0 

0 

.518 

6.836 

.3055 

1121.61 

2.50 

23 

35 

0 

0 

2.500 

1.000 

1.000 

0 


24 


0 

39 

2.477 

1.040 

.9726 

.0099 


27 


4 

29 

2.318 

1.3.36 

.8136 

4.218 


30 


8 

0 

2.169 

1.6.56 

.7000 

22.359 


33 


11 

11 

2.036 

1.996 

.6162 

57.183 


36 


14 

7 

1.911 

2..353 

..5526 

107.72 


39 


16 

49 

1.793 

2.721 

..50.33 

171.33 


42 


19 

18 

1.679 

3.098 

.4645 

215.26 


45 


21 

.44 

l.,569 

3.479 

.4333 

.326.23 


48 


23 

.37 

1.463 

3.860 

.4081 

411.85 


51 


25 

26 

1.361 

4.237 

.3874 

499.41 


54 


26 

,59 

1.263 

4.606 

.3701 

.586.97 


57 


28 

15 

1.168 

4.962 

.3562 

672.66 


60 


29 

11 

1.077 

5.302 

.3444 

7.54.91 


63 


29 

42 

.990 

5.622 

.3346 

832.63 


66 


29 

45 

.907 

,5.919 

.3264 

904.33 


69 


29 

13 

.829 

6.189 

.3197 

969..50 


72 


27 

58 

.756 

6.429 

.3141 

1027. J 5 


75 


25 

,53 

.690 

6.637 

.3096 

1076.97 


78 


22 

47 

.621 

6.810 

.3060 

1118.26 


81 


18 

34 

..582 

6.947 

.3033 

1150.70 


84 


13 

13 

.545 

7.045 

..3015 

1174.11 


87 


6 

58 

.519 

7.105 

.3004 

1188.32 


90 


0 

0 

.513 

7.125 

..3000 

1193.01 

2.55 

23 

5 

0 

0 

2.550 

1.000 

1.000 

0 


26 


3 

53 

2.385 

1.291 

.8336 

2.876 


29 


7 

28 

2.235 

1.616 

.7119 

19.290 


32 


10 

44 

2.098 

l.%4 

.6230 

.53.1.32 


35 


13 

43 

1.969 

2.329 

.5,562 

104.01 


38 


16 

29 

1.847 

2.709 

..5048 

169.05 


M6 






TABLE 5 (Continued) 


6 


6 



Jh 

Pi 

Pi 

P2 

AS 

(deg.) 

(min.) 

(deg.) 

(min.) 

41 


19 

1 

1.730 

3.097 

.4644 

243.87 

44 


21 

21 

1.618 

3.494 

.4323 

329.59 

47 


23 

ii 

1.509 

3.891 

.4063 

418.89 

50 


25 

21 

1.404 

4.285 

.3850 

510.47 

53 


27 

0 

1.306 

4.672 

.3676 

602.80 

56 


28 

22 

1.206 

5.048 

.3531 

693.13 

59 


29 

25 

1.112 

5.407 

.3411 

780.37 

62 


30 

6 

1.022 

5.718 

.3310 

862.79 

65 


30 

19 

.937 

6.065 

.3227 

939.56 

68 


29 

59 

.856 

6.354 

.3158 

1009.10 

71 


29 

0 

.780 

6.616 

.3100 

1071.77 

74 


27 

12 

.710 

6.843 

.3054 

1126.14 

77 


24 

26 

.648 

7.036 

.3016 

1171.71 

80 


20 

33 

.594 

7.191 

.2988 

1208.54 

83 


15 

29 

.552 

7.307 

.2967 

1235.73 

86 


9 

19 

.523 

7.383 

.2954 

1253.54 

90 


0 

0 

.508 

7.420 

.2948 

1262.20 

22 

37 

0 

0 

2.600 

1.000 

1.000 

0 

25 


3 

13 

2.460 

1.242 

.8568 

1.650 

28 


6 

53 

2.303 

1.572 

.7260 

15.975 

31 


10 

14 

2.164 

1.927 

.6310 

48.795 

31 


13 

17 

2.029 

2.299 

.5609 

99.355 

37 


16 

5 

1.903 

2.690 

.5070 

165.41 

40 


18 

41 

1.783 

3.092 

.4650 

243.95 

13 


21 

4 

1.667 

3.502 

.4317 

331.00 

46 


23 

15 

1.556 

3.914 

.4049 

424.05 

49 


25 

13 

1.448 

4.326 

.3831 

520.20 

52 


26 

57 

1.3U 

4.731 

.3652 

616.90 

55 


28 

25 

1.244 

5.126 

.3504 

712.07 

58 


29 

35 

1.148 

5.505 

.3381 

804.08 

61 


30 

24 

1.056 

5.866 

.3278 

891.44 

61 


30 

47 

.968 

6.205 

.3193 

1000.97 

67 


30 

40 

.891 

6.516 

.3121 

1047.96 

70 


29 

55 

.803 

6.798 

.3063 

1117.32 

73 


28 

21 

.733 

7.046 

.3015 

1174.12 

76 


25 

57 

.666 

7.259 

.2976 

1224.31 

79 


22 

25 

.609 

7.433 

.2946 

1265.36 

82 


17 

40 

,562 

7.567 

.2924 

1296.76 

85 


11 

41 

..527 

7.660 

.2909 

1318.12 

88 


4 

52 

.508 

7.711 

.2901 

1329.92 

90 


0 

0 

.504 

7.720 

.2899 

1332.26 

22 

10 

0 

0 

2.650 

1.000 

1.000 

0 

24 


2 

31 

2.538 

1.189 

.8839 


27 


6 

17 

2.375 

1.522 

.7424 

12.917 

30 


9 

41 

2.228 

1.882 

.6413 

43.790 

33 


12 

48 

2.091 

2.264 

.5667 

93.992 

36 


15 

40 

1.961 

2.664 

.5101 

160.88 

39 


18 

19 

1.838 

3.078 

.4663 

241.13 

42 


20 

45 

1.718 

3..502 

.4317 

331.24 

45 


23 

0 

1.604 

3.930 

.4040 

427.82 

48 


25 

2 

1.493 

4.358 

.3815 

527.95 

51 


26 

51 

1.387 

4.782 

.3632 

629.24 

54 


28 

24 

1.284 

5.196 

.3480 

729.13 

57 


29 

41 

1.186 

5.596 

.3354 

826.05, 
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TABLE 5 (Continued) 


Ml 


€ 


B 

Mi 

Pi 

P2 

AS 

(deg.) 

(min.) 

(deg.) 

(min.) 

2.65 

60 


30 

38 

1.091 

5.978 

.3249 

918.56 


63 


31 

11 

1.000 

6.338 

.3161 

1005.37 


66 


31 

15 

.914 

6.671 

.3089 

1085.28 


69 


30 

44 

.832 

6.974 

.3028 

1157.32 


72 


29 

29 

.756 

7.244 

.2979 

1221.07 


75 


27 

22 

.687 

7.477 

.2939 

1275.77 


78 


24 

11 

.625 

7.672 

.2907 

1.321.10 


81 


19 

47 

.573 

7.826 

.2883 

1356.78 


84 


14 

8 

.534 

7.937 

.2866 

1382.27 


87 


7 

24 

.508 

8.004 

.2857 

1397.83 


90 


0 

0 

.500 

8.026 

.2853 

1102.90 

2.70 

21 

41 

0 

0 

2.700 

1.000 

1.000 

0 


23 


1 

46 

2.620 

1.132 

.9151 

0.0037 


26 


5 

37 

2.118 

1.468 

.7615 

9.908 


29 


9 

6 

2.296 

1.832 

.6530 

.38.562 


32 


12 

17 

2.155 

2.222 

.5737 

87.712 


35 


15 

12 

2.021 

2.631 

.5141 

1.54.99 


38 


17 

54 

1.893 

3.057 

. 1683 

236.84 


41 


20 

24 

1.771 

3.494 

.1323 

329.61 


U 


22 

42 

1.653 

3.937 

.4036 

429.60 


47 


24 

48 

1.540 

4.382 

.3804 

5.83,67 


50 


26 

42 

1.431 

4.821 

..3615 

6.39.51 


53 


28 

21 

1.326 

5.258 

.3159 

741.16 


56 


29 

44 

1.225 

5.679 

.3330 

816.19 


59 


30 

47 

1.127 

6.082 

.3223 

913.73 


62 


31 

30 

1.034 

6.461 

.3133 

1035.16 


65 


31 

45 

.915 

6.820 

.3058 

1120.13 


68 


31 

26 

.861 

7.115 

.2996 

1197.59 


71 


30 

28 

.782 

7.137 

.2915 

1266.21 


74 


28 

38 

.709 

7.692 

.2904 

1325..55 


77 


25 

48 

.647 

7.908 

.2871 

1.375.64 


80 


21 

47 

.587 

8.082 

.2815 

1115.60 


83 


16 

29 

.542 

8.212 

.2827 

1115.11 


86 


9 

57 

.511 

8.297 

.2815 

1464.79 


90 


0 

0 

.496 

8.338 

.2810 

1174.07 

2.75 

21 

19 

0 

0 

2.750 

1.000 

1.000 

0 


22 


0 

58 

2.705 

1.071 

.9519 

.058.3 


25 


4 

56 

2.526 

1.409 

.7836 

6.901 


28 


8 

29 

2.366 

1.778 

.6666 

33.023 


31 


11 

39 

2.217 

2.175 

.5818 

80.901 


34 


14 

42 

2.082 

2.592 

.5191 

147.88 


37 


17 

28 

1.951 

3.029 

.4709 

231.01 


40 


20 

1 

1.826 

3.479 

.4333 

326.03 


43 


22 

23 

1.705 

3.937 

.4036 

429.46 


46 


24 

32 

1.588 

4.399 

.3796 

537.44 


49 


26 

30 

1.477 

4.859 

.3601 

647..59 


52 


28 

14 

1.368 

5.312 

.3441 

757.25 


55 


29 

42 

1.264 

5.754 

,3309 

864.19 


58 


30 

54 

1.165 

6.179 

.3199 

966.93 


61 


31 

44 

1.069 

6.583 

.3107 

1063.86 


64 


32 

9 

.977 

6.961 

.3031 

1152.98 


67 


32 

3 

.890 

7.309 

.2967 

1236.19 


70 


31 

19 

.808 

7.624 

.2914 

1309.77 


73 


29 

47 

.732 

7.902 

.2872 

1374.26 
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TABLE 5 (Continued) 


e 


8 


Mi 

P 2 

Pi 

Pi 

P2 

AS 

( deg -) 

( min .) 

( deg .) 

( min .) 

76 


27 

19 

.663 

8.140 

.2837 

1428.95 

79 


23 

40 

.603 

8.335 

.2810 

1473.39 

82 


18 

44 

.553 

8.486 

.2790 

1507.35 

85 


12 

29 

.517 

8.589 

.2777 

1 . 531.02 

88 


5 

11 

.496 

9.646 

.2770 

1543.49 

90 


0 

0 

.492 

8.656 

.2769 

1546.11 

20 

56 

0 

0 

2.800 

1.000 

1.000 

0 

21 


0 

7 

2.795 

1.008 

.9913 


21 


4 

11 

2.604 

1.347 

.8091 

4.353 

27 


7 

50 

2.439 

1.719 

.6824 

27..389 

30 


11 

8 

2.288 

2.120 

.5918 

73.021 

33 


11 

10 

2 . M 5 

2.517 

.5250 

139.75 

36 


16 

59 

2.011 

2.991 

.4743 

223.81 

39 


19 

36 

1.882 

3.456 

.4350 

320.95 

42 


22 

0 

1 . 7.57 

3.929 

.4041 

427.22 

15 


21 

14 

1.638 

4.107 

.3792 

. 5 . 39.17 

48 


26 

15 

1.523 

4.881 

.3591 

653.23 

51 


28 

4 

1.112 

5.358 

.3426 

768.04 

51 


29 

38 

1.305 

5.820 

.3291 

880.12 

57 


30 

55 

1.203 

6.267 

.3178 

988.02 

60 


31 

51 

1.105 

6.693 

.3081 

1090.41 

63 


32 

28 

1.011 

7.095 

.3005 

1185.63 

66 


32 

31 

.921 

7.467 

.2940 

1272.91 

69 


32 

4 

.836 

7.805 

.2886 

1351.78 

72 


30 

50 

.757 

8.107 

.2812 

1421.21 

75 


28 

41 

.685 

8.367 

.2806 

1480.64 

78 


25 

26 

.620 

8.585 

.2778 

1529.76 

81 


20 

53 

..566 

8.756 

.2756 

1568.17 

81 


14 

59 

.521 

8.880 

.2711 

1595.87 

87 


4 

51 

.498 

8.955 

.2732 

1612.60 

90 


0 

0 

.488 

8.980 

.2730 

1618.13 

20 

32 

0 

0 

2.850 

1.000 

1.000 

0 

23 


3 

24 

2.687 

1.280 

.8386 

2.366 

26 


7 

8 

2..511 

1.651 

.7005 

21.972 

29 


10 

31 

2.358 

2.061 

.6031 

65.019 

32 


13 

37 

2.211 

2.491 

.5320 

130.80 

35 


16 

28 

2.072 

2.951 

.4785 

215.30 

38 


19 

8 

1.939 

3.125 

.4373 

314.22 

41 


21 

36 

1.811 

3.912 

.4050 

423.51 

41 


23 

53 

1.689 

4.106 

.3793 

539.08 

47 


25 

58 

1.570 

4.902 

0.3585 

657.96 

50 


27 

51 

1.457 

5.391 

.3115 

777.09 

53 


29 

31 

1.318 

5.878 

.3275 

891.01 

56 


30 

54 

1.213 

6.346 

.3159 

1007.37 

59 


31 

59 

1.112 

6.796 

.3063 

1059.43 

62 


32 

43 

1.045 

7.221 

.2983 

1215.30 

65 


32 

59 

.953 

7,617 

.2916 

1308.29 

68 


32 

42 

.866 

7.980 

.2860 

1392.15 

71 


31 

41 

.781 

8.305 

.2814 

1466.51 

74 


29 

55 

,708 

8.590 

.2777 

1531.03 

77 


27 

2 

.640 

8.830 

.2747 

1584.93 

80 


22 

55 

.581 

9.021 

.2724 

1628.01 

83 


17 

24 

.531 

9.169 

.2708 

1660.18 

86 


10 

32 

.501 

9.261 

.2698 

1681.05 

90 


0 

0 

.485 

9.310 

.2693 

1691.11 


m 





TABLE 5 (Continued) 



€ 


5 

Ma 

El 

Pi 

Pi 

Pi 

AS 

( deg .) 

( min .) 

( deg .) 

( min .) 

20 

10 

0 

0 

2.900 

1.000 

1.000 

0 

21 


1 

12 

2.842 

1.093 

.9382 

.1255 

24 


3 

11 

2.651 

1.457 

. 76.56 

9.189 

27 


8 

45 

2.483 

1.856 

.6474 

40.835 

30 


12 

0 

2.328 

2.286 

.5630 

97.177 

33 


14 

59 

2.182 

2.744 

.5007 

175.55 

36 


17 

46 

2.043 

3.223 

.4535 

271.20 

39 


20 

21 

1.910 

3.719 

.1169 

379.65 

42 


22 

45 

1.783 

4.226 

.3880 

496.86 

45 


24 

57 

1.660 

4.739 

.3648 

618.87 

48 


26 

58 

1..542 

5 . 2.52 

.3461 

712.71 

51 


28 

47 

1.428 

5 . 7.59 

.3307 

865.63 

54 


30 

21 

1.319 

6 . 2.55 

.3181 

985.44 

57 


31 

39 

1.214 

6.735 

.3075 

1100.24 

60 


32 

38 

1.114 

7.192 

.2988 

1208.72 

63 


33 

14 

1.018 

7.623 

.2915 

1309.43 

66 


33 

20 

.926 

8.022 

.2851 

1101.91 

69 


32 

52 

. 8.39 

8.385 

.2801 

1181.81 

72 


31 

38 

. 7.58 

8.708 

.2762 

1 . 557.77 

75 


29 

29 

.684 

8.988 

.2729 

1620.09 

78 


26 

11 

.618 

9.221 

.2702 

1671..56 

81 


21 

34 

0.562 

9.405 

0.2682 

1711.92 

84 


15 

30 

.519 

9..538 

.2668 

1710.89 

87 


8 

9 

.491 

9.618 

.2660 

17 . 58.18 

90 


0 

0 

.481 

9.645 

. 26.58 

1761.28 

19 

19 

0 

0 

2.95 

1.000 

1.000 

0 

20 


0 

16 

2.936 

1.021 

.9853 

.000 

23 


4 

23 

2 . 7,35 

1.383 

.7939 

5.986 

26 


8 

2 

2.,559 

1.781 

. 66.50 

33.698 

29 


11 

21 

2..399 

2.220 

.5741 

87.319 

32 


14 

21 

2.248 

2.681 

..5077 

164.62 

35 


.16 

53 

2.090 

, 3.174 

. 1.577 

260.81 

38 


19 

52 

1.969 

3.682 

.1193 

371.32 

41 


22 

19 

1.838 

1 . 2.03 

.3892 

491.51 

44 


24 

35 

1.712 

4.732 

.3651 

617..38 

47 


26 

39 

1.590 

5.264 

.3157 

745.71 

50 


28 

32 

1.474 

5.791 

.3299 

873.51 

53 


30 

12 

1..360 

6.309 

.3168 

998.57 

56 


31 

36 

1 . 2,55 

6.812 

.3060 

1118.71 

59 


32 

42 

1 . 1.52 

7.293 

.2970 

1232.19 

62 


33 

26 

1.053 

7.749 

.2895 

1 , 3 . 38.98 

65 


33 

44 

. 9,59 

8.173 

.2832 

1436.41 

68 


33 

28 

.870 

8..561 

.2781 

1524.82 

71 


32 

31 

.786 

8.910 

.2738 

1602.73 

74 


30 

41 

.708 

9.215 

.2703 

1670.38 

77 


27 

48 

. 6,38 

9.473 

.2675 

1726.62 

80 


25 

54 

.568 

9.680 

. 26,54 

1771.85 

83 


17 

57 

.529 

9.836 

.2639 

1805.18 

86 


10 

54 

.495 

9.937 

.2629 

1827.06 

90 


0 

0 

.478 

9.986 

.2624 

1837.61 

19 

28 

. 0 

0 

3.000 

1.000 

1.000 

0 

20 


0 

46 

2.960 

1.062 

. 9,582 

. 0.375 

23 


4 

50 

2.758 

1.436 

.7731 

8.219 


m 



TABLE 5 (Continued) 


Af . 

€ 


6 


M2 

Pi 

Pi 

P2 

AS 

( deg .) 

( min .) 

( deg .) 

( min .) 

Pi 

3.00 

26 


8 

27 

2.581 

1.851 

.6485 

40.430 


29 


11 

44 

2.419 

2.301 

.5606 

99.591 


32 


14 

46 

2.267 

2.782 

.4964 

182.65 


35 


17 

65 

2.122 

3.287 

.4481 

284.73 


38 


20 

12 

1.983 

3.813 

.4109 

400.94 


41 


22 

38 

1.850 

4.352 

.3818 

526.62 


44 


24 

54 

1.723 

4.900 

.3585 

657.70 


17 


26 

59 

1.600 

5.450 

.3398 

790.44 


50 


28 

52 

1.483 

5.995 

.3244 

922.61 


53 


30 

31 

1.369 

6.531 

.3118 

1051.46 


56 


31 

55 

1.261 

7 . 0.50 

.3014 

1175.15 


59 


33 

2 

1.156 

7.548 

.2927 

1292.26 


62 


33 

46 

1.057 

8.019 

.2854 

1401.11 


65 


34 

4 

.961 

8 . 4.58 

.2794 

1 . 501.26 


68 


33 

19 

.871 

8.860 

.2744 

1 . 591.45 


71 


32 

52 

.787 

9.221 

.2702 

1671.32 


71 


31 

3 

.708 

9 . 5.36 

.2669 

1740.34 


77 


28 

9 

.637 

9.802 

.2642 

1797.98 


80 


23 

56 

.576 

10.017 

.2621 

1844.15 


83 


18 

14 

.527 

10.178 

.2606 

1878.23 


86 


11 

1 

.193 

10.283 

. 2.597 

1900.41 


90 


0 

0 

.175 

10.333 

.2593 

1911.41 

3 . Of ) 

19 

8 

0 

0 

3.050 

1.000 

1.0000 

0 


20 


1 

15 

2.981 

1.103 

.9321 

.0553 


23 


5 

16 

2.782 

1.190 

.7531 

11.010 


26 


8 

51 

2.603 

1.919 

. 6.328 

47.836 


29 


12 

7 

2.140 

2.381 

.5178 

112.68 


32 


15 

7 

2.285 

2.881 

. 18.56 

201.70 


35 


17 

55 

2.139 

3.104 

.1389 

309.65 


38 


20 

31 

1.998 

3.947 

.4030 

431.82 


41 


22 

57 

1.863 

1.505 

.3748 

562.70 


14 


25 

13 

1.731 

5.071 

. 3.523 

698.86 


17 


27 

17 

1.610 

5.639 

.3311 

8 , 36.42 


50 


29 

10 

1.491 

6.203 

.3193 

972.67 


53 


30 

50 

1.376 

6 . 7,56 

.3071 

1105.18 


56 


32 

11 

1.266 

7.293 

.2970 

12 , 32.61 


59 


33 

21 

1.161 

7.808 

.2886 

1352.50 


62 


34 

6 

1.060 

8.295 

.2816 

1464..32 


65 


34 

24 

.964 

8.749 

.2757 

1 , 566.61 


68 


34 

10 

.873 

9.164 

.2709 

1659.02 


71 


33 

13 

.788 

9..537 

.2669 

1740.75 


74 


31 

21 

.708 

9.863 

.2636 

1811.01 


77 


28 

29 

.637 

10.138 

.2610 

1869.52 


80 


24 

14 

.575 

10.360 

.2590 

1916.64 


83 


18 

29 

.525 

10.526 

. 2.576 

1951.67 


86 


11 

14 

.490 

10.634 

.2567 

1974.29 


89 


2 

54 

.473 

10.684 

.2563 

1984.65 


90 


0 

0 

.472 

10.686 

. 2.562 

1985.15 

3.10 

18 

49 

0 

0 

3.100 

1.000 

1.0000 

0 


20 


1 

43 

3.010 

1.145 

.9079 

.2717 


23 


5 

41 

2.806 

1.545 

.7346 

14.353 


26 


9 

14 

2.621 

1.988 

.6179 

55.921 


29 


12 

28 

2.460 

2.469 

.5356 

126.62 


32 


15 

27 

2.303 

2.982 

.4754 

221.57 


421 




TABLE 5 (Continued) 


e 


S 


M2 

£1 

Pi 

AN 

( deg .) 

( min .) 

( deg .) 

( min .) 

Pi 

P2 

35 


18 

14 

2.155 

3.522 

.4302 

335.62 

38 


20 

50 

2.012 

4.083 

.3954 

163.34 

41 


23 

15 

1.876 

4.659 

.3681 

599.73 

44 


25 

30 

1.745 

5.241 

.3161 

710..57 

47 


27 

35 

1.619 

5.830 

.3288 

882.83 

50 


29 

27 

1.198 

6.413 

.3111 

1023.28 

53 


31 

7 

1.383 

6.985 

.3026 

11 . 59.52 

56 


32 

32 

1.272 

7.539 

.2928 . 

1290.06 

59 


33 

39 

1.166 

8.071 

.2817 

1113.16 

62 


31 

21 

1.061 

8..57 1 

.2779 

1 . 527..55 

65 


3i 

14 

.967 

9.013 

.2722 

1632.03 

68 


31 

29 

.875 

9.172 

.2675 

1726.51 

71 


33 

33 

.789 

9.857 

.2637 

1809.79 

74 


31 

15 

.708 

10.193 

.2605 

1881..58 

77 


28 

50 

.636 

10.478 

. 2.580 

1911.,57 

80 


24 

33 

.573 

10.703 

.2561 

1989.35 

83 


18 

14 

.523 

10.879 

.2517 

2025.11 

86 


11 

21 

.188 

10.991 

.2538 

2018.19 

89 


2 

56 

.171 

11.042 

.2531 

2058.69 

90 


0 

0 

.170 

ll . ai5 

. 2.531 

20 . 59.38 

18 

4 

31 

0 

0 

3.150 

1.000 

1.0000 

0 

20 


2 

9 

3.031 

1.188 

.8815 

.6698 

23 


6 

5 

2.830 

1.601 

.7167 

17.961 

26 


9 

36 

2.618 

2 . 0.58 

.6037 

61.868 

29 


12 

18 

2.179 

2.551 

..5210 

111.23 

32 


15 

46 

2.321 

3.081 

. 16.57 

212.21 

35 


18 

32 

2.170 

3.642 

.1219 

362.33 

38 


21 

8 

2.026 

1.222 

.3882 

495.57 

41 


23 

32 

1.888 

1.816 

.3618 

637.13 

44 


25 

17 

1.755 

5.420 

.3107 

783.10 

47 


27 

51 

1.628 

6.026 

. 32,37 

929.92 

50 


29 

14 

1.506 

6.627 

.3098 

107 1.41 

53 


31 

24 

1.390 

7.218 

.2983 

1211.69 

56 


32 

49 

1.277 

7.790 

.2888 

1318.37 

59 


33 

56 

1.170 

8.340 

.2810 

1174.16 

62 


31 

42 

1.067 

8,859 

.2711 

1591.35 

65 


35 

2 

.970 

9.343 

.2689 

1698.35 

68 


34 

48 

.877 

9.786 

.2611 

1791.61 

71 


33 

53 

.790 

10.183 

.2606 

1879.44 

74 


32 

4 

.709 

10.531 

. 2.575 

19 . 52.69 

77 


29 

8 

.636 

10.825 

.2551 

2013.81 

80 


24 

51 

.572 

11.061 

.2533 

2062.67 

83 


18 

59 

..521 

11.239 

,2519 

2098.79 

86 


11 

34 

.485 

11.351 

.2511 

2122.32 

89 


2 

59 

.468 

11.407 

,2507 

21 . 32.92 

90 


0 

0 

.467 

11.410 

.2506 

21 , 33.42 

18 

13 

0 

0 

3.200 

1.000 

1.0000 

0 

20 


2 

34 

3 . 0.59 

1 . 0.55 

.8623 

1 . 3.59 

23 


6 

27 

2.843 

1 . 6.57 

.6997 

22.418 

26 


9 

57 

2.670 

2.129 

.5901 

74..520 

29 


13 

8 

2.500 

2.611 

.5129 

156.77 

32 


16 

5 

2.339 

3.188 

.4564 

263.75 

35 


18 

50 

2.187 

3.764 

.4140 

, 389.52 

38 


21 

24 

2.040 

4.362 

.3814 

528.97 


m 





TABLE 5 (Continued) 



6 


8 

Af , 

P 2 

Pi 

Pi 

P2 

AS 

(deg.) 

( min .) 

(deg.) 

( min .) 

41 


23 

47 

1.900 

4.975 

.3557 

675.74 

44 


26 

4 

1.766 

5.598 

.3353 

826.64 

47 


28 

7 

1.637 

6.223 

.3188 

977.62 

50 


30 

0 

1.514 

6.844 

.3053 

1126.41 

53 


31 

40 

1.396 

7.453 

.2943 

1270.16 

56 


33 

5 

1.283 

8.045 

.2851 

1407.01 

59 


34 

13 

1.174 

8.611 

.2774 

1535.69 

62 


34 

59 

1.071 

9.117 

.2710 

1655.19 

65 


35 

19 

.972 

9.647 

.2657 

1764.42 

68 


35 

6 

.879 

10.104 

.2613 

1862.53 

71 


34 

11 

.791 

10.514 

.2577 

1919.11 

74 


32 

23 

.709 

10.873 

.2547 

2023.80 

77 


29 

27 

.635 

11.176 

.2524 

2085.90 

80 


25 

8 

.571 

11.420 

.2506 

2135.45 

83 


19 

13 

.519 

11.603 

.2493 

2172.62 

86 


11 

43 

.483 

11.722 

.2184 

2205.80 

89 


3 

27 

.465 

11.777 

.2481 

2207.39 

90 


0 

0 

.164 

11.780 

.2180 

2207.86 

17 

55 

0 

0 

3 . 2.50 

1.000 

1.0000 

0 

20 


2 

59 

3.086 

1.275 

.8411 

2.381 

23 


6 

49 

2.809 

1.715 

.6834 

27.089 

26 


10 

17 

2.692 

2.201 

.5772 

84.619 

29 


13 

26 

2.519 

2.730 

.5023 

172.81 

32 


16 

22 

2.357 

3.291 

.1176 

286.08 

35 


19 

7 

2.202 

3.888 

.4065 

404.14 

38 


21 

41 

2.054 

4.504 

.3718 

562.45 

41 


24 

5 

1.912 

5.137 

.3500 

711.81 

M 


26 

19 

1.776 

5.780 

.3302 

870..56 

47 


28 

23 

1.646 

6.425 

.3142 

1025.95 

50 


30 

15 

1.521 

7.065 

.3011 

1178.65 

53 


31 

56 

1.429 

7.693 

.2901 

1325.99 

56 


33 

21 

1.288 

8.303 

.2815 

1466.21 

59 


34 

29 

1.179 

8.888 

.2740 

1597.61 

62 


35 

16 

1.071 

9.441 

.2679 

1719.76 

65 


35 

36 

.975 

9.956 

.2627 

1831.08 

68 


35 

23 

.880 

10.427 

.2585 

1931.61 

71 


34 

29 

.792 

10.851 

.2549 

2019.32 

74 


32 

41 

.709 

11.220 

.2520 

2095.10 

77 


29 

45 

.635 

11.533 

.2498 

2158.45 

80 


25 

25 

.570 

11.785 

.2480 

2208.96 

83 


19 

27 

.517 

11.974 

.2467 

2246.27 

86 


11 

52 

.481 

12.097 

.2459 

2270.58 

89 


3 

4 

.463 

12.153 

.2456 

2281.43 

90 


0 

0 

.462 

12.156 

.2456 

2282.42 

17 

35 

0 

0 

3.300 

1.000 

1.0000 

0 

18 


0 

32 

3.268 

1.047 

.9680 


20 


3 

22 

3.110 

1.320 

.8208 

3.555 

23 


7 

10 

2.901 

1.773 

.6679 

32.532 

26 


10 

36 

2.716 

2.275 

.5648 

95.417 

29 


13 

44 

2.539 

2.820 

.4922 

189.79 

32 


16 

39 

2.374 

3.401 

.4392 

309.14 

35 


19 

23 

2.218 

4.013 

.3992 

447.00 

38 


21 

56 

2.067 

4.649 

.3685 

607.17 

41 


24 

20 

1.924 

5.302 

.3444 

754.63 


m 





TABLE 5 (Continued) 


Ml 

e 


6 



Jh 

Pi 

Pi 

P2 

AN 

( deg .) 

( min .) 

( deg .) 

( min .) 

3.30 

44 


26 

34 

1.787 

5.961 

. 32,52 

915.30 


47 


28 

38 

1.654 

6.629 

.3097 

1074.96 


50 


30 

30 

1.529 

7.289 

.2971 

1231.29 


53 


32 

11 

1.409 

7.937 

.2866 

1382.31 


56 


33 

36 

1.293 

8.566 

.2780 

1525..56 


59 


34 

44 

1.183 

9.169 

.2708 

1660.07 


62 


35 

31 

1.078 

9 . 7:^8 

.2618 

1781.22 


65 


35 

52 

.977 

10.270 

.2598 

1897.56 


68 


35 

40 

.882 

10 . 7.56 

.2557 

1999.51 


71 


31 

46 

.793 

11.192 

.2523 

2089.26 


74 


32 

58 

.710 

11.573 

.2495 

2166.48 


77 


30 

2 

.634 

11.896 

.2473 

2230.92 


80 


25 

41 

.569 

12.156 

.2156 

2282.41 


83 


19 

41 

.516 

12.350 

.2443 

2320.12 


86 


12 

1 

.479 

12.177 

.2136 

2314.95 


89 


3 

6 

.461 

12..535 

.2432 

2356.21 


90 


0 

0 

.460 

12.538 

.2132 

2356.67 

3.35 

17 

22 

0 

0 

3.350 

1.000 

1.0000 

0 


20 


3 

41 

3.135 

1.365 

.8011 

5.061 


23 

4 

7 

10 

2.825 

1.832 

.6531 

38.510 


26 


10 

54 

2.735 

2.319 

.5531 

107.19 


29 


11 

1 

2.559 

2.911 

. 1826 

207.51 


32 


16 

55 

2 ., 38l 

3.510 

.1311 

:» 33.09 


35 


19 

38 

2.210 

4.111 

.3921 

476.78 


38 


22 

11 

2.081 

4.796 

.3626 

632.66 


41 


24 

34 

1.935 

5.469 

.3392 

795.,35 


44 


26 

18 

1.796 

6.151 

.3206 

960.51 


47 


28 

52 

1.661 

6.836 

..3055 

1124.67 


50 


30 

44 

1.536 

7.517 

.2932 

1285.01 


53 


32 

25 

1.115 

8.181 

.2831 

1139.07 


56 


33 

50 

1.298 

8.832 

.2747 

1585.62 


59 


34 

,59 

1.187 

9.453 

.2677 

1722..56 


62 


35 

47 

1.081 

10.011 

.2619 

18i9.43 


65 


36 

8 

.980 

10.588 

.2571 

1964.81 


68 


35 

56 

.881 

11.089 

.2530 

2068.30 


71 


35 

3 

.791 

11 . 5.39 

.2197 

2159..53 


74 


33 

15 

.710 

11.931 

.2470 

2237.90 


77 


30 

19 

.631 

12.261 

.2149 

2303.50 


80 


25 

56 

..568 

12.531 

.2432 

2355.51 


83 


19 

54 

.511 

12.732 

.2120 

2394.22 


86 


12 

10 

.491 

12.862 

.2413 

2119.05 


89 


3 

9 

.458 

12.922 

.2409 

2430.52 


90 


0 

0 

.457 

12.926 

.2409 

2431.31 

3.40 

17 

6 

0 

0 

3.400 

1.000 

1.0000 

0 


18 


1 

20 

3.361 

1.121 

.9216 

.3557 


21 


5 

23 

3.042 

1.565 

.7280 

15.651 


24 


8 

59 

2.881 

2.065 

.6024 

65.946 


27 


12 

15 

2.696 

2.613 

.5164 

151.75 


30 


15 

17 

2.521 

3.205 

.4550 

267.45 


33 


18 

6 

2.354 

3.834 

.4097 

405.84 


36 


20 

45 

2.196 

4.493 

.3753 

560.16 


39 


23 

14 

2.044 

5.175 

.3487 

724.10 


42 


25 

34 

1.899 

5.872 

.3277 

892.88 


45 


27 

44 

1.761 

6.577 

.3108 

1062.65 







TABLE 5 (Continued) 


€ 


5 


M2 

P 2 

Pi 

Pi 

P2 

AS 

( deg .) 

( min .) 

( deg .) 

( min .) 

48 


29 

44 

1.628 

7.282 

.2972 

1229.91 

51 


31 

33 

1.502 

7.979 

.2860 

1391.92 

54 


33 

9 

1.381 

8.661 

.2768 

1547.13 

57 


34 

29 

1.262 

9.320 

.2692 

1694.75 

60 


35 

32 

1.155 

9.949 

.2628 

1829.58 

68 


36 

12 

1.050 

10.540 

.2575 

1954.93 

66 


36 

23 

.950 

11.089 

.2530 

2068.30 

69 


35 

59 

.855 

11.588 

.2494 

2169.44 

72 


31 

50 

.766 

12.032 

.2464 

2258.45 

75 


32 

4 

.684 

12.417 

.2139 

2333.35 

78 


29 

18 

.610 

12.731 

.2420 

2 . 395.19 

81 


21 

22 

.547 

12.990 

.2406 

2413.70 

81 


17 

41 

.198 

13.173 

.2396 

2478.08 

87 


9 

22 

.466 

13.283 

.2390 

2498.82 

90 


0 

0 

.455 

13.320 

. 2.388 

2505.96 

16 

51 

0 

0 

3 . 4.50 

1.000 

1.0000 

0 

18 


1 

12 

3.316 

1.159 

.8999 

.4693 

21 


5 

43 

3.113 

1.617 

.7118 

19 . 24.3 

21 


9 

17 

2.907 

2.131 

.5899 

74.797 

27 


12 

32 

2.717 

2.695 

.5061 

166.63 

30 


15 

32 

2.539 

3.305 

.4467 

288.56 

33 


18 

21 

2.371 

3.952 

.1027 

432.93 

36 


20 

59 

2.210 

1.631 

.3693 

. 593.00 

39 


23 

27 

2.056 

5.333 

.3135 

762.36 

12 


25 

17 

1.910 

6.051 

.3230 

936.17 

15 


27 

57 

1.770 

6.777 

.3067 

1111..59 

18 


29 

57 

1.636 

7.502 

.2931 

1281.49 

51 


31 

16 

1.501 

8.220 

.2826 

1117.34 

51 


33 

22 

1.387 

8.922 

.2736 

1605.36 

57 


31 

13 

1.270 

9.601 

.2662 

1751.71 

60 


35 

15 

1.159 

10.218 

.2600 

1893.51 

63 


36 

26 

1.053 

10.858 

.2519 

2020.91 

66 


36 

38 

.952 

11.422 

.2506 

2136.31 

69 


36 

11 

.856 

11.936 

.2170 

2239.11 

72 


35 

5 

.767 

12.391 

.2111 

2328.81 

75 


32 

57 

.684 

12.790 

.2417 

2105.02 

78 


29 

33 

.610 

13.119 

.2398 

2167.98 

81 


24 

36 

.516 

13.380 

.2384 

2197.27 

81 


17 

53 

.196 

13.568 

.2375 

2512.10 

87 


9 

29 

.161 

13.619 

.2369 

2573.13 

90 • 


0 

0 

.453 

13.720 

. 2,367 

2 . 580.25 

16 

36 

0 

0 

3.500 

1.000 

.0000 

0 

17 


0 

36 

3.462 

1.055 

.9625 

• • • • 

20 


4 

46 

3.209 

1.505 

.7482 

11.778 

23 


8 

26 

2.997 

2.015 

.6122 

59.476 

26 


11 

45 

2.800 

2.580 

.5206 

145.61 

29 


14 

49 

2.617 

3.193 

. 4.561 

264..53 

32 


17 

40 

2.443 

3.847 

.4089 

418.39 

35 


20 

21 

2.277 

4.535 

.3734 

570.04 

38 


22 

52 

2.131 

5,251 

.3461 

742.39 

41 


25 

14 

1.970 

5.985 

.3217 

920.04 

44 


27 

27 

1.819 

6.730 

.3076 

1099.16 

47 


29 

30 

1.688 

7.478 

.2938 

1275.69 

50 


31 

23 

1.557 

8.220 

.2826 

1447.18 


m 


TABLE 5 (Continual) 


M , 


€ 

h 


Mi 

P 2 

Pi 

Pi 

P2 

AS 

( deg .) 

( min .) 

( deg .) 

( min .) 

3.50 

53 


33 

7 

1.433 

8.949 

.2733 

1611.78 


56 


34 

30 

1.313 

9.656 

.2656 

1766.51 


59 


35 

40 

1.200 

10.334 

.2592 

1911.35 


62 


36 

28 

1.091 

10.975 

.2539 

2042.66 


65 


36 

51 

.987 

11.573 

.2495 

21 . 52.46 


68 


36 

41 

.889 

12.120 

.2458 

2275.07 


71 


35 

49 

.797 

12,610 

.2428 

2370.67 


74 


34 

2 

.711 

13.039 

.2403 

2452.74 


77 


31 

5 

.633 

13.402 

.2383 

2 , 521.01 


80 


26 

40 

..565 

13.695 

.2368 

2575.13 


83 


20 

31 

.510 

13.913 

. 2.357 

2615.70 


86 


12 

31 

.472 

14.056 

. 23.50 

2641.81 


89 


3 

15 

.453 

11.121 

.2347 

2653.77 


90 


0 

0 

.451 

14.125 

.2347 

2651.47 

3.55 

16 

22 

0 

0 

3..550 

1.000 

1.0000 

0 


17 


0 

58 

3.489 

1.090 

.9102 

. 11.33 


20 


5 

5 

3 . 2.38 

1.553 

.7319 

11.698 


23 


8 

43 

3.021 

2.078 

..5998 

67.626 


26 


12 

1 

2.822 

3-659 

.5107 

159.87 


29 


15 

3 

2.635 

3.289 

.4480 

285.05 


32 


17 

51 

2.460 

3.962 

.1021 

435.15 


35 


20 

34 

2.292 

4.671 

.3676 

602.31 


38 


23 

5 

2.132 

5.407 

.3111 

780.18 


41 


25 

26 

1.979 

6.162 

.3203 

962.95 


44 


27 

39 

1.834 

6.928 

.3037 

1146.00 


47 


29 

42 

1.696 

7.698 

.2903 

1326.89 


50 


31 

35 

1..504 

8.462 

.2793 

1 . 502.04 


53 


33 

16 

1 . 4.39 

9.212 

.2703 

1669 .. 5.3 


56 


34 

42 

1.318 

9.939 

.2629 

1827..35 


59 


35 

52 

1.203 

10.637 

.2567 

1974,95 


62 


36 

41 

1.094 

11.296 

.2515 

2110.35 


65 


37 

5 

.990 

11.911 

.2472 

2233.82 


68 


36 

55 

.891 

12.473 

.2436 

2343.96 


71 


36 

3 

.798 

12.978 

.2406 

2441.09 


74 


34 

17 

.712 

13.420 

.2382 

2524.31 


77 


31 

20 

.633 

13.793 

.2363 

2588.67 


80 


26 

54 

.564 

14.093 

. 2.348 

2638.79 


83 


20 

42 

.509 

14.318 

.2338 

2689.23 


86 


12 

42 

.469 

14.465 

.2331 

2715.95 


89 


3 

18 

.450 

14.532 

.2318 

2727.85 


90 


0 

0 

.449 

14.536 

.2328 

2728.51 

3.60 

16 

8 

0 

0 

3.600 

1.000 

1.0000 

0 


17 


1 

19 

3.465 

1.126 

.9189 

.0356 


20 


5 

23 

3.263 

1.602 

.7163 

18.007 


23 


8 

59 

3.044 

2.142 

.5878 

76.282 


26 


12 

16 

2.843 

2.739 

.5013 

174.56 


29 


15 

17 

2.654 

3.387 

.4402 

306.06 


32 


18 

7 

2.476 

4.079 

. 39.56 

462.38 


35 


20 

46 

2.305 

4.808 

.3621 

635.32 


38 


23 

17 

2.144 

5.565 

. 3.363 

818.37 


41 


25 

38 

1.990 

6.341 

.3161 

1006.11 


44 


27 

51 

1.844 

7.130 

.2999 

1193.84 


47 


29 

54 

1.704 

7.921 

.2869 

1378.49 


m 




TABLE 5 (Continued) 


M . 

c 

( deg .) 

( min .) 

8 

Tdeg .) 

( min .) 

M2 

P 2 

P \ 

Pi 

Pi 

AS 

3.60 ■ 

50 


31 

47 

1.571 

8.706 

.2762 

1557.16 


53 


33 

28 

1.444 

9.478 

.2674 

1727.56 


56 


34 

54 

1.323 

10.226 

.2602 

1888.50 


59 


36 

« 

1.207 

10.943 

.2512 

2038.24 


62 


36 

54 

1.097 

11.621 

.2489 

2169.45 


65 


37 

17 

.992 

12.253 

.2449 

2301.30 


68 


37 

8 

.893 

12.832 

.2415 

2413.29 


71 


36 

17 

.799 

13.351 

.2386 

2511.45 


74 


34 

31 

.712 

13.805 

.2363 

2595.91 


• 77 


31 

34 

.633 

14.189 

.2344 

2665.81 


80 


27 

7 

..564 

11.498 

.2330 

2721.83 


83 


20 

54 

.507 

14.729 

.2319 

2762.93 


86 


12 

49 

.468 

14.880 

.2313 

2789.74 


89 


3 

19 

.449 

14.949 

.2310 

2801.83 


90 


0 

0 

.447 

11.953 

.2310 

2802.74 

3.65 

15 

51 

0 

0 

3.650 

1.000 

.10000 

0 


18 


3 

3 

3.153 

1.318 

.8217 

3.597 


21 


6 

55 

3.213 

1.830 

.6537 

38.249 


21 


10 

22 

2.998 

2.405 

.5118 

116.07 


27 


13 

32 

2.799 

3.037 

.1702 

232.78 


30 


16 

28 

2.611 

3.719 

.1169 

379.76 


33 


19 

11 

2.131 

4.411 

.3775 

548.35 


36 


21 

49 

2.261 

5.203 

.3177 

731.01 


39 


21 

16 

2.103 

5.989 

..3216 

921.31 


12 


26 

35 

1.951 

6.792 

.3061 

1111.11 


15 


28 

11 

1.805 

7.605 

.2918 

1305.51 


18 


30 

41 

1.666 

8.117 

.2799 

1492.11 


51 


32 

33 

1..531 

9.221 

.2702 

1671..50 


51 


31 

9 

1.408 

10.006 

.2622 

1811.85 


57 


35 

31 

1.288 

10.766 

.2556 

2001.93 


60 


36 

35 

1.173 

11.491 

.2501 

2150.14 


63 


37 

17 

1.061 

12.173 

.2155 

2285.79 


66 


37 

31 

.960 

12.805 

.2116 

2108.32 


69 


37 

9 

.862 

13.380 

.2381 

2516.99 


72 


36 

2 

.770 

13.892 

.2358 

2612.02 


75 


33 

51 

.685 

11.335 

.2337 

2692.72 


78 


30 

30 

.608 

11.705 

.2320 

2758.78 


81 


25 

28 

.512 

11.996 

.2308 

2810.27 


81 


18 

31 

.191 

15.206 

.2299 

2817..39 


87 


9 

52 

.157 

1 . 5.331 

.2291 

2869.56 


90 


0 

0 

.116 

15.376 

.2292 

2876.98 

3.70 

15 

41 

0 

0 

3.700 

1.000 

1.0000 

0 


18 


3 

21 

3.179 

1.359 

.8011 

5.102 


21 


7 

11 

3.237 

1.885 

.6106 

41.156 


21 


10 

37 

3.021 

2.476 

..5316 

127.94 


27 


13 

45 

2.818 

. 3.125 

.1620 

250.85 


30 


16 

41 

2.629 

3.826 

.1102 

404.07 


33 


19 

25 

2.118 

1 .. 57I 

..3719 

. 578.51 


36 


22 

1 

2.278 

5 .. 3.52 

.3129 

766.95 


39 


21 

27 

2.11 1 

6 . 1.59 

.3201 

962.36 


12 


26 

15 

1.960 

6.981 

..3026 

11 . 59.67 


15 


28 

55 

1.813 

7.819 

.2881 

1355.26 


^8 


30 

54 

1.673 

8 . 651 

.2769 

1515.51 



TABLE 5 (Continued) 


e 


6 


A /, 

fl 

Pi 

Pi 

P2 

AS 

( deg .) 

( min .) 

( deg .) 

( min .) 

51 


32 

43 

1.540 

9.480 

.2675 

1728.47 

54 


34 

20 

1.413 

10.287 

.2597 

1901.59 

57 


35 

42 

1.292 

11.067 

.2532 

2064.01 

60 


36 

46 

1.177 

11.812 

.2178 

2211.25 

63 


37 

28 

1.067 

12.513 

.2433 

2352.02 

66 


37 

43 

.962 

13.163 

.2396 

2476.39 

69 


37 

22 

.863 

13.754 

.2365 

2586.61 

72 


36 

15 

.771 

14.280 

.2310 

2682.81 

75 


34 

7 

.685 

14.735 

.2319 

2761.36 

78 


30 

43 

.608 

15.115 

.2303 

2831..36 

81 


25 

to 

.542 

15.411 

.2291 

2883.61 

84 


18 

44 

.190 

15.630 

.2282 

2920.32 

87 


9 

58 

.456 

15.761 

.2277 

2913.39 

90 


0 

0 

.444 

15.805 

.2275 

2950.81 

15 

28 

0 

0 

3.750 

1.000 

1.0000 

0 

18 


3 

39 

3.506 

1.400 

.7873 

6.776 

21 


7 

27 

3.263 

1.910 

.6281 

50.411 

24 


10 

.51 

3.013 

2.518 

.5219 

110.21 

27 


13 

58 

2.838 

3.215 

.1512 

269.15 

30 


16 

53 

2.616 

3.935 

.4037 

428.93 

33 


19 

37 

2.164 

1.700 

.3661 

609.50 

36 


22 

12 

2.291 

5.502 

. 3.382 

803.26 

39 


21 

38 

2.126 

6.331 

.3163 

1003.82 

42 


26 

56 

1.970 

7.179 

.2990 

1205.69 

45 


29 

5 

1.821 

8.037 

. 28.52 

J 391.39 

48 


31 

5 

1.680 

8.891 

.2710 

1599.23 

51 


32 

51 

1.516 

9.712 

.2618 

1785.17 

54 


34 

30 

1.118 

10.571 

.2572 

1961.16 

57 


35 

52 

1.296 

11.373 

. 2.509 

2126.31 

60 


37 

6 

1.186 

12 . 1.38 

. 21.57 

2278.71 

63 


37 

10 

1.070 

12 . 8.58 

.2113 

2118.16 

66 


37 

51 

.961 

13..526 

.2377 

2511.18 

69 


37 

31 

.865 

14.133 

. 2.317 

2656.08 

72 


36 

27 

.772 

11.673 

.2322 

2753.23 

75 


31 

20 

.685 

15.111 

. 2.302 

2835.86 

78 


30 

55 

.608 

15.531 

.2286 

2903.55 

81 


25 

51 

..511 

15.838 

.2271 

2956.,35 

81 


18 

53 

.188 

16.060 

.2266 

2991.16 

87 


10 

3 

. 155 

16.195 

.2261 

3016.89 

90 


0 

0 

. 112 

16.210 

.2259 

3021.28 

15 

15 

0 

0 

3.800 

1.000 

1.0000 

0 

17 


2 

34 

3.624 

1.273 

.8418 

2.328 

20 


6 

30 

3.368 

1.804 

.6600 

35.512 

23 


9 

59 

3.137 

2.405 

.5447 

116.10 

26 


13 

10 

2.925 

3.071 

.4670 

239.51 

29 


16 

8 

2.727 

3.793 

.4122 

396.33 

32 


18 

54 

2.538 

4.,564 

.3722 

576.93 

35 


21 

32 

2.361 

5.376 

.3421 

772.71 

38 


24 

1 

2.192 

6.219 

.3189 

976.54 

41 


26 

21 

2.031 

7.085 

..3007 

1183.35 

4^1 


28 

33 

1.879 

7.963 

.2863 

1384.22 

47 


30 

36 

1.734 

8.841 

.2746 

1588.04 

50 


32 

28 

1.596 

9.720 

.2650 

1780.24 


m 






TABLE 5 (Continued) 


6 


5 


Mi 

El 

Pi 

pj 

P2 

^S 

( deg .) 

( min .) 

( deg .) 

( min .) 

53 


34 

10 

1.465 

10.579 

.2571 

1962.64 

56 


35 

37 

1.340 

11.401 

.2506 

2129.67 

59 


36 

48 

1.222 

12.212 

. 24.52 

2292.69 

62 


37 

39 

J 136 

12.967 

.2407 

2438.95 

65 


38 

4 

1.001 

13.672 

.2369 

2571.26 

68 


37 

57 

.899 

11.316 

.2338 

2689.05 

71 


37 

7 

.803 

14.895 

.2312 

2792.42 

71 


35 

22 

.714 

15.100 

.2291 

2880.82 

77 


32 

26 

.632 

1 . 5.828 

.2271 

2951 38 

80 


27 

56 

.561 

16.172 

.2262 

3013.13 

83 


21 

36 

.503 

16.430 

.2252 

. 3056.29 

86 


13 

17 

.162 

16.598 

.2247 

3084.18 

89 


,3 

27 

.412 

16.675 

.2241 

3096.82 

90 


0 

0 

.111 

16.680 

.2244 

3097.73 

15 

3 

0 

0 

3.850 

1.000 

1.0000 

0 

17 


2 

51 

3 . 6.55 

1.312 

.8243 

3.462 

20 


6 

45 

3.392 

1 . 8.56 

.6172 

40.898 

23 


10 

12 

3 . 1.59 

2.171 

..5319 

127.38 

26 


13 

23 

2.916 

. 3 . 1.57 

.1592 

243.39 

29 


16 

19 

2.731 

3.898 

. 1059 

420.41 

32 


19 

.5 

2.553 

1.690 

.3669 

606.90 

35 


21 

12 

2.373 

5.523 

.3375 

808.22 

38 


21 

11 

2.203 

6.388 

. 31.50 

1017.35 

n 


26 

31 

2.011 

7.277 

. 297.3 

1228.61 

U 


28 

12 

1.886 

8.178 

.2832 

1123.73 

17 


30 

45 

1.711 

9.083 

.2718 

1610.95 

50 


32 

38 

1.602 

9.981 

.2625 

1836.13 

53 


31 

19 

1.170 

10.861 

.2518 

2021.90 

56 


35 

17 

1.315 

11.719 

.2185 

2195.86 

59 


36 

58 

1.225 

12.758 

.2132 

2131.05 

62 


37 

19 

1.112 

13.315 

.2388 

2501.68 

65 


38 

15 

1.003 

11 . 0.38 

.2351 

2638.48 

68 


38 

8 

.901 

11.700 

.2321 

2757.79 

7L 


37 

19 

.801 

15.291 

.2295 

2862.02 

71 


35 

31 

.711 

15.813 

.2275 

2942.33 

77 


32 

38 

.632 

16 . 2.52 

.2259 

3025.35 

80 


28 

8 

..561 

16.605 

.2216 

3085.16 

83 


21 

16 

..501 

16.870 

.2237 

3128.90 

86 


13 

21 

.161 

17 . 0J3 

.2232 

3157.50 

89 


3 

29 

.110 

17.122 

.2229 

3170.36 

90 


0 

0 

.439 

17.126 

.2229 

3171.00 

U 

51 

0 

0 

3.900 

1.000 

1.0000 

0 

17 


3 

8 

3.679 

1.350 

.8076 

4.524 

' 20 


6 

59 

3.118 

1.907 

.6350 

40.704 

23 


10 

25 

3.181 

2.542 

.5255 

139.05 

26 


13 

31 

2.961 

3.244 

.4518 

275.36 

29 


16 

30 

2.761 

4,001 

.3998 

444.78 

32 


19 

16 

2.570 

4.817 

.3618 

637.36 

35 


21 

52 

2.386 

5.671 

.3332 

844.31 

38 


24 

20 

2.214 

6.560 

.3112 

1058.43 

41 


26 

40 

2.050 

7.471 

.2940 

1274.21 

4i 


28 

52 

1.895 

8.396 

.2802 

1487.37 

47 


30 

54 

1.747 

9.325 

.2691 

1694.37 


429 






TABLE S (Continued) 



€ 


b 

Ma 

El 

Pi 

Pi 

Pi 

AS 

( deg .) 

( rain .) 

( deg .) 

( rain .) 

50 


32 

47 

1.608 

10.247 

.2600 

1892.88 

53 


34 

28 

1.475 

11.152 

,2526 

2081.24 

56 


35 

56 

1.348 

12.030 

.2464 

2257.39 

59 


37 

8 

1.228 

12.872 

.2412 

2120.62 

62 


37 

59 

1.114 

13.668 

.2369 

2570.33 

65 


38 

25 

1.005 

14.409 

.2334 

2705.87 

68 


38 

18 

.902 

15.088 

.2304 

2826.46 

71 


37 

30 

.805 

15.698 

.2279 

2932.18 

74 


35 

45 

.715 

16.230 

.2260 

3008.81 

77 


32 

49 

.632 

16.681 

.2214 

3097.97 

80 


28 

19 

.560 

17.044 

.2232 

3157..53 

83 


21 

55 

.501 

17.316 

.2223 

3201.68 

86 


13 

30 

.459 

17 . m 

.2217 

. 32 . 30.39 

89 


3 

30 

.439 

17.573 

.2215 

3243.46 

90 


0 

0 

.438 

17.578 

.2215 

3214.11 

11 

40 

0 

0 

3.950 

1.000 

1.0000 

0 

17 


3 

24 

3.707 

1.389 

.7911 

5.712 

20 


7 

13 

3.441 

1.963 

.6232 

52.900 

23 


10 

38 

3.205 

2.613 

.5165 

151.17 

26 


13 

46 

2,985 

3.332 

.4116 

291.11 

29 


16 

41 

2.778 

4.112 

.3939 

469.90 

32 


19 

26 

2.584 

4.945 

.3568 

668.50 

35 


22 

2 

2.399 

5.822 

.3290 

880.96 

38 


24 

29 

2.224 

6.733 

.3076 

1099.96 

41 


26 

49 

2.059 

7.669 

.2908 

1320..30 

44 


29 

0 

1.902 

8.618 

.2773 

1537.36 

47 


31 

3 

1.754 

9.570 

.2665 

1747.86 

50 


32 

56 

1.614 

10.516 

.2577 

1949.57 

53 


34 

37 

1.480 

11.444 

.2504 

2140.49 

56 


36 

5 

J.353 

12.345 

.2444 

2319.36 

59 


37 

17 

1.187 

13.208 

.2391 

2484.70 

62 


38 

8 

1.116 

14.025 

. 2.352 

2636.29 

65 


38 

35 

1.007 

14.786 

.2317 

2773.19 

68 


38 

28 

.903 

15.483 

.2288 

2895.03 

71 


37 

40 

.806 

16.108 

.2261 

2992.18 

74 


35 

57 

.715 

16.654 

.2245 

3093.50 

77 


33 

0 

.632 

17.116 

.2229 

3169.55 

80 


28 

29 

.560 

17.489 

.2217 

3229.18 

83 


22 

4 

.500 

17.767 

.2209 

3274.19 

86 


13 

36 

.458 

17.949 

.2203 

3302.83 

89 


3 

32 

.438 

18.032 

.2201 

3316.12 

90 


0 

0 

.436 

18.036 

.2201 

3316.92 

14 

29 

0 

0 

4.000 

1.000 

1.0000 

0 

17 


3 

39 

3.733 

1.429 

.7759 

7.820 

20 


7 

27 

3.467 

2.017 

.6119 

59.660 

23 


10 

50 

3.226 

2.683 

.5078 

164.23 

26 


13 

57 

3.004 

3.421 

.4377 

313.26 

29 


16 

51 

2.795 

4.221 

.3882 

495.42 

32 


19 

35 

2.598 

5.075 

.3521 

699.85 

35 


22 

11 

2.412 

5.975 

. 32.50 

917.71 

38 


24 

38 

2.235 

6.909 

.3041 

1141.61 

41 


26 

58 

2.069 

7.868 

.2877 

1366.26 

44 


29 

9 

1.911 

8.841 

.2746 

1587.26 


m 





TABLE 5 (Continued) 


M , 

€ 

8 


M2 

£1 

Pi 

£1 

Pi 

AS 

( deg .) ( min .) 

( deg .) 

( min .) 

4.00 

47 

31 

14 

1.768 

9.818 

.2640 

1801.39 


50 

33 

4 

1.619 

10.788 

.2554 

2006.14 


53 

34 

46 

1.485 

11.740 

.2479 

2190.53 


56 

36 

11 

1.357 

12.664 

.2424 

2380.55 


59 

37 

26 

1.235 

13.549 

.2375 

2548.28 


62 

38 

18 

1.119 

14.386 

.2335 

2701.78 


65 

38 

44 

1.009 

15.167 

.2301 

2840.29 


68 

38 

39 

.905 

15.881 

.2272 

2963.41 


71 

37 

51 

.807 

16.522 

.2249 

3071.60 


74 

36 

7 

.716 

17.082 

.2230 

3163.69 


77 

33 

21 

.632 

17.556 

.2215 

3240.53 


80 

28 

40 

.559 

17.938 

.2204 

3301.01 


83 

22 

13 

.499 

18.224 

.2195 

3346.19 


86 

13 

42 

.457 

18.410 

.2190 

3365.66 


89 

3 

34 

.436 

18.495 

.2188 

3378.91 


90 

0 

0 

.435 

18.500 

.2187 

3389.42 


4 .?/ 
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small disturbances system, 210, 216, 
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camber, effect on the lift, 350 
Cartesian coordinahis, 1, 197 
( haraeferistics lines, 22, 261 
(characteristics system (potential flow), 19, 
261 

characteristics system (rotational flow), 82, 
276 

(circular arc profile, 121, 131, 136, 112, 111, 
118, 150 

circular effusor, 271 

cone of revolution, 21 1, 223, 213, 253 

(conical flow Cartesian (‘oordinates, 212 

(coni(cal phenomena, 236 

conical shocck, 215 

continuity ecpiation, 2 

critical velocity, 30 

(Cylindrical coordinates, 200 

density measurements, 101, 107 
diamond plan form wing, 313 
diarnond-shapt'd profile, 131 
diffusors, 179 

doublets distributions, 206, 351 
doublets line, 351 
drag of supersonic wings, 292 
drag of two-dimensional wings, 126 

efliciemey of supersonic diffusors, 191 
effusors, 161, 271 
energy equation, 2 
entropy, 5 

epicycloid diagram, 31 
equation of state, 3 
Euler’s eejuations, 2 

free vortices, 209, 356 

hodograph plane, 33 
horseshoe vortex, 356 


impulse of jets, 178 
induced drag, 353 
instruments, 93 

interaction of expansion on shock waves, 63, 
70 

interaction of shock waves, 73 
interferometer, 103 
isentropicc transformations, 9 

jets , 169 , 172 

Kiitta Joukowsky law, 207, 353 

Lagrange Thompson theorem, 6 
leading edge (supersonic or subsonic), 317, 
352 

lift of wings, 123, 350 
lifting line, 351 
lifting surface, 355 
limiting velocity, 30 

Mach cone, 11 
Mach number, 7 

Ma(ch number, measurements, 95 
measurements of density, 101, 107 
m(»asurements of pressure, 91 
measurements of temperature, 99 
measurements of velocity direction, 96 
moment of profiles, 111 

normal shock, 46 
nozzles, 161 

one-dimensional theory, 11 
open-nose body of revolution, 221, 271 
optical instruments, 102, 111 

perfect diffusors, 179 
perfect effusors, 162 
piudiing moment of a profile, 111 
polar coordinates, 198 
potential flow, general equations, 197 
characteristics system, 19, 261, 282 
small disturbances, 40, 201, 210, 292, 350 
pressure drag, wings, 118, 292 
profiles, experimental results, 113 
two-dimensional, 117 
profiles of maximum L/D^ 139 
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proBles of minimum drag, 133, 137 

rectangular wing, 371 
reflection of expansion or shock waves, 75, 
79 

rotational flow, 4 
characteristics system, 82, 276 

schlieren apparatus, 114 
shadow apparatus, 113 
shock drag, 58 
shock polar curve, 50 
shock wave equations, 45, 46 
shock waves, formation of, 16 
shock wave theory, 43 
sink and source distribution, 205, 213, 
299 

slender body of revolution, 210 
small disturbances theory, 10, 201, 210, 292, 
350 

bodies of revolution, 210 
two-dimensional, 40 
source distribution, 205, 213, 299 
source line, 351 
speed of sound, 9 * 
spherical coordinates, 198 
starting conditions, 181 
starting Mach number, 186 
static pressure, measurements, 94 
stream function for rotational flow, 84, 276 
strong shock, 49 
strophoid, 51 

subsonic leading edge, 317, 352 
subsonic trailing edge, 317, 352 
suction forces, 351, 370 
supersonic biplane, 154 


supersonic diffusors, 179 
efficiency, 191 
variable geometry, 193 
with external compression, 194 
supersonic leading edge, 317, 352 
supersonic trailing edge, 317, 352 
sweep-back wing, 294, 318 

temperature measurements, 99 
thickness, efTe<4 on the drag, 138, 338, 349 
effect on the lift, 350 
total head pressure, 95 
total head tube, 95 

trailing edge, subsonic or supersonic, 317, 
352 

trapezoidal lift distribution, 373 
trapezoidal wing, 292 
triangular wing, drag, 330 
lift, 359 

slender wing, 359 
supersonic leading edge, 332, 361 
subsonic leading edge, 336, 362 
two-dimensional difl‘usors, 179 
flow, 19 

two-dimensional effusors, 161 

velocity direction, measurements, 95 

wings, diamond plan form, 313 
drag, 126, 292 
lift, 123, 350 
rectangular, 379 
sweep back, 291, 318 
trapezoidal, 292 
triangular, 330, 359 
two-dimensional, 117 






